










Preface

Most of the interesting and di�cult problems in statistical mechanics arise
when the constituent particles of the system interact with each other with
pair or multiparticle energies. The types of behaviour which occur in systems
because of these interactions are referred to as cooperative phenomena giving
rise in many cases to phase transitions. This book and its companion volume
(Lavis and Bell 1999, referred to in the text simply as Volume 1) are princi-
pally concerned with phase transitions in lattice systems. Due mainly to the
insights gained from scaling theory and renormalization group methods, this
subject has developed very rapidly over the last thirty years.1 In our choice
of topics we have tried to present a good range of fundamental theory and of
applications, some of which re
ect our own interests.

A broad division of material can be made between exact results and ap-
proximation methods. We have found it appropriate to include some of our
discussion of exact results in this volume and some in Volume 1. Apart from
this much of the discussion in Volume 1 is concerned with mean-�eld theory.
Although this is known not to give reliable results close to a critical region,
it often provides a good qualitative picture for phase diagrams as a whole.
For complicated systems some kind of mean-�eld method is often the only
tractable method available. In this volume our main concern is with scaling
theory, algebraic methods and the renormalization group. Although these two
volumes individually contain a less than comprehensive range of topics, we
have attempted to ensure that each stands alone as treatment of its material.
References to Volume 1 in this volume are normally given alongside other
alternative sources.

A �rst edition of Volume 1 was published by Ellis Horwood (Bell and
Lavis 1989). In April 1993, while work was still under way on this volume,
my friend and co-author George Bell suddenly died. Although the chapters
which were George's responsibility were largely complete, they were still in
hand-written form and some of my part of the book had yet to be written.
In the normal course of events we would have discussed and amended all the
material extensively. That this could not happen must be to the detriment of
the book. It also led to some delay which made the production of a revised

1 An account of the historical development of the subject from its beginnings in
the nineteenth century is given by Domb (1985).
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version of Volume 1 desirable. I am very grateful to Professor Elliott Lieb
who encouraged and facilitated this edition of both volumes by Springer. I
should also like to thank Anna Lavis, for drawing the diagrams from which
the postscript versions were prepared. Geo�rey Bellringer of King's College
library provided me with valuable help in compiling the bibliography.

The exchange of ideas and information with friends and co-workers has
contributed to this book. Parts of this volume were �rst written for an M.Sc.
course at King's College and many students, by their questions and com-
ments, have helped to reduces errors and obscurities. I should like to thank
Colin Bushnell, Michael Freeman, Byron Southern and Nicholas Williams for
reading and commenting on parts of the text. I am also indebted to the last of
these for computing two of the �gures. Conversations with Geo�rey Joyce and
Ivan Wilde have been a great help in understanding di�cult points. Above
all I acknowledge my debt to George Bell, with whom I had the good fortune
to work over many years. Finally I wish to express my gratitude to Professor
Wolf Beiglb�ock and the sta� at Springer for their patience and advice.

London, December 1998. David Lavis
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1. Thermodynamics and Statistical Mechanics

1.1 Introduction

There is a detailed discussion of the thermodynamics and statistical mechan-
ics needed for the theory of lattice models in Chaps. 1 and 2 of Volume 1.
Here we give a brief review and introduce the coupling-density representation
of thermodynamics, which is useful for scaling theory and the renormaliza-
tion group. For other presentations of thermodynamics the reader is referred
to Pippard (1967), ter Haar and Wergeland (1966) or Landsberg (1978) and
of statistical mechanics to Huang (1963), Ma (1985), Chandler (1987) or
Thompson (1988).

Thermodynamics is concerned with the laws governing the macroscopic
properties of systems subject to thermal change. The only explicit recognition
of the atomic nature of matter which occurs in the theory is the inclusion,
for systems with a variable number of particles, of the chemical potential, or
energy, which a particle brings on entry to the system. Otherwise a thermo-
dynamic system is regarded as a `black box' with a set of variables related by
thermodynamic laws. When the system is at equilibrium the variables will
all assume time-independent values.

The principle aim of statistical mechanics is to derive the macroscopic
properties of a system from the laws governing the microscopic behaviour of
its constituent particles. In particular, statistical mechanics gives rise to the
equations of thermodynamics once the thermodynamic variables have been
given an interpretation within the theory. Since this is done in terms of the
expectation values associated with a probability distribution, 
uctuations of
dependent variables are predicted for �nite systems. Exact correspondence to
a thermodynamic system at equilibrium occurs only in the thermodynamic
limit (see Sects. 1.4 and 4.2) of an in�nite system, when the relative 
uctua-
tions of the dependent variables disappear.

In the rest of this chapter we summarize the basic formulae of thermody-
namics and statistical mechanics in a form convenient for our subsequent use
and consistent with the presentation in Volume 1.
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1.2 Thermodynamic Formulae and Variables

Thermodynamic variables fall into two classes, intensive and extensive. In-
tensive variables again are of two types, �elds such as the temperature eT ,
the pressure eP , the magnetic �eld eH and the chemical potential � and den-
sities which are de�ned below. For �xed values of the intensive variables, the
extensive variables such as entropy eS, volume eV , magnetic moment eM and
number of molecules M are proportional to the size of the system. The rea-
son for attaching the tilde symbol to these variables (apart from � and M)
is that, as in Volume 1, we shall �nd it convenient to de�ne all �elds so that
they have the dimensions of energy and extensive variables so that they are
dimensionless. (It should be noted that � and M are already of these types.)

For temperature eT , pressure eP and magnetic �eld eH we de�ne the �elds

T = kb eT ; P = ePv0 ; H = eHm0 ; (1.1)

where kb is Boltzmann's constant, v0 is a standard volume and m0 is the
dipole moment of a single molecule. The extensive variables conjugate to
�elds are dimensionless. Corresponding to those of (1.1) we de�ne, in terms

of the entropy eS, volume eV and magnetic moment eM, the extensive variables

S = eS=kb ; V = eV =v0 ; M = eM=m0 : (1.2)

The internal energy U of a system is an extensive variable arising from the
kinetic energies of the molecules and the energies of interaction between them.
For a system with nf + 1 �elds T; �i, i = 1; : : : ; nf , with conjugate extensive
variables S; Qi, i = 1; : : : ; nf

dU = TdS +

nfX
i=1

�idQi : (1.3)

It may then be shown (see, for example, Volume 1, Sect. 1.7) that

U = TS +

nfX
i=1

�iQi (1.4)

and

SdT +

nfX
i=1

Qid�i = 0 : (1.5)

A subset, Q1; : : : ; Q�, of the extensive variables can now be replaced as inde-
pendent variables by their conjugate �elds �1; : : : ; �� to give, using a Legendre
transformation, the enthalpy

H� = U �
�X
i=1

�iQi = TS +

nfX
i=�+1

�iQi ; (1.6)

with
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dH� = TdS �
�X
i=1

Qid�i +

nfX
i=�+1

�idQi : (1.7)

The replacement of Q1; : : : ; Q� by their conjugate �elds �i; : : : ; �� means that
the system is open to energy interchange by way of these �elds. The appro-
priate thermodynamic potential (or free energy) is now F� , where

F� =H� � TS = U � TS �
�X
i=1

�iQi =

nfX
i=�+1

�iQi ; (1.8)

dF� =�SdT �
�X
i=1

Qid�i +

nfX
i=�+1

�idQi : (1.9)

From (1.8) and (1.9),

Qi = �@F�@�i
; i = 1; : : : ; � ; S = �@F�

@T
;

�i =
@F�
@Qi

; i = � + 1; : : : ; nf ; H� =
@(F�=T )
@(1=T )

:

(1.10)

1.3 Statistical Mechanical Formulae

The formalism described in the previous section can be regarded as a macro-
scopic perspective on a system with a microscopic structure consisting of a
collection of atoms or molecules of one or more types. The numbers of parti-
cles of each type, or component, will be among the set of extensive variables
Q1; : : : ; Qnf . This book, in common with Volume 1, will be concerned largely
with the statistical mechanics of classical (as distinct from quantum) par-
ticles. The exception to this is the work of Chap. 7, which includes series
methods for the quantum Heisenberg model. In the present section we con-
sider only classical statistical mechanics; the modi�cations needed for the
quantum case are given in Appendix A.9.

A con�guration of the particles of the system is called a microstate and
is denoted by �. For each microstate there is a value E(�) of the statistical

mechanical internal energy and values bQi(�), i = 1; : : : ; �, of the dependent

statistical mechanical extensive variables. The Hamiltonian bH�(�), de�ned
by

bH�(�) = E(�)�
�X
i=1

�i bQi(�) ; (1.11)

is a crucial quantity in the statistical mechanics of the system with indepen-
dent variables T; �1; : : : ; �� ; Q�+1; : : : ; Qnf . It is the microscopic equivalent
of the thermodynamic enthalpy de�ned by (1.6). The probability function
p�(�), for the distribution of � is given by
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p�(�) =
exp[� bH�(�)=T ]

Z�
; (1.12)

where Z� is the partition function, given by,

Z�(T; �1; : : : ; �� ; Q�+1; : : : ; Qnf ) =
X
f�g

exp[� bH�(�)=T ] : (1.13)

We now make the identi�cations

H� = h bH�i =
X
f�g

p�(�) bH�(�) = � @ lnZ�
@(1=T )

; (1.14)

Qi = h bQii =X
f�g

p�(�) bQi(�) = T
@ lnZ�
@�i

; i = 1; : : : ; �; (1.15)

�i =

*
@ bH�

@Qi

+
=
X
f�g

p�(�)
@ bH�(�)

@Qi
= �T @ lnZ�

@Qi
;

i = � + 1; : : : ; nf : (1.16)

The `averaging' relations (1.14){(1.16) become identical to (1.10) if we make
the identi�cation

F� = �T lnZ�(T; �1; : : : �� ; Q�+1; : : : ; Qnf ) : (1.17)

In the special case � = 0, bH0(�) is the energy E(�), H0 is the internal energy
U and F0 is the Helmholtz free energy, usually denoted by A. The second
derivatives of F� with respect to the independent variables T; �1; : : : ; �� are
the response functions. It is not di�cult to show that the response function
with respect to the variables �i; �j is related to the covariance of the random

variables bQi and bQj by
@2F�
@�i@�j

= �@Qj
@�i

= �@Qi
@�j

= � 1

T
Cov[ bQi; bQj ] : (1.18)

1.4 The Field-Density

and Coupling-Density Representations

The formulation of thermodynamics given by (1.3){(1.9) is referred to in Vol-
ume 1 as the �eld-extensive variable representation, where the next step in
the development is to derive the �eld-density representation in which exten-
sive variables are replaced by a set of intensive variables called densities. The
importance of these is that they remain �nite in the thermodynamic limit
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of an in�nite system. The conditions for the existence of the thermodynamic
limit for a one-component lattice 
uid are given in Sect. 4.2.1

1.4.1 Thermodynamic Formalism

From (1.4) and (1.8) we see that, in order for F� not to be identically zero,
we must have � < nf and thus Qnf is an independent extensive variable in
terms of which the densities can be de�ned by

s = lim
Qnf!1

S

Qnf
; �i = lim

Qnf!1

Qi
Qnf

; i = 1; : : : ; nf � 1 : (1.19)

For the independent densities �i, i = � + 1; : : : ; nf � 1, equation (1.19) is
simply a matter of ensuring that in the limit Qnf ! 1, Qi ! 1 in such a
way that the ratio Qi=Qnf remains constant. The de�nition of the dependent
densities depends on the existence of the free energy density f�, de�ned by
the thermodynamic limit

f� = lim
Qnf!1

F�
Qnf

: (1.20)

Assuming the existence of this limit the dependent densities and �elds are,
from equations (1.10) and (1.20), then given by

s = �@f�
@T

; �i = �@f�
@�i

; i = 1; : : : ; � ;

�i =
@f�
@�i

; i = � + 1; : : : ; nf � 1 ;

(1.21)

giving

df� = �sdT �
�X
i=1

�id�i +

nf�1X
i=�+1

�id�i (1.22)

and, from (1.8),

f� = �nf +

nf�1X
i=�+1

�i�i : (1.23)

From (1.4) or (1.8) the internal energy density u is given by

u = sT + �nf +

nf�1X
i=1

�i�i (1.24)

and, from (1.22){(1.24),

1 For a more general presentation the interested reader is referred to Ruelle (1969)
or Gri�ths (1972).



6 1. Thermodynamics and Statistical Mechanics

du= Tds+

nf�1X
i=1

�id�i ; (1.25)

0 = sdT + d�nf +

nf�1X
i=1

�id�i : (1.26)

The enthalpy density h� is given, from (1.6), by

h� = u�
�X
i=1

�i�i ; (1.27)

and thus

dh� = Tds�
�X
i=1

�id�i +

nf�1X
i=�+1

�id�i : (1.28)

To develop the coupling-density representation we observe that in statistical
mechanics the internal energy E(�) is in general of the form

E(�) = �
neX
`=1

E`(�)"` ; (1.29)

for a set of energy parameters "`.
2 These represent the energies of interaction

between groups of particles, so that in fact the coupling-density representa-
tion goes a little beyond pure thermodynamics. It follows, from (1.11), that

the Hamiltonian bH�(�) is a linear function of the sets "`, ` = 1; : : : ; ne and
�i, i = 1; : : : ; �.

From (1.14), the enthalpy H� is also a linear function of these parameters
and the internal energy U and internal energy density u can be expressed in
the form

U = hE(�)i = �
neX
`=1

hE`(�)i"` = �
neX
`=1

U`"` ; (1.30)

u=�
neX
`=1

u`"` ; (1.31)

where

u` = lim
Qnf!1

U`
Qnf

; ` = 1; : : : ; ne : (1.32)

The expression (1.31) replaces u in (1.24) and we replace du in (1.25) by

du = �
neX
`=1

"`du` : (1.33)

2 The choice of sign for the energy parameters is convenient when considering
internal and external couplings and in relation to the Ising model.
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The internal and external couplings are de�ned by

K` = "`=T ; ` = 1; : : : ; ne ; (1.34)

Li = �i=T ; i = 1; : : : ; nf ; (1.35)

respectively and it can easily be shown (Example 1.1) that

s=�
neX
`=1

u`K` � Lnf �
nf�1X
i=1

�iLi ; (1.36)

ds=�
neX
`=1

K`du` �
nf�1X
i=1

Lid�i ; (1.37)

0 = dLnf +

neX
`=1

u`dK` +

nf�1X
i=1

�idLi : (1.38)

The dimensionless free energy density is given by

�� = f�=T ; (1.39)

from which it follows (Example 1.2) that

�� = Lnf +

nf�1X
i=�+1

Li�i = �s�
neX
`=1

u`K` �
�X
i=1

Li�i ; (1.40)

d�� =�
neX
`=1

u`dK` �
�X
i=1

�idLi +

nf�1X
i=�+1

Lid�i : (1.41)

The main advantage for statistical mechanics of using a density represen-
tation is that all the variables remain �nite in the thermodynamic limit.
The relative merit of working with �elds or couplings is not so clear-cut.
Fields have the advantage of being physically more understandable. Impor-
tant quantities measured by experimentalists are the response functions such
as susceptibility, heat capacity and compressibility. These are given in the
�eld-extensive variable representation by the second-order partial derivatives
of the free energy F� . They can in consequence be expressed easily in the
�eld-density representation in terms of the second-order partial derivatives
of the free energy density f�. Their forms in the coupling-density represen-
tation are more complicated. On the other hand it will be seen, from (1.13),
(1.17), and (1.39), that

�� = � 1

Qnf
lnZ�(L1; : : : ;L�;K1; : : : ;Kne ; Q�+1; : : : ; Qnf ) : (1.42)

In the limit Qnf !1 this yields

�� = ��(L1; : : : ;L� ;K1; : : : ;Kne ; ��+1; : : : ; �nf�1) : (1.43)
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The dimensionless free energy density is a function of the independent cou-
plings and densities, without explicit reference to the temperature. This
makes it a convenient tool for the formulation of scaling theory and renor-
malization group methods.

1.4.2 Lattice Systems

The coupling-density representation gives a particularly elegant formulation
of thermodynamics in the special case � = nf � 1 when there are no inde-
pendent densities. The function �nf�1 is dependent only on couplings and,
from (1.40), is itself equal to the coupling Lnf . We shall in the rest of the
chapter concentrate on this case, omitting subscripts indicating the number
of independent external couplings. From equations (1.11), (1.29), (1.34) and
(1.35)

bH(�)=T = bH(Li;K`;�) = � neX
`=1

E`(�)K` �
nf�1X
i=1

bQi(�)Li : (1.44)

As will be seen in the discussion of scaling in Chap. 2, the distinction between
the internal couplings K` and the external couplings Li is physical rather than
mathematical. The latter arise from interactions between the system and ex-
ternal �elds like the magnetic �eldH or the chemical potential �, whereas the
former arise from the energies of interaction between the microsystems. The
external couplings are thus, in general, open to change by the experimenter,
both by individual variations of the �elds �i and together by variations of
T . The internal couplings can be changed only by means of a change of T .
This physical di�erence is exempli�ed by equation (1.33), where we have as-
sumed, in taking the di�erential of (1.31), that the energy parameters are
kept constant.

To make this distinction more precise consider a d-dimensional lattice
with N , the number of lattice sites being the one independent extensive
variable Qnf . There is microsystem at each site of the lattice and the state
of the microsystem at site r is speci�ed by the variable �(r). The symbol
� represents the collection or vector specifying a set of values of all the
microsystems on the lattice. The extensive variables bQi can now be expressed
in the formbQi(�) =X

frg

qi(r); i = 1; : : : ; nf � 1 ; (1.45)

where qi(r) is a function of �(r).
Unless the states of the microsystems are very complicated there will be

only a rather small number of independent extensive variables and di�erent
functions qi. In the case of the spin-s Ising model (Volume 1, Chap. 2) there
are 2s+1 possible states, labelled with the variable sz(r) = �s;�s+1; : : : ; s�
1; s, at the site r. By analogy with the spin quantum number, s is allow to
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take positive integer or half-integer values and �(r) = sz(r) if s is integer,
�(r) = 2sz(r) if s is half-integer. For the spin- 12 Ising model3 �(r) = �1
and the only possibility is q1(r) = �(r). The two independent �elds for this
system are the temperature T and a magnetic �eld �1 = H, which tends to
align the spins with value �1 according as H ? 0. The extensive variable
conjugate to H is the statistical mechanical magnetizationbM =

X
frg

�(r) ; (1.46)

with the corresponding magnetization density m̂ = bM=N . When �(r) =
�1; 0; 1 as in the case of the dilute, or spin-1 Ising model (see Sect. 3.4),
there is the additional possibility q2(r) = �2(r).

The extensive internal energy variables E` in the Hamiltonian (1.44) in-
volve interactions between groups of more than one site. They can be ex-
pressed in the form

E`(�) =
X
frg

e`(r) ; ` = 1; : : : ; ne ; (1.47)

where e`(r) is a function of �(r) and the state variables of some set of sites
around r. In most cases of interest the functions e`(r) are taken to be local
in the sense that they involve only sites quite close to the site r; nearest
neighbours, second neighbours or the sites on the elemental plaquettes of the
lattice are typical. Again the simplest example is the spin- 12 Ising model, for
which

e1(r) = �1
z

X
fr0g

�(r)�(r0) ; (1.48)

where the summation is over all nearest-neighbour sites r0 of r and z is
the coordination number of the lattice. The one internal energy parameter
"1 = J , is chosen so that J > 0 encourages the alignment of neighbouring
spins. Summing e1(r), given by (1.48), over all the sites of the lattice and
adding the �eld term (1.46) the Hamiltonian (1.44) becomes, for the spin- 12
Ising model,

bH(L;K;�(r)) = �K (n:n:)X
fr;r0g

�(r)�(r0)� L
X
frg

�(r) ; (1.49)

where L = H=T and K = J=T .
The values of the two sets of quantities qi(r), i = 1; : : : ; nf � 1 and e`(r),

` = 1; : : : ; ne are determined by the microstate � of the system. We shall
therefore refer to them respectively as external and internal state operators.
It is clear from the above discussion that the sets fQi;Li; bQi(�); qi(r)g and
3 Usually referred to simply as `the Ising model' since this was the case which was
solved for d = 1 by Ising (1925).



10 1. Thermodynamics and Statistical Mechanics

fUi;Ki; Ei(�); ei(r)g play the same mathematical role in the development of

the theory. We shall, therefore, use the generic set fCj ; �j ; bCj(�); cj(r)g to
stand for members of either the external or internal sets withbCj(�) =X

frg

cj(r) : (1.50)

1.5 Correlation Functions and Symmetry Properties

The state operators qj(r), i = 1; : : : ; nf �1, e`(r), ` = 1; : : : ; ne, with r rang-
ing over all N sites of the lattice and n = nf+ne�1 form a set of nN random
variables distributed according to the probability function (1.12), where the
Hamiltonian is now given by (1.44), (1.45) and (1.47). Let c1(r1); : : : ; c� (r� )
be some choice of a subset of these variables at � sites of the lattice.

1.5.1 Correlation Functions

A number of di�erent � -point correlation functions can be de�ned:

(i) The total correlation function hc1(r1) � � � c� (r� )i.
(ii) The 
uctuation correlation function h�c1(r1) � � � �c� (r� )i where

�cj(r) = cj(r)� hcj(r)i ; j = 1; 2; : : : ; � ; (1.51)

is a measure of the 
uctuation of cj at site r about its mean.

(iii) The net or connected correlation function, which is de�ned recursively
by

�� (c1(r1) � � � c� (r� )) = hc1(r1) � � � c� (r� )i

�
X

�p1(cj1 (rj1); : : : ; cp1(rp1))

� � ��pk(cjk (rjk ); : : : ; cpk (rpk )); (1.52)

�1(c1(r1)) = hc1(r1)i; (1.53)

where the sum in (1.52) is over products of the connected correlation
functions for all partitions of the � lattice sites.

For � = 1 the total and connected correlation functions are the same and the

uctuation correlation function is zero. For � = 2,

�2(c1(r1); c2(r2)) = hc1(r1)c2(r2)i � hc1(r1)ihc2(r2)i;
= h[c1(r1)� hc1(r1)i][c2(r2)� hc2(r2)i]i (1.54)

and, for � = 3,
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�3(c1(r1); c2(r2); c3(r3)) = hc1(r1)c2(r2)c3(r3)i
� hc1(r1)i�2(c2(r2); c3(r3))
�hc2(r2)i�2(c3(r3); c1(r1))
�hc3(r3)i�2(c1(r1); c2(r2))
�hc1(r1)ihc2(r2)ihc3(r3)i

= h[c1(r1)� hc1(r1)i][c2(r2)� hc2(r2)i]
�[c3(r3)� hc3(r3)i]i : (1.55)

The two- and three-point 
uctuation and connected correlation functions are
the same. That this identity does not persist for large values of � can be seen
if we expand the general � -point 
uctuation correlation function

h�c1(r1) � � � �c� (r� )i=
X

fj1;:::;jsg

(�1)��shcj1(rj1) � � � cjs(rjs)i

� hcjs+1(rjs+1)i � � � hcj� (rj� )i ; (1.56)

where the sum is over all subsets fj1; : : : ; jsg of the indices f1; 2; : : : ; �g. Each
term in the expansion is of the form of an s-point total correlation function
multiplied by � � s one-point functions. As can be seen from (1.52), the
expansion for �� (c1(r1) � � � c� (r� )) in terms of total correlation functions will
contain terms which are products of p- and q-point total correlation functions
where both p and q are greater than unity when � > 3.

From (1.43), (1.45) and (1.46)

bH(Li;K`;�) = �X
frg

"
neX
`=1

e`(r)K` +

nf�1X
i=1

qi(r)Li

#
: (1.57)

By distinguishing the couplings at each lattice site we obtain the generalized
Hamiltonian

bH(g)
(Li(r);K`(r);�) = �

X
frg

"
neX
`=1

e`(r)K`(r) +

nf�1X
i=1

qi(r)Li(r)

#
: (1.58)

Then reverting to the use of generic variables and with the corresponding
generalization Z(g) of the partition function (1.13),

hc1(r1) � � � c� (r� )i = 1

Z(g)

@�Z(g)

@�1(r1) � � � @�� (r� ) : (1.59)

It can also be shown by induction (Binney et al. 1993) that

�� (c1(r1); : : : ; c� (r� )) = �N @��(g)

@�1(r1) � � � @�� (r� ) ; (1.60)

for connected correlation functions. Returning now to the situation where the
couplings �j are site independent
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@��

@�1 � � � @�� =
X

fr1;:::;r�g

@��(g)

@�1(r1) � � �@�� (r� )

=� 1

N

X
fr1;:::;r�g

�� (c1(r1); : : : ; c� (r� )) ; (1.61)

where, in the second summation, the reduction to site-independent couplings
is applied after di�erentiation. In the case of the connected two-point or pair
correlation function this result can be derived directly without the use of
(1.60). From (1.18), (1.50), and (1.54)

@2�

@�1�2
= � 1

N
Cov[ bC1; bC2] = � 1

N

X
fr1;r2g

�2(c1(r1); c2(r2)) : (1.62)

The quantity on the left of equation (1.62) is, like the second derivative of the
free energy with respect to the �elds in Sect. 1.3, a type of response function
and this equation is an example of a 
uctuation-response function relation.
Such relations play an important role in statistical mechanics, relating mi-
croscopic and macroscopic properties of a system. When the two variables in
the covariance in equation (1.62) are the same then the covariance becomes
the variance (see Volume 1, Sect. 2.5).

1.5.2 Symmetry Properties

Suppose that the lattice is d-dimensional hypercubic with lattice spacing a,
unit lattice vectors �̂(i), i = 1; : : : ; d and N (i) sites in the direction �̂(i). Then

N =

dY
i=1

N (i) : (1.63)

With periodic boundary conditions applied to the lattice, the dependence of
all properties of the system are invariant under the transformation

r ! r + a
�
m(1)N (1); : : : ;m(d)N (d)

�
; (1.64)

where m(1); : : : ;m(d) have any integer values. The � -point connected corre-
lation function then has the Fourier transform

� �� (c1; : : : ; c� ;k1; : : : ;k� ) =
X

fr1;:::;r�g

�2(c1(r1); : : : ; c� (r� ))

� exp [�i (k1 � r1 + � � �+ k� � r� )] ; (1.65)

with

�� (c1(r1); : : : ; c� (r� )) =
1

N

X
fk1;:::;k�g

� �� (c1; : : : ; c� ;k
(1); : : : ;k(�))

� exp [i (k1 � r1 + � � �+ k� � r� )] ; (1.66)

where the wave vectors are of the form
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kj =
2�

a

 
k
(1)
j

N (1)
; : : : ;

k
(d)
j

N (d)

!
; k

(i)
j = 0; : : : ; N (i) � 1 (1.67)

(see Appendix A.1).4 It follows from (1.61) and (1.65) that

@��

@�1 � � � @�� = � 1

N
� �� (c1; : : : ; c� ;0; : : : ;0) : (1.68)

In may cases of interest the system has the property of invariance under the
translations of the form

r ! r + a
�
m(1); : : : ;m(d)

�
; (1.69)

for any integers m(1); : : : ;m(d). The di�erence between (1.64) and (1.69),
is that the former can be applied to each of the vectors r1; : : : ; r� of
�� (c1(r1); : : : ; c� (r� )) independently, whereas (1.69) must be applied to them
all simultaneously. One translation of the form (1.69) takes r1 to the origin
to give

�� (c1(r1); : : : ; c� (r� )) = �� (c1(0); c2(�r1); : : : ; c� (�r��1)) ; (1.70)

where �rj = rj+1 � r1, j = 1; : : : ; � � 1 are the relative lattice vectors. The
one-point connected correlation function, given from (1.53) by hc1(r1)i is
independent of the site location r1. We also see, from (1.52) and (1.56), that
the total and 
uctuation correlation functions have a similar dependence on
relative vectors. With translational invariance one of the summations in the
�nal form of (1.61) can be performed to give

@��

@�1 � � � @�� = �
X

f�r1;:::;�r��1g

�� (c1(0); c2(�r1); : : : ; c� (�r��1)) ; (1.71)

and, if �� �� (c1; : : : ; c� ;
�k1; : : : ; �k��1) is the Fourier transform de�ned with re-

spect to the relative vectors,

@��

@�1 � � � @�� = � �� �� (c1; : : : ; c� ;0; : : : ;0) : (1.72)

Finally we note that if, in additional to translational invariance, the system
has N (1) = N (2) = � � � = N (d) and all its properties invariant under rotation
between lattice directions the two-point correlation function is given by

�2(c1(r1); c2(r2)) = �2(c1(0); c2(r2 � r1))
= �2(c1; c2; jr2 � r1j) : (1.73)

4 In the case of lattices other than the hypercubic the wave vectors are de�ned in
terms of reciprocal lattice vectors.
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Examples

1.1 Prove equation (1.36) by substituting u, given by (1.31) into (1.24),
dividing by T and using (1.34) and (1.35). Prove equation (1.37) by
substituting from (1.33) into (1.25), dividing by T and using (1.34)
and (1.35). By taking the di�erential of (1.36) and subtracting (1.37)
establish (1.38).

1.2 Prove equation (1.40) by dividing (1.23) by T , and using (1.24),
(1.31), (1.34) and (1.35). Take the di�erential of (1.40) and substitute
from (1.37) to establish (1.41).



2. Phase Transitions and Scaling Theory

2.1 Introduction

Most physical systems can exist in a number of di�erent phases, distinguished
by their di�erent types of molecular or atomic order. This order may be in
the spatial con�gurations of one or more kinds of microsystems or it may
be in the orientations or conformations of the microsystems themselves. (See
Ziman (1979) for a discussion of the wide variety of possible types of order.)
In the case of the vapour (gas), liquid and solid phases of, for example, water
or hydrogen, the order is spatial with no order in the vapour, a short-range
clustering type of order in the liquid and long-range lattice order in the solid.
For water this is not the complete picture. There are at least nine di�er-
ent ice phases distinguished by their lattice structures and proton con�gura-
tions (Volume 1, Appendix A.3, Eisenberg and Kauzmann 1969). The most
well-known example of orientational order occurs in magnetic systems where
ferromagnetism corresponds to the alignment of the magnetic dipoles of the
microsystems. Although a simple magnetic system may possess just one type
of ferromagnetic phase, more complex ferrimagnetic systems can have a large
number of di�erent magnetic phases. In the case, for example, of cerium an-
timonide fourteen di�erent phases have been identi�ed by neutron di�raction
experiments (Fischer et al. 1978) and speci�c heat analysis (Rossat-Mignod
et al. 1980). These phases exhibit di�erent forms of anisotropic spatial order-
ing. The occurrence of di�erent types of anisotropic ordering is also a feature
which distinguishes between the nematic, smectic and columnar phases in
liquid crystals (de Gennes and Prost 1993). The boundaries, or transition
regions, between phases are characterized by discontinuous or singular be-
haviour in one or more of the thermodynamic variables associated with the
system. A classi�cation of phase transitions according to whether particular
derivatives of the thermodynamic potential have singularities or discontinu-
ities across the transition region was proposed by Ehrenfest (1933) (Volume 1,
Sect. 3.1, Pippard 1967). However, it is now known than many transitions
do not �t into this classi�cation. The attempt to place all phase transitions
into classes according these kinds of criteria has been abandoned and the
more modest classi�cation of Fisher (1967) has been largely adopted. In both
Ehrenfest's and Fisher's terminologies regions of �rst-order phase transitions
are those across which densities are discontinuous. These can also be identi-
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�ed as regions of phase coexistence. In place of the more detailed proposals of
Ehrenfest, Fisher suggested that all transition regions across which the den-
sities are continuous should be called continuous transitions. These may, of
course, involve discontinuities or singularities in second or higher derivatives
of the thermodynamic potential. In keeping with the nomenclature of Vol-
ume 1 we shall augment Fisher's scheme by referring to continuous transitions
for which one or more of the thermodynamic response functions is singular as
second-order and other continuous transitions as higher-order. The onset of
ferromagnetism in iron is accompanied by a singularity in the susceptibility
and is thus a second-order transition. The freezing of water is accompanied
by a discontinuous reduction in density implying a �rst-order transition. In
some of the discussion in this chapter we shall need to make a distinction be-
tween di�erent types of transition regions. The term coexistence region will
be used for a region of �rst-order transitions and critical region for any region
in which the transition is continuous.

Ehrenfest's classi�cation of transitions, referred to above, is one attempt
to produce a taxonomy of phase behaviour. With a rather di�erent emphasis,
the earlier formulation of the law of corresponding states (see Sect. 2.3) is
another. Scaling theory, the main subject of this chapter, can be viewed in a
similar light. It develops from an assumed form for the free energy density,
or equation of state, close to the transition region and the underlying idea is
that the probability distribution of microstates is invariant under a uniform
change of length scale. As will be described in this chapter, the asymptotic be-
haviour of thermodynamic functions as a transition region is approached can
be characterized by a set of critical exponents (see also Volume 1, Sect. 3.4).
Using purely thermodynamic arguments, inequalities between these expo-
nents can be derived (see, for example, Buckingham 1972). One of salient
features of scaling theory is that, subject to the validity of its assumptions,
these inequalities become equalities, the so-called scaling laws. This means
that a smaller set of variables, the scaling exponents, one for each indepen-
dent �eld, are su�cient to characterize the leading asymptotic behaviour at
the transition. Although scaling theory is unable to provide numerical values
for scaling exponents, the generalization of the theory given by conformal
invariance is able to do so in two dimensions. A conformal transformation
can be understood as a generalization of a scaling transformation in which
the rescaling factor varies continuously over the physical space of the system.

The idea of scaling was proposed independently by a number of authors
(Widom 1965, Domb and Hunter 1965, Kadano� 1966, Patashinskii and
Pokrovshii 1966). The presentation used in this chapter is based on the subse-
quent developments by Hankey and Stanley (1972), Hankey et al. (1972) and
Nightingale and 'T Hooft (1974). The application of conformal invariance to
critical phenomena was �rst made by Polyakov (1970) and has been much
developed in recent years (Cardy 1987, Christe and Henkel 1993).
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The main purpose of this chapter is to develop the ideas of scaling theory.
Sect. 2.2 presents a brief description of some of the kinds of combinations of
transition regions which may occur in phase spaces of up to three dimensions
and this is followed in Sect. 2.3 by a discussion of the ideas which contributed
to the development of scaling theory. Sects. 2.4 to 2.7 contain the general the-
ory with particular applications to a critical point and a tricritical point in
Sects. 2.8{2.11 and 2.12{2.13 respectively. The corrections to scaling theory
arising from dangerous irrelevant variables are considered in Sect. 2.14 and
the relation between the scaling and universality hypotheses in Sect. 2.15. In
Sect. 2.16 the modi�cations to bulk scaling which occur in systems which are
�nite in one or more dimensions is discussed and in Sect. 2.17 the general-
ization of scaling obtained from conformal invariance is brie
y described.

2.2 The Geometry of Phase Transitions

We consider a system in the coupling-density representation in which, as in
Sect. 1.4.2, there are no independent densities (� = nf � 1). From (1.40) and
(1.41),

�= Lnf = f=T ; (2.1)

�=�s�
neX
`=1

u`K` �
nf�1X
i=1

Li�i ; (2.2)

d�=�
neX
`=1

u`dK` �
nf�1X
i=1

�idLi ; (2.3)

where, for the sake of brevity, the subscript nf � 1 has been omitted from f
and �. The system has n = nf+ne�1 independent couplings. The free energy
density, or potential, � can be plotted as an n-dimensional hypersurface in
the (n + 1)-dimensional space of the variables �;K1; : : : ;Kne ;L1; : : : ;Lnf�1.
This space and hypersurface are una�ected by the choice of Qnf in Sect. 1.3,
since � = Lnf and a di�erent choice of an independent extensive variable
would correspond simply to a relabelling of the axes. From (2.3) it can be
seen that components of the gradient of the surface at any point correspond
to the densities and the elements of the curvature matrix are thermodynamic
response functions like the one appearing on the left-hand side of equation
(1.62).

The potential �(K1; : : : ;Kne ;L1; : : : ;Lnf�1) is, for most values of its argu-
ments, a smooth function.1 The exceptional points are associated with some
kind of critical or phase coexistence behaviour. Phase boundaries correspond
to (n� 1)-dimensional regions on the hypersurface of � in which some kind

1 A smooth function is de�ned to be one which has �nite continuous partial deriva-
tives of all orders in all of its arguments.
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of non-smooth behaviour occurs. These are the transition regions of highest
dimension. In general a transition region may have any dimension between
n�1 and zero (a point). The projection of all these transition regions into the
n-dimensional space of couplings yields the phase diagram of the system. The
simplest form of a phase boundary is when some or all of the densities are dis-
continuous across the boundary and we have a �rst-order transition or region
of two-phase coexistence. In a similar way a region of p-phase coexistence is
in general of dimension n+1� p. Since this region must have a non-negative
dimension we might conclude that largest number of phases which can coex-
ist for n independent couplings is n + 1. This restriction is the Gibbs phase
rule. There are exceptions to this rule, which arise when the phase diagram
has some special symmetry. One of these is the triangular ferrimagnetic Ising
model (see, for example, Volume 1, Sect. 4.5) for which the phase diagram
has re
ectional symmetry about the zero-�eld axis. A compensation point
occurs on this axis where four �rst-order transitions meet. However, mean-
�eld (Bell 1974) and renormalization group (Lavis and Quinn 1983, 1987)
calculations indicate that, at the compensation point, the discontinuities in
density are zero, with the phases forming two pairs of the same ordering struc-
ture. A second example, described below, is the case of a metamagnet with a
staggered �eld. Here the phase diagram is three-dimensional with re
ectional
symmetry about the plane on which the staggered �eld is zero. Mean-�eld
calculations indicate (Kincaid and Cohen 1975) that, for a certain parameter
range, this plane contains a line of four-phase coexistence; one more phase
than would be allowed by the Gibbs phase rule. We now consider some ex-
amples of the kind of critical and coexistence phenomena which can occur
for n = 2 and n = 3.

2.2.1 A Two-Dimensional Phase Space

For n = 2, phases can be separated by lines of transitions. A critical point
occurs at a second-order transition terminating a line of �rst-order transi-
tions (Fig. 2.1(a)). Examples of this are the Curie point in a magnet and
the termination of the vapour{liquid transition in a 
uid system. A triple
point occurs at the con
uence of three lines of �rst-order transitions. An
example of this is the point where the �rst-order transitions between ice,
liquid water and steam meet. Other types of behaviour, which are grouped
under the general heading of multicritical phenomena can also occur. When
a line of �rst-order transitions is continued by a line of second-order transi-
tions the two lines are said to meet at a tricritical point (Fig. 2.1(b)). When
a line of second-order transitions terminates on a line of �rst-order transi-
tions at an intermediate point this meeting point is called a critical end-point
(Fig. 2.1(a)). Tricritical points and critical end-points occur for di�erent pa-
rameter ranges when mean-�eld theory is applied to a metamagnetic model
(see Volume 1, Sects 4.4). In that model spins are arranged in parallel planes
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E

C

T

(a) (b)

Fig. 2.1. (a) A critical point C terminating a line of �rst-order transitions and a
critical end-point E where a line of second-order transitions terminates on a line of
�rst-order transitions. (b) A tricritical point T where a line of �rst-order transitions
meets a line of second-order transitions. First-order transitions are indicated by
broken lines and second-order transitions by continuous lines.

with a ferromagnetic interaction within planes and an antiferromagnetic in-
teraction between neighbouring planes. FeCl2 is an experimental example of
this kind of system. In this case the second-order transition line terminates
at the N�eel point on the zero-�eld axis and meets a �rst-order transition line
at a point in the plane, with this latter terminating on the zero-temperature
axis. The meeting of the two transition curves can be a tricritical point or
a critical end-point according to the relative strengths of the ferromagnetic
and antiferromagnetic interactions. The same type of behaviour occurs in
the temperature-chemical potential plane of a dilute Ising, or Blume{Emery{
Gri�ths, model (see Volume 1, Sects. 6.8) though overall the phase pattern
is somewhat di�erent from that obtained for the metamagnet. The name `tri-
critical point' in the context described above seems slightly odd since we are
apparently considering a situation with only two phases present. However, as
we explain below and in Sect. 2.12 (see also Lawrie and Sarbach 1984 and
Volume 1, Chap. 6), a full understanding of tricritical points needs a phase
space of more dimensions. A further type of multicritical behaviour which
can occur in a two-dimensional phase space is when the critical lines of two
phase transitions meet at a point, which is also the end of a coexistence line of
�rst-order phase transitions separating the two ordered phases. The meeting
point is called a bicritical point. Bicritical points have been observed most
clearly in weakly anisotropic antiferromagnets such as GdAlO3 and MnF2 in
carefully oriented magnetic �elds (Rohrer 1975). A theoretical realization of
a bicritical point occurs in the temperature-electric �eld plane of a six-vertex
ferroelectric (Volume 1, Fig. 10.10 or Lieb and Wu 1972, Fig. 30.)
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Fig. 2.2. Phase diagram for a metamagnetic model in the space of temperature T ,
magnetic �eld H and staggered �eld Hs. The critical curve C meets the triple line
T at the critical end-point E. The critical curves C(+) and C(�) meet on the plane
Hs = 0 at the bicritical end-point B. (Reprinted from Kincaid and Cohen (1975),
p. 114, by permission of the publisher Elsevier Science.)

2.2.2 A Three-Dimensional Phase Space

When the phase space acquires a third dimension, so that n = 3, the bound-
aries between pairs of phases become surfaces. A �rst-order surface may be
bounded by a line of critical points or critical line. Three �rst-order surfaces,
separating three distinct phases can meet at a triple line. With these basic
components phase diagrams can exhibit a rich diversity of structure. Many
of these appear when a staggered �eld, alternating in sign between layers,
is added to the metamagnetic model referred to above. Figure 2.2 repro-
duces a phase diagram for this model obtained by Kincaid and Cohen (1975)
using mean-�eld methods. This form of phase diagram occurs for a partic-
ular range of the ratio between the ferromagnetic interaction within layers
and the antiferromagnetic interaction between layers (see Sect. 2.12). Three
phase boundaries meet along a triple line T , which lies between the zero-
temperature plane and the critical end-point E, where it meets the critical
curve C and a line of four-phase coexistence BE. The point B is a bicrit-
ical end-point, where the critical curves C(+) and C(�) meet on the plane
Hs = 0. By varying the parameter ratio so that B and E coalesce a tricrit-
ical point can be achieved and the phase diagram takes the form shown in
Fig. 2.8 below. At the precise parameter value for which this occurs the point
of coincidence becomes a special four-phase critical point (see Kincaid and
Cohen 1975). The form of the phase diagram Fig. 2.8 makes clear the reason
why Gri�ths (1970) chose the name tricritical for a point of coincidence of a
�rst-order and critical line in a plane.
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It will be clear from these brief remarks that even within the constraints
of a phase space of at most three dimensions, not all the possible types of
phase behaviour have been covered. (For a review of theoretical and experi-
mental work on multicritical phenomena see Pynn and Skjeltorp (1984) and
for tricritical phenomena, with further examples, the review by Lawrie and
Sarbach (1984).)

2.3 Universality, Fluctuations and Scaling

As indicated above, one aim of the theory of critical phenomena is to for-
mulate a classi�cation of phase transitions. Criteria are sought in terms of
which it can be said that certain phase transitions are `of the same type'. A
early attempt of this kind arose from the observation by van der Waals that
his equation2 could be expressed in terms of variables scaled with respect to
their critical values. A law of corresponding states was formulated suggesting
that a wide class of physical systems would, in terms of appropriately scaled
variables, obey this same equation of state. The experimental fact that the
critical ratio PcVc=MaTc, where Ma is Avogadro's number, is not the same
for all gases caused some concern and was the �rst sign that the law of corre-
sponding states has only limited applicability. However, as has been pointed
out by Levelt Sengers (1974):

Although this law has limited validity experimentally, and is not
obeyed by most other analytic equations of state, its role in the de-
velopment of the physical, chemical and engineering sciences dealing
with 
uids can hardly be exaggerated.

It led to many attempts to construct more general analytical equations of
state and ultimately to the theory of Landau (1937) described in Chap. 3.
The �rst steps towards the development of Landau theory were taken by
van der Waals (1893). In his article on the theory of capillarity he investi-
gated the asymptotic critical behaviour of his equation by expanding about
the critical point in terms of the volume and temperature deviations from
their critical values. This yielded the �rst calculation of the critical expo-
nent, now known as �, for which he obtained the value 1

2 . This exponent
measures the curvature of the coexistence curve in the vicinity of the criti-
cal point and, around the turn of the century, experimental results began to
appear indicating disagreement with the theoretical value � = 1

2 . The initial
reaction to these results was to suppose that the experimental measurements
were not taken su�ciently close to criticality. In 1900 Verscha�elt was, how-
ever, able to show by analyzing the results of Young (1892) for isopentane,

2 This was �rst presented in his doctoral thesis (van der Waals 1873). For accounts
of the way that it stimulated the development of the theory of phase transitions
see Rigby (1970), Rowlinson (1973), de Boer (1974) and Levelt Sengers (1974).
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that � = 0:3434, with no evidence of the value tending towards 1
2 as the

critical point was approached. This then was the beginning of the realization
that critical exponents (both � and the other critical exponents associated
with the asymptotic properties of thermodynamic functions, see Volume 1,
Sect. 3.4 and Sect. 2.8, below) were crucial for the classi�cation of phase
transitions. The development of generalized forms of the equation of state
incorporating fractional exponents took another 65 years. By this time there
was ample evidence that experimental systems yield critical exponents with
values di�erent from those predicted by classical (Landau) theory. Theoretical
impetus was provided by the Onsager (1944) solution of the two-dimensional
Ising model which demonstrated non-analytic behaviour at the critical point.
With the bene�t of hindsight we shall not trace the details of the early devel-
opment of generalized equations of state leading to scaling theory. Instead we
shall concentrate on trying to distinguish those properties of a system which
a�ect its critical behaviour.

2.3.1 Universality

At points near a critical region in phase space a system will be in di�er-
ent stable phases. This entails the existence of 
uctuations, which can be
regarded as the short-time and local appearance of fragments of one of the
phases in another. An example of this is the critical opalescence present in
a 
uid near the critical point of the liquid-vapour transition. Thus 
uctua-
tions are the appearance of locally ordered regions. These persist for a certain
mean length of time t called the correlation time and extend over a mean dis-
tance r called the correlation length. Roughly speaking, dynamic and static
critical behaviours are governed by t and r respectively. Since we are con-
cerned exclusively with static critical behaviour it is the correlation length,
measuring the mean extension of correlations, which will be of interest to us.
Given that, in a neighbourhood of a critical region, correlations extend over
distances large with respect to the detailed nature (short-range interactions,
lattice structure etc.) of the system, it is intuitively easy to understand that
this microstructure will not a�ect the characteristics of the system. This led
to the formulation of a universality hypothesis which can be expressed in the
following way (see, for example, Kadano� 1976a):

All critical problems can be divided into universality classes di�erentiated
by:

(a) the (physical) dimension d of the system,

(b) the symmetry group of the order parameter,

(c) perhaps other criteria.

Within each class, the critical properties, and in particular the critical
exponents, are supposed to be identical or, at worst, to be continuous func-
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tions of very few parameters. Although, in theoretical models, systems of
any dimension can be easily realized it might be supposed that experiment is
relevant only to the case d = 3. However, polymers (linear macromolecules)
and solids made up of chains of weakly coupled molecules provide examples
of one-dimensional, or quasi one-dimensional systems and two-dimensional
experimental systems can be realized in �lms, adsorbed phases, weakly cou-
pled planes and surface phenomena. The order parameter is not always easy
to de�ne. In a 
uid system undergoing a liquid-gas transition the order pa-
rameter is a density di�erence and of dimension one. In a magnetic transition
it is the magnetization which may be of dimension one, two or three accord-
ing to the constraints imposed on the system. The change of the nature of
a phase transition according to the symmetry group of the order parameter
is illustrated in the context of Landau theory in Chap. 3. The inclusion of
item (c) by Kadano� (1976a) could be viewed as a means of providing for
exceptional cases which will almost inevitably arise in any kind of classi�ca-
tion of this type. Two of these were discussed in some detail in Volume 1. In
the bond-dilute Ising model (see Volume 1, Sect. 9.2) the order parameter is
a scalar quantity, so one would, on the basis of (a) and (b) alone, expect the
exponents to be those of the pure Ising model, for the corresponding value
of d. It can, however, be shown (Volume 1, Sect. 9.2) that instead of the
Ising exponents � and 
 for the heat capacity and susceptibility respectively
the actual exponents �r and 
r are given in terms of their Ising values by
�r = ��=(1 � �) and 
r = 
=(1 � �). This change of exponent, whenever
� 6= 0, (� = 0 for d = 2) is called exponent renormalization (Fisher 1968). It
arises whenever the fraction of secondary sites occupied by solute atoms is
treated as an independent variable. In the six-vertex model in an electric �eld
(see Volume 1, Sect. 10.12) the order parameter is the scalar polarization. It
may, however, be shown that, at the transition to the polarized state, the
heat capacity diverges with an exponent � = 1

2 compared to the zero value
of the corresponding Ising model. These two di�erent types of transition are
also exhibited by dimer models. They are discussed in Sect. 8.5 and by Nagle
et al. (1989) who call them K-type (for Kasteleyn) and O-type (for Onsager).
Finally the eight-vertex model should be mentioned. This yields continuously
varying critical exponents (Sect. 5.9). The way in which such exponents can
arise within the context of scaling theory is investigated in Sect. 2.6 and the
particular case of the eight-vertex model is considered in Sect. 5.12. It should
be emphasized that the concept of a universality class is associated with a
phase transition and not with a physical or theoretical system as a whole.
Systems with su�cient complexity may exhibit di�erent phase transitions, in
di�erent parts of their phase spaces, lying in di�erent universality classes.

A brief account of scaling theory is presented in Volume 1, Sect. 3.5. This
will be complemented by a more general treatment using the approach of
Hankey and Stanley (1972) in Sect. 2.4, below. This method has the virtues
of mathematical elegance and generality. The basic premises do, however,
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seem to be rather arbitrary without the provision of some intuitive insight.
This we shall now try to provide, using the example of the ferromagnetic
Ising model, following the ideas of Kadano� (1966).

2.3.2 Kadano�'s Scaling Method for the Ising Model

We consider the spin- 12 Ising model on a d dimensional hypercubic lattice of
N sites and lattice spacing a with Hamiltonian given by (1.49). The density

conjugate to L is the magnetization density m =M=N , where M = h bMi andbM is given by (1.46). The ferromagnetic Ising model is believed to have, for
all d > 1, a �rst-order phase transition along the zero-�eld axis (L = 0) in the
interval Kc < K � 1, where the critical point is K = Kc, L = Lc = 0. The
order parameter for this critical region is m and the variance of m̂ is given,
from (1.53) and (1.62), by

Var[m̂] =
1

N

X
fr1;r2g

�2(�(r1); �(r2)) ; (2.4)

where

�2(�(r1); �(r2)) = h�(r1)�(r2)i � h�(r1)ih�(r2)i : (2.5)

is the spin-spin (connected pair) correlation function. When the system has
translational and rotational symmetry the spin-spin correlation function sat-
is�es (1.73) (with c1 = c2 = �) and �2(�; r) is a measure of the amount
of short-range order (spin alignment) in the system between spins separated
by a distance r. It is, therefore, proportional to the probability of a cluster
of aligned spins forming with spatial extent r. The correlation length r(�),
de�ned by,

r2(�) = c(d)

X
fr1;r2g

r2�2(�(r1); �(r2))X
fr1;r2g

�2(�(r1); �(r2))
; (2.6)

is a measure of the largest clusters which will form. The prefactor c(d) is a
function of the number of dimensions d � d in which the system is in�nite
(see Sect. 2.16). Its exact form is unimportant for most purposes and it
is sometimes omitted (see, for example, Ziman 1979, p. 26). However, in
Sect. 3.3.2, it is shown that, within the Gaussian approximation, the choice
c(d) = 1=(2d) is necessary for consistency.

Consider now a path in the phase diagram with small positive �eld (L
small and positive) beginning at low temperature (K large). At this point
thermal e�ects will be small and most spins will be aligned in the positive
direction. As K is decreased thermal 
uctuations will mean that random spin

ips will show an increasing tendency to occur and the interaction energy
between spins will encourage the formation of clusters based around these
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Fig. 2.3. Clusters of down spins forming in a sea of up spins. Clusters form of all
sizes up to lengths of the order of r(�).

spins. As long as the correlation length is quite small these clusters will ap-
pear and disappear at random. However, as K continues to decrease towards
the critical point, the spin-spin correlation function for a particular �xed r
will increase. Correlations will grow stronger over larger distances and the
correlation length and largest cluster size of down spins will become very
large (see Fig. 2.3), �nally diverging at the critical point. Near the critical
point the correlation length r(�) is much greater than a, so it is possible to
�nd a number � much greater than unity, but such that �a is still much
less than r(�). Imagine that the system is divided into cells �a on each side
and containing �d spins (see Fig. 2.4). Near the critical point there will be
a large degree of local ordering in the system. The variable ~�(~r), de�ned
for all ~r at the centres of the cells, by summing over the spins in the cell
and dividing by �d, will have a value very close to +1 or �1. The idea of
Kadano� (1966) is that the variable ~�(~r) plays the role of a single spin in a
new model de�ned on the sites ~r. The correlation length r(�) is the same in
the new picture as in the original model if it is measured in units of a, but, if
it is now measured in units of ~a = �a, it has the value r(�)=�. The thermo-
dynamic state of the original model is de�ned by the variables 4K = K�Kc

and L. The rescaled model, in which the correlation length is smaller by a
factor ��1, will appear to be further from the critical point. It will, therefore,
have e�ective values of 4K and L larger than those in the original model.
These rescaled values we denote by �yK4K and �yLL, for some unknown
positive scaling exponents yK and yL. The important assumption made at
this stage is that, for points su�ciently close to the critical point in phase
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Fig. 2.4. Lattice of spacing a divided into cells, of linear dimension �a, containing
�d spins.

space, yK and yL are constants. This means that r(�) acts as the single
measure of the distance from the critical point and, under the sequence of
transformations r(�) ! �r(�) ! �2r(�) � � �, 4K and L transform according
to 4K ! �yK4K ! �2yK4K � � � and L ! �yLL ! �2yLL � � � respectively.
Thus we have, in a neighbourhood of the critical point,

r(�;�yLL; �yK4K) = ��1r(�;L;4K) : (2.7)

As we saw in Sect. 2.2, the critical point will correspond to non-smooth
behaviour of the free energy of the system. It will, however, itself be �nite
non-zero and contain a smooth component. The same will be true of the
potential � and we suppose that we can make the separation

� = �smth + �sing ; (2.8)

where

�sing = �sing(L;4K) (2.9)

contains all the non-smooth behaviour of � and �sing(0; 0) = 0. If we are
concerned only with the critical behaviour of the system, we can, in most
cases (although see Sect. 2.5 below) neglect the smooth part of �. Given that
r(�) is the sole measure of the distance from the critical point, �sing can be
given as a function of r(�). The free energy of the system is invariant under
the transformation described above and the number of lattice sites is reduced
from N to N=�d. Thus we have

�sing(r) = ��d�sing(�
�1r) ; (2.10)

or, equivalently,

�sing(�
yL
L; �yK4K) = �d�sing(L;4K) : (2.11)

Since in the lattice of the cell centres ~r distances are measured in units of
the new lattice spacing ~a = �a, the rescaling for the site locations is given by
the dilatation transformation ~r = ��1r and the factor ��d in equation (2.10)
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is the Jacobian of the transformation r ! ~r. In Sect. 2.6 we show that the
spin-spin correlation function satis�es the scaling form

�2(�(�
�1r1); �(�

�1r2);�
�1r) = �2xL�2(�(r1); �(r2); r) ; (2.12)

where xL = d� yL is the scaling dimension of the spin operator �(r). When
the system has translational and rotational symmetry with the spin-spin
correlation function satisfying (1.73) we can set � = r = jr2 � r1j in (2.12)
and, for su�ciently large r,

�2(�(r1); �(r2); r) =
f(r=r)

r2xL
; (2.13)

for some unknown function f . The correlation length becomes the single
measure of the dilatation scaling.

2.4 General Scaling Formulation

2.4.1 The Kadano� Scaling Hypothesis

We now consider a system of the type described at the beginning of Sect. 2.2,
with n = nf + ne � 1 independent couplings K`, ` = 1; 2; : : : ; ne and Li,
i = 1; 2; : : : ; nf � 1. Let there be a transition region C of dimension n� s in
the n-dimensional phase space of the couplings. We suppose that, close to C,
a set of curvilinear coordinates

�j = �j(Li;K`) ; j = 1; : : : ; n ; (2.14)

called scaling �elds, can be constructed. These are smooth functions of the
couplings and in terms of them C is de�ned by

�1 = �2 = � � � = �s = 0 : (2.15)

The variables �1; :::; �s and �s+1; : : : �n are called relevant and irrelevant scal-
ing �elds respectively. The latter give coordinates for points in C. As in the
special case described in Sect. 2.3 it is supposed that the potential � can be
divided into smooth and singular3 parts according to equation (2.8) with

�sing = �sing(�1; : : : ; �n) : (2.16)

In this section a version of the scaling hypothesis is introduced, which is
essentially that due to Kadano� (1966), with a treatment which follows the
work of Hankey and Stanley (1972). This procedure is su�cient for an analysis
of power-law singularities. However, certain systems, in particular the Ising

3 As we shall see later in this section, this analysis applies both to �rst-order
transitions and to those for which some derivative of the potential diverges in
the transition region. The term `singular' is taken, therefore, to include all types
of non-smooth behaviour, including �nite discontinuities in derivatives of the
potential.
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model with d = 2 (see, for example, Volume 1, Chap. 8), exhibit logarithmic
singularities. It has been shown by Nightingale and 'T Hooft (1974) that a
slight generalization of the Kadano� scaling hypothesis can be used to analyze
these cases. This will be described in Sect. 2.5.

The Kadano� scaling hypothesis is that there exists an origin and orien-
tation for the scaling �elds such that, in a region around C, �sing satis�es the
equation

�sing(�
y1�1; : : : ; �

yn�n) = �d�sing(�1; : : : ; �n) ; (2.17)

for all real4 � > 0 and some set of scaling exponents5 yj , where d is the phys-
ical dimension of the system. The part of the potential �sing is a generalized
homogeneous function and (2.17) is a generalization of (2.11). The scaling
exponents fall into two subsets

yj > 0 ; j = 1; : : : ; s ;

yj < 0 ; j = s+ 1; : : : ; n ;
(2.18)

and these are called relevant exponents and irrelevant exponents respectively
like the corresponding scaling �elds. A zero exponent is called marginal. We
shall at this stage, for the sake of simplicity, assume that none of the expo-
nents is marginal. The signi�cance of marginal exponents in scaling theory is
considered in Sect. 2.6. It will also be assumed that no exponent is complex.
In practice, as will be seen in Sect. 6.7, this is not necessarily always the case,
but situations arising from complex exponents are not di�cult to interpret
in particular examples. From equation (2.17)

�sing(0; : : : ; 0) = 0 (2.19)

and

�sing(0; : : : ; 0; �s+1; : : : ; �n) = ��d�sing(0; : : : ; 0; �
ys+1�s+1; : : : ; �

yn�n) :

(2.20)

We know that �sing is �nite throughout the phase space of couplings and,
letting �!1 in (2.20), we see that

�sing(0; : : : ; 0; �s+1; : : : ; �n) = 0 (2.21)

throughout C.
Let  be the function obtained by di�erentiating � kj times with respect

to �j , for j = 1; : : : ; n. Then, from (2.17), assuming a division of  into
smooth and singular parts as for �,

4 The parameter � introduced in Sect. 2.3 is an integer greater than unity. If,
however, (2.17) were de�ned for � > 1 it is not di�cult to see that it would also
apply for 1 � � > 0.

5 The term `scaling exponent' is used to make the distinction with the critical
exponents de�ned in Volume 1, Sect. 3.4 and Sect. 2.8 below. When there is no
danger of confusion they will be referred to simply as exponents.
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 sing(�
y1�1; : : : ; �

yn�n) = �d
0

 sing(�1; : : : ; �n) ; (2.22)

where

d0(k1; : : : ; kn) = d�
nX
j=1

kjyj : (2.23)

Setting

� = j�mj�1=ym (2.24)

in (2.17) and (2.22) gives

�sing(�1; : : : ; �n) = j�mj�m�sing(g(m)
1 ; : : : ; g

(m)
n ) ;

 sing(�1; : : : ; �n) = j�mj!m sing(g
(m)
1 ; : : : ; g

(m)
n ) ;

(2.25)

where

�m =
d

ym
; !m(k1; : : : ; kn) =

d0(k1; : : : ; kn)

ym
;

m = 1; : : : ; n (2.26)

and

g
(m)
j (�m; �j) =

�j

j�mj#
(m)
j

; m; j = 1; : : : ; n ; (2.27)

with

#
(m)
j =

yj
ym

=
1

#
(j)
m

; m; j = 1; : : : ; n : (2.28)

From (2.23), (2.26) and (2.28)

!m(k1; : : : ; kn) = �m �
nX
j=1

kj#
(m)
j : (2.29)

The exponent #
(m)
j gives the incremental change in the exponent !m of

the function  sing on di�erentiation with respect to �j . These quantities are
therefore referred to as gap exponents . By extension it is convenient to refer

to the quantities g
(m)
j as gap �elds. They satisfy the conditions

jg(`)m j
#
(m)

j jg(m)
j j = jg(`)j j ; m; j; ` = 1; : : : ; n ; (2.30)

with g
(m)
m = �1, according as �m ? 0. From (2.25) and (2.27)

�sing(g
(j)
1 ; : : : ; g

(j)
n ) = jg(j)m j

�m
�sing(g

(m)
1 ; : : : ; g

(m)
n );

 sing(g
(j)
1 ; : : : ; g

(j)
n ) = jg(j)m j

!m

 sing(g
(m)
1 ; : : : ; g

(m)
n ) ;

j;m = 1; : : : ; n :

(2.31)
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For later reference it is useful to draw attention to the non-uniqueness of the
choice of scaling �elds. In particular the scaling hypothesis (2.17) and the
analysis following from it continues to hold if a relevant scaling �eld �j is
replaced by

�0j = �j �$j�mj#
(m)
j ; (2.32)

for any other relevant scaling �eld �m and any positive constant $ (Example
2.1).

2.4.2 Approaches to the Transition Region

We now consider the asymptotic forms derived from (2.25) as C is approached
(�j ! 0, j = 1; : : : ; s) along some path P . Suppose that

lim
P
g
(m)
j (�m; �j) = $

(m)
j : (2.33)

It is not di�cult to show (Example 2.1) that, for any path P , it is always
possible to �nd a relevant �eld �m such that$

(m)
j is �nite for all j = 1; : : : ; s.6

Conversely, as we see below, given a relevant �eld �m, there exists a part of

the neighbourhood of C which contains paths for which $
(m)
j are �nite for

all j = 1; : : : ; n. A more di�cult problem is to be sure that the amplitudes

lim
P
�sing(g

(m)
1 ; : : : ; g

(m)
n ) = �sing($

(m)
1 ; : : : ; $

(m)
n ) ;

lim
P
 sing(g

(m)
1 ; : : : ; g

(m)
n ) =  sing($

(m)
1 ; : : : ; $

(m)
n ) ;

(2.34)

are �nite and non-zero. If this is indeed the case then it follows from (2.25)
that

�sing(�1; : : : ; �n) ' j�mj�m�sing($(m)
1 ; : : : ; $

(m)
n ) ;

 sing(�1; : : : ; �n) ' j�mj!m sing($
(m)
1 ; : : : ; $

(m)
n ) ;

(2.35)

as C is approached along P . If $(m)
j 6= 0 for some j then, with the substitu-

tion j�mj = j$(j)
m jj�j j#

(j)
m in (2.35) and using (2.31), the formulae (2.35) are

recovered with m and j interchanged. For the moment we shall assume that
the amplitudes in (2.35), given by (2.34) are �nite and non-zero. The correc-
tions to scaling arising from a breakdown in this assumption are discussed in
Sect. 2.14. Since �sing is continuous the amplitude for this asymptotic form
is invariant under change of sign of �m. For  sing this is not in general the
case.

The geometry of the path P close to C can be understood more clearly if
we consider the family of surfaces

j�j j = $j�mj#
(m)

j ; (2.36)

6 They are clearly zero for j = s+ 1; : : : ; n.
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for all 0 < $ <1. The members of this family are tangential to the surface
�j = 0 or �m = 0 according as yj >;< ym. If yj = ym the members of the
family make angles greater than zero and less than �=2 with both surfaces.

If $
(m)
j 6= 0 the path P lies asymptotically on the member of the family

with $ = $
(m)
j as P approaches C. If $(m)

j = 0, for any $ and points
su�ciently close to C the path P lies between that member of (2.36) and the
surface �j = 0. The family of surfaces (2.36) represent the border between
one form of critical or coexistence behaviour and another, since they divide

the phase space between paths on which the limiting value $
(m)
j of g

(m)
j is

�nite or in�nite. They are therefore referred to as crossover surfaces and in

this context the gap exponent #
(m)
j is called a crossover exponent. Looked at

from a slightly di�erent point of view the types of scaling behaviour can be

classi�ed by considering the di�erent ranges of value of #
(m)
j (see, for example,

Pfeuty and Toulouse 1977, Chap. 3).

2.4.3 First-Order Transitions

Now the densities, which are the �rst-order partial derivatives of � with
respect to the couplings, can be expressed in terms of the �rst-order partial
derivatives of � with respect to the scaling �elds. These are �nite in the
transition region and it therefore follows, from (2.23), (2.26) and (2.35), that

yj � d ; j = 1; : : : ; n : (2.37)

In general we see from these same equations that, as C is approached along
the path P ,  sing is singular if

d <

nX
j=1

kjyj (2.38)

and zero if

d >
nX
j=1

kjyj : (2.39)

Consider now the possibility of there being a discontinuity in  , as C is

approached along P . This discontinuity must be in  sing($
(m)
1 ; : : : ; $

(m)
n ),

which must be �nite and, on at least one side of the coexistence curve, non-
zero. This in turn must give a discontinuity in  sing(�1; : : : ; �n). It follows
from (2.35) that a necessary condition for this to be the case is that !m, and
hence d0 is zero; that is

d =

nX
j=1

kjyj : (2.40)

It must be emphasized that condition (2.40) is a necessary but not su�cient
condition for the existence of a discontinuity in  . Indeed it is also the case
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when the function exhibits a logarithmic singularity (see Sect. 2.5). The most
important case of (2.40) is d = yj . It indicates the possibility of a �rst-order
transition , that is a discontinuity in one or more of the densities (Nienhuis
and Nauenberg 1975, Fisher and Berker 1982). In this case the `evidence' for
a discontinuity is rather stronger since the densities do not become in�nite as
C is approached, thereby excluding the possibility of a logarithmic singularity.

2.4.4 E�ective Exponents

In most cases transition regions do not exist in isolation in phase space. They
are normally connected to other transition regions, as in the case of the critical
point and coexistence curve discussed in Sects. 2.8 and 2.9. This means that
in the neighbourhood of C governed by the scaling hypothesis there will be
singular behaviour apart from that exhibited on C itself. Suppose this exists
in a transition region C0 of dimension n�s+1. Remembering that the choice
of scaling �elds for C was not unique, we suppose that the scaling �elds can be
chosen (or subsequently modi�ed; see Sect. 2.9) so that the transition region
C0 is given by

�1 = �2 = : : : = �s�1 = 0 : (2.41)

The problem now is to obtain the exponents, analogous to �m and !m, for
the transition region C0. One way to do this is to use a modi�cation of the
idea of e�ective exponents introduced by Riedel and Wegner (1974). Let

�m(�1; : : : ; �n) =
@ ln�sing
@ ln j�mj ;


m(�1; : : : ; �n) =
@ ln sing
@ ln j�mj :

(2.42)

From (2.25),

�m(�1; : : : ; �n) = �m �
X
j 6=m

#
(m)
j jg(m)

j j@ ln�sing(g
(m)
1 ; : : : ; g

(m)
n )

@jg(m)
j j

: (2.43)

Let P be the path to C described above, but in this case suppose that $(m)
j =

0, for all j 6= m. It is clear, from (2.43), that

lim
P
�m(�1; : : : ; �n) = �m : (2.44)

Consider now a slight variation of the path P to a new path P 0 which di�ers
from P only in that �s ! ��s 6= 0. All the $s for the path P 0 are zero except
$

(m)
s , for which g

(m)
s ! 1. The path P 0 is to a point on the transition

surface C0 speci�ed by ��s. The limiting behaviour of �m will di�er from �m
by a contribution arising from the second term in (2.43). Suppose that as the
path P 0 is followed to its �nal point
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�sing(g
(m)
1 ; : : : ; g(m)

n ) � jg(m)
s j�

(m)
s : (2.45)

Substituting from (2.45) into (2.43) we have

lim
P0

�m(�1; : : : ; �n) = �m � #(m)
s �(m)

s : (2.46)

Thus we have the asymptotic form

�sing(�1; : : : ; �n) � j�mj�m�#
(m)
s �(m)

s ; (2.47)

as C0 is approached along the path P 0. A similar analysis applies to the
e�ective exponent 
m leading to an asymptotic form for  sing.

2.5 Logarithmic Singularities

2.5.1 The Nightingale{'T Hooft Scaling Hypothesis

With the scaling �elds �1; : : : ; �n, de�ned as in Sect. 2.4, the Nightingale{'T
Hooft scaling hypothesis (Nightingale and 'T Hooft 1974) is that in a neigh-
bourhood of the transition region C

�(�y1�1; : : : ; �
yn�n) = �d�(�1; : : : ; �n)� ��(�)(�1; : : : ; �n) ; (2.48)

for all real � > 1, where the ��(�) are a set of smooth functions of the scaling
�elds, parameterized by �. This is essentially the scaling formula derived from
the renormalization group (see Sect. 6.5), where ��(�) is the term arising from
the renormalization of the self-energy. There are two ways of understanding
the relationship between the two scaling hypotheses (2.17) and (2.48). Given
the decomposition (2.8) of � into singular and smooth parts it can be seen
that su�ciently close to the transition region C the equation relating the non-
smooth contributions to (2.48) is (2.17). Alternatively by substituting from
(2.8) into (2.17) and comparing with (2.48)

��(�)(�1; : : : ; �n) = �d�smth(�1; : : : ; �n)� �smth(�
y1�1; : : : ; �

yn�n) : (2.49)

Iterating equation (2.48) `� 1 times

�(�1; : : : ; �n) = ��`d�(�`y1�1; : : : ; �
`yn�n)

+��d
`�1X
r=0

��rd ��(�)(�ry1�1; : : : ; �
ryn�n) : (2.50)

Since ��(�) is a smooth function of its arguments, it has a power series ex-
pansion of the form

��(�)(�1; : : : ; �n) =
X
fqjg

B(�)(q1; : : : ; qn)

nY
j=1

�
qj
j

qj !
; (2.51)

where the summation is over qj = 0; 1; 2; : : :, for all j = 1; : : : ; n. Substituting
into (2.50) gives
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�(�1; : : : ; �n) = ��`d�(�`y1�1; : : : ; �
`yn�n) + ��d

X
fqjg

B(�)(q1; : : : ; qn)

��`(�; d0(q1; : : : ; qn))
nY
j=1

�
qj
j

qj !
; (2.52)

where

�`(�;x) =

`�1X
r=0

��rx =

8><>:
` ; x = 0,

1� ��x`
1� ��x ; x 6= 0,

(2.53)

and d0 is as de�ned in (2.23). Throughout this section, for d0 and!m = d0=ym,
we shall adopt the notation of including the arguments of the quantity if they
are the summation variables q1; : : : ; qn, but omitting them if they are the
variables k1; : : : ; kn used to de�ne  . This function, which was introduced
in Sect. 2.4, is obtained by di�erentiating � kj times with respect to �j for
j = 1; : : : ; n. From (2.52)

 (�1; : : : ; �n) = ��`d
0

 (�`y1�1; : : : ; �
`yn�n) + ��d

X
fqjg

0
B(�)(q1; : : : ; qn)

��`(�; d0(q1; : : : ; qn))
nY
j=1

�
qj�kj
j

(qj � kj)! ; (2.54)

where the summations are now restricted to qj = kj ; kj + 1; : : : for j =
1; : : : ; n.

2.5.2 Constraints on Scaling

Having developed the formalism it is necessary to consider the limits of its
applicability. The two forms of the scaling hypothesis (2.17) and (2.48) have
been assumed to be valid in some neighbourhood of the transition region C.
This should be taken to mean that the part of �sing, in the case of (2.17), and
� and ��(�), in the case of (2.48), which dominate as C is approached satisfy the
scaling forms. This in itself implies no restriction on � other than that con-
tained in the hypotheses. However, to obtain the formula (2.50), it was nec-
essary to substitute into (2.48) for a succession of points (�ry1�1; : : : ; �

ryn�n)
for r = 1; 2; : : : ; `�1. As r increases, with � > 1, the coordinate values of the
relevant scaling �elds grow and the trajectory of points moves away from C.
The need to remain within the neighbourhood of validity of the scaling hy-
pothesis thus imposes a constraint which can be taken to be either an upper
bound on � or ` or a restriction on the neighbourhood containing (�1; : : : ; �n).
Suppose that the neighbourhood of validity of the scaling hypothesis (2.48)
is given by

L(�1; : : : ; �s) � R ; (2.55)
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where

L(�1; : : : ; �s) = [j�1j2=y1 + : : :+ j�sj2=ys ]
1
2

(2.56)

is the metric which measures distances from C and which scales according to
the formula

L(�y1�1; : : : ; �
ys�s) = �L(�1; : : : ; �s) : (2.57)

Then the iterative process remains in the scaling neighbourhood if

�`�1 � R

L(�1; : : : ; �s)
: (2.58)

This inequality is satis�ed if we choose the value

` = `� =
1

ln(�)
ln

�
R

L(�1; : : : ; �s)

�
; (2.59)

assuming that � is such that this is an integer. From (2.27), (2.56) and (2.59),
for any relevant scaling �eld �m

`� = � ln j�mj
ym ln(�)

+
1

ln(�)
ln

"
R

L(g
(m)
1 ; : : : ; g

(m)
s )

#
: (2.60)

2.5.3 Approaches to the Transition Region

Now consider the path P towards the transition region C, described in

Sect. 2.4, where the limiting values $
(m)
j of the gap �elds, given by (2.33),

are all �nite or zero. Denoting by ��(�;x) the value of �`(�;x) when ` = `�,
it follows from (2.53) and (2.60) that

��(�;x) '

8>>><>>>:
A(�;x)j�mjx=ym ; x < 0,

A(�; 0) ln j�mj ; x = 0,

A(�;x) ; x > 0,

(2.61)

where

A(�;x) =

8>>><>>>:
�Cxm=(1� ��x) ; x < 0,

�1=[ym ln(�)] ; x = 0,

1=(1� ��x) x > 0,

(2.62)

and Cm = L($
(m)
1 ; : : : ; $

(m)
s )=R 6= 0 (since $

(m)
m = 1). We now need to

derive asymptotic forms for (2.52) and (2.54) as C is approached along the
path P . From (2.60)

��`d�(�`y1�1; : : : ; �
`yn�n)' j�mj�mCdm�($(m)

1 C�y1m ; : : : ; $(m)
n C�ymm );

(2.63)

��`d
0

 (�`y1�1; : : : ; �
`yn�n)' j�mj!mCd

0

m ($
(m)
1 C�y1m ; : : : ; $(m)

n C�ymm );
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where �m and!m are given by (2.26). These terms in (2.52) and (2.54) repro-
duce the power law behaviour obtained in (2.35). It is necessary to determine
the asymptotic behaviour arising from the second terms on the right-hand
sides of (2.52) and (2.54). For these equations the sums are divided into the
sets of terms for which q1; : : : ; qn satisfy the conditions: (1) d

0(q1; : : : ; qn) > 0,
(2) d0(q1; : : : ; qn) = 0 and (3) d0(q1; : : : ; qn) < 0, respectively. We then obtain

��d
X
fqjg

B(�)(q1; : : : ; qn)�
�(�; d0(q1; : : : ; qn))

nY
j=1

�
qj
j

qj !

' ��dj�mj�m
(1)X
fqjg

B(�)(q1; : : : ; qn)

�A(�; d0(q1; : : : ; qn))j�mj�!m(q1;:::;qn)
nY
j=1

[$
(m)
j ]

qj

qj !

+��dj�mj�m ln j�mj
(2)X
fqjg

B(�)(q1; : : : ; qn)A(�; 0)

nY
j=1

[$
(m)
j ]

qj

qj !

+��dj�mj�m
(3)X
fqjg

B(�)(q1; : : : ; qn)A(�; d
0(q1; : : : ; qn))

nY
j=1

[$
(m)
j ]

qj

qj !

(2.64)

and

��d
X
fqjg

0
B(�)(q1; : : : ; qn)�

�(�; d0(q1; : : : ; qn))

nY
j=1

�
qj�kj
j

(qj � kj)!

' ��dj�mj!m

(1)X
fqjg

0

B(�)(q1; : : : ; qn)

�A(�; d0(q1; : : : ; qn))j�mj�!m(q1;:::;qn)
nY
j=1

[$
(m)
j ]qj�kj

(qj � kj)!

+��dj�mj!m ln j�mj
(2)X
fqjg

0

B(�)(q1; : : : ; qn)A(�; 0)

nY
j=1

[$
(m)
j ]qj�kj

(qj � kj)!

+��dj�mj!m

(3)X
fqjg

0

B(�)(q1; : : : ; qn)

�A(�; d0(q1; : : : ; qn))
nY
j=1

[$
(m)
j ]qj�kj

(qj � kj)! ; (2.65)
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for (2.52) and (2.54) respectively. A term in the summations in (2.64) is

zero if qj > 0, for any j for which $
(m)
j = 0. In particular to have a non-

zero term qj must be zero for all j = s + 1; : : : ; n, since $
(m)
j = 0 for all

irrelevant �elds. The same observation applies to (2.65), except that qj must
be equal to kj rather than to zero. The residual terms in the summations
(3) in (2.64) and (2.65) give contributions of the same power-law type as
(2.63) and can therefore, in general, be ignored, except in the case when the
amplitudes in (2.63) are not non-zero and �nite, when they may provide the
only terms with this asymptotic behaviour. The exponent of j�mj for a term
in the summation (1) of (2.64) is positive and less that �m and since, for the
corresponding summation in (2.65), !m > !m(q1; : : : ; qs; 0; : : : ; 0) > 0 this
summation will be absent in the case where  has a power-law singularity as
the path P approaches C. The interesting and important terms in (2.64) and
(2.65) are the summations (2). These will occur only when

d =
nX
j=1

qjyj (2.66)

has a solution, or solutions, for some set of non-negative integers q1; : : : ; qn.
If we choose k1; : : : ; kn to be such a solution, then  is such that (2.40) is
satis�ed and, from (2.54) and (2.65),

 (�1; : : : ; �n) ' ��dB(�)(k1; : : : ; kn)A(�; 0) ln j�mj : (2.67)

This particular derivative of � exhibits a logarithmic singularity as C is ap-
proached along P , as long as B(�)(k1; : : : ; kn) 6= 0. From a renormalization
group point of view this divergence arises from the self-energy of the cells,
whereas the more usual power-law singularities arise from the interaction
between cells. The occurrence of logarithmic divergences in thermodynamic
response functions are the �rst indication that the scaling ideas of Sect. 2.4
should be treated with some caution, and need modi�cation in particular cir-
cumstances. Further modi�cations, arising from zero or singular amplitude
factors are considered in Sect. 2.14.

2.6 Correlation Functions

2.6.1 Scaling Operators and Dimensions

Equation (1.57) gives the Hamiltonian in terms of the couplings and state
operators. Now suppose that the formulae (2.14) are invertible near the tran-
sition region C to give

K` = K`(�1; �2; : : : ; �n) ; ` = 1; 2; : : : ; ne ;

Li = Li(�1; �2; : : : ; �n) ; i = 1; 2; : : : ; nf � 1 :
(2.68)
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The division (2.8) of the potential � into smooth and singular parts can now
be achieved by dividing the Hamiltonian (1.57) into smooth and singular
partsbHsmth(Li;K`;�) = bH(Lic;K`c;�) ;bHsing(Li;K`;�) = bH(4Li;4K`;�) ; (2.69)

where

K`c = K`(0; : : : ; 0; �s+1; : : : ; �n) ; ` = 1; 2; : : : ; ne ;

Lic = Li(0; : : : ; 0; �s+1; : : : ; �n) ; i = 1; 2; : : : ; nf � 1
(2.70)

and

4K` = K` �K`c ; ` = 1; 2; : : : ; ne ;

4LiC = Li � Lic ; i = 1; 2; : : : ; nf � 1 :
(2.71)

Since bHsing(Li;K`;�) = 0 throughout the transition region C in which the
relevant scaling �elds are zero, it can, close to C, be expressed as a linear
combination of the relevant scaling �elds.

bHsing(Li;K`;�) =
X
frg

sX
j=1

�j(r)�j ; (2.72)

where the coe�cients �j(r), j = 1; : : : ; s, which are in general functions of
the irrelevant scaling �elds, are called scaling operators. The development of
Sect. 1.5 can be carried out for scaling �elds and scaling operators just as well
as for couplings and state operators. From (1.61) the connected correlation
function of an arbitrary set of � scaling operators satis�es the formulaX

fr1;:::;r�g

�� (�1(r1); : : : ;�� (r� )) = �N
@��sing

@�1 � � � @�� : (2.73)

Let this connected � -point correlation function satis�ed the scaling relation

�� (�1(�
�1r1); : : : ;�� (�

�1r� )) = �z�� (�1(r1); : : : ;�� (r� )) ; (2.74)

where, for easy of presentation, we have omitted the dependence on the scal-
ing �elds and z is some as yet to be determined exponent. Applying the
Fourier transformation (1.65) to (2.74) gives

� �� (�1; : : : ;�� ;�k1; : : : ; �k� ) = �z��d� �� (�1; : : : ;�� ;k1; : : : ;k� ) :

(2.75)

From (1.68),

� �� (�1; : : : ;�� ;0; : : : ;0) = �
1

N

@��sing
@�1 � � � @�� ; (2.76)
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so, when k1 = � � � = k� = 0, (2.75) is the scaling form for the right-hand side
of (2.76) which is given by (2.22) and (2.23). Thus we have

z =
�X
j=1

xj ; (2.77)

where

xj = d� yj (2.78)

is the scaling dimension of the scaling operator �j . Equation (2.74) now takes
the form

�� (�1(�
�1r1); : : : ;�� (�

�1r� )) =
h �Y
j=1

�xj
i
�� (�1(r1); : : : ;�� (r� )) :

(2.79)

When the system has translational symmetry the � -point correlation function
takes the form (1.70) in terms of the relative lattice vectors �rj = rj+1 � r1,
j = 1; : : : ; � � 1 and (2.79) becomes

�� (�1(0);�2(�
�1�r1); : : : ;�� (�

�1�r��1)) =
h �Y
j=1

�xj
i

��� (�1(0);�2(�r1); : : : ;�� (�r��1)) : (2.80)

In the case where, for some ordering of the lattice site vectors, j�r1j � j�r2j �
� � � � j�r��1j � r we can make the substitution � = r in (2.80) to give

�� (�1(0);�2(�r1); : : : ;�� (�r��1)) =
h �Y
j=1

1

rxj

i
��� (�1(0);�(�r1=r); : : : ;�� (�r��1=r)) : (2.81)

The asymptotic dependence of �� on r, in the limit of large r, on the transition
surface is given by setting �1 = � � � = �s = 0. As long as the amplitude factor
on the right-hand side of (2.81) is non-zero and �nite we have

�� (�1(0);�2(�r1); : : : ;�� (�r��1)) ' G� (�1; : : : ;�� )

�Y
j=1

1

rxj
; (2.82)

where G� (�1; : : : ;�� ) is a constant dependent only on the choice of scaling
operators. A similar expression

�� �� (�1; : : : ;�� ;
�k1; : : : ; �k��1) ' G�� (�1; : : : ;�� )k

d
�Y
j=1

1

kyj
(2.83)

can be obtained for the Fourier transform taken with respect to the relative
lattice vectors. It follows from (1.52), (1.53) and (1.56) that the total correla-
tion function and 
uctuation correlation function also satisfy similar scaling
forms. In particular for the total correlation function
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h�1(�
�1r1) � � ��� (��1r� )i =

h �Y
j=1

�xj
i
h�1(r1) � � ��� (r� )i ; (2.84)

leading to the asymptotic form

h�1(r1) � � ��� (r� )i ' C� (�1; : : : ;�� )

�Y
j=1

1

rxj
(2.85)

on the transition surface. In this context it is a common terminology to say
(Kadano� 1969a) that �j scales as 1=rxj . This simply means that, in the
expectation value of two or more of the scaling operators, �j contributes a
scaling factor 1=rxj .

2.6.2 Variable Scaling Exponents

Throughout the discussion in the previous sections we have assumed that
the scaling exponents y1; : : : ; yn are constants. There are, however, a number
of models, the most well-known being the eight-vertex model (Chap. 5), in
which the critical exponents are functions of one of the couplings (see Sects.
5.9 and 5.12). The way that this behaviour can be reconciled with the ideas of
scaling has been explored by Kadano� andWegner (1971), using the reduction
hypothesis of Kadano� (1969a, 1969b). We shall now present a simpli�ed
version of their argument. Based on equation (2.82) with � = 2 and � = 3
we suppose that, when j�r1j � j�r2j,

�3(�1(0);�2(�r1);�3(�r2)) �
�2(�1(0);�2(�r1))

j�r2jx3 : (2.86)

From the formulae equivalent to (1.60) and (1.61) for scaling �elds and op-
erators

@�2(�1(0);�2(�r1))

@�3
=
X
f�r2g

�3(�1(0);�2(�r1);�3(�r2)) ; (2.87)

and using (A.20) to replace the summation by an integral from 0 to r = j�r1j
we have

@�2(�1(0);�2(�r1))

@�3
�

8><>:
1

rx1+x2�y3
; if y3 6= 0,

ln(r)

rx1+x2
; if y3 = 0.

(2.88)

The case for y3 6= 0 is easily understood on di�erentiating (2.81) for � = 2
with respect to �3. On the right-hand side �3 appears in the combination r

y3�3
and the leading term in the derivative of �2(�1(0);�2(�r1=r)) contributes a
factor ry3 . When y3 = 0, �3 scales as 1=rd. It would appear that in this
case di�erentiation of (2.81) leaves the scaling dependence on r unchanged.
Suppose however that y1 and y2 are functions of �3. Then
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@�2(�1(0);�2(�r1))

@�3
� ln(r)

rx1+x2

�
@y1
@�3

+
@y2
@�3

�
(2.89)

and the required logarithmic dependence is obtained. A scaling �eld with zero
exponent is marginal (see Sect. 2.4) and in renormalization group analysis is
often associated with a surface or line of �xed points . We have now shown
that, if such a �eld is present, it is not inconsistent with scaling theory that the
other scaling exponents should be functions of that �eld. A marginal scaling
�eld or coupling represents an `underlying' parameter of the system. Scaling
theory can proceed without taking it into account. Once the phase diagram
is understood the additional dimension represented by a marginal parameter
simply increases the dimension of the phase space, without a�ecting the type
of phenomena observed. The application of this analysis to the eight-vertex
model is considered in Sect. 5.12.

2.7 Densities and Response Functions

Before considering the application of scaling to some particular cases it is
useful to relate the general ideas of Sect. 2.4 to the scaling properties of more
familiar thermodynamic functions. The di�erential form (2.3) contains two
types of densities: �i, i = 1; : : : ; nf � 1 are associated with external �elds and
are quantities like magnetization density or particle density; u`, ` = 1; : : : ; ne
are the energy densities associated with each type of interparticle interaction.
The linear sum (1.31) gives the total internal energy density and from (2.3)

u` = � @�

@K`
; �i = � @�

@Li
: (2.90)

Let

�ic = �@�smth

@Li
; u`c = �@�smth

@K`
: (2.91)

Then

�i � �ic = �@�sing
@Li

= �
nX
j=1

@�sing
@�j

@�j
@Li

;

u` � u`c = �@�sing
@K`

= �
nX
j=1

@�sing
@�j

@�j
@K`

:

(2.92)

The scaling properties of the deviations of the densities from their transition
values are thus determined by scaling properties of the �rst-order partial
derivatives of �sing with respect to the scaling �elds �j . If the transition
region C is approached along a path P such that, according to the second of
equations (2.34),

@�sing
@�j

($
(m)
1 ; : : : ; $(m)

n ) is �nite and non-zero, (2.93)
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it follows from (2.26), (2.29) and (2.35) that

@�sing
@�j

� j�mj(d�yj)=ym : (2.94)

The scaling behaviour in equations (2.92) is dominated by the term in the
summation on the right-hand side which corresponds to the largest yj for
which the derivative of �j with respect to the appropriate coupling is non-
zero on C. We denote these exponents by yfi and y

e
` respectively for the �rst

and second of equations (2.92). Then, supposing that a path is chosen so that
the �nite non-zero amplitude condition (2.93) is satis�ed,

�i � �ic � j�mj(d�y
f
i)=ym ; u` � u`c � j�mj(d�y

e
`)=ym : (2.95)

The response functions given by the second-order partial derivatives of �
with respect to the internal and external couplings can be analyzed in the
same way. If again we assume that the appropriate amplitudes are �nite and
non-zero, the scaling forms can be seen to be

@2�

@Li@Lj
� j�mj(d�y

f
i�y

f
j)=ym ; (2.96)

@2�

@K`@Kj
� j�mj(d�y

e
`�y

e
j)=ym ; (2.97)

@2�

@Li@K`
� j�mj(d�y

f
i�y

e
`)=ym : (2.98)

2.8 Critical Point and Coexistence Curve

In Sect. 2.3 we discussed in an intuitive way the ideas of scaling as they
relate to the critical point in the ferromagnetic Ising model. The case of a
critical point, terminating a line of �rst-order transitions, is the situation
which has received most attention both in discussions of scaling theory and
more generally in the �eld of critical phenomena. The ferromagnetic Ising
model has the virtue, from the point of view of simplicity, that the �rst-order
transition and critical point lie on the zero-�eld axis, about which the phase
diagram is symmetric. In this section we return to the case of a critical point,
but here no intrinsic symmetry is assumed. This means that the discussion
is applicable to both, 
uid and magnetic models, these special cases being
described in detail below.

The phase space of this system is a plane (n = 2) with couplings L and
K. The potential � = �(L;K) with

d� = �udK � �dL : (2.99)
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The �rst-order transition appears as a curve in the (L;K) plane terminating
at the critical point (Lc;Kc) (Fig. 2.5). The phase transition makes its ap-
pearance in the (�;K) plane as a coexistence region bounded by two curves
(Fig. 2.6)

� = �(�)(K) ; (2.100)

where

�(+)(K)> �(�)(K); K > Kc ; (2.101)

�(+)(Kc) = �(�)(Kc) = �c ; (2.102)�
d�(+)

dK

�
c

=�
�
d�(�)

dK

�
c

=1 ; (2.103)

�
d2�(+)

dK2

�
c

=�
�
d2�(�)

dK2

�
c

: (2.104)

The equations (2.101){(2.103) are necessary consequences of the de�nition of
the critical point. Equation (2.104) is not a necessary condition but is true
in most cases of critical points. The equation of state of the system in terms
of the variables K, L and � is given by

� = �
�
@�

@L

�
K

; (2.105)

yielding an equation of the form

L = L(�;K) ; (2.106)

which is smooth outside the coexistence region. The projection of the coex-
istence curve into the (L;K) plane, which is the line of �rst-order transitions
shown in Fig. 2.5, is given, for K � Kc, by

(Lc;Kc)

L = L(�c;K)

L = L
�(K)

L

K

Fig. 2.5. A critical
point (Lc;Kc) in the
(L;K) plane. The �rst-
order transition (coexis-
tence curve) L = L

�(K)
is represented by a bro-
ken line and the critical
isochore L = L(�c;K) by
a dotted line. (The fact
that these two curves
have a common tangent
at the critical point is es-
tablished by scaling the-
ory.)
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(�c;Kc)

� = �(�)(K) � = �(+)(K)

�

K

Fig. 2.6. The coexis-
tence region (shaded) in
the (�;K) plane.

L = L
�(K) = L(�(�)(K);K) : (2.107)

From (2.107),

dL�

dK
=

�
@L

@K

�
�

+

�
@L

@�

�
K

d�(�)

dK
: (2.108)

The critical isochore � = �c makes the curve

L = L(�c;K) (2.109)

in the (L;K) plane passing through the critical point. The gradients of the
critical isochore and coexistence curve di�er at the critical point by the critical
point value of the second term on the right-hand side of (2.108). This term
contains an in�nite factor at the critical point (see (2.103)). The fact that
this term as a whole is zero will be established below using scaling theory.
In terms of the scaling theory described in Sect. 2.4 the situation here is one
in which we have two transition regions: the critical point of zero dimension,
with s = n = 2 and two relevant scaling �elds and the coexistence curve,
with s = n� 1 = 1 and one relevant and one irrelevant scaling �eld.

2.8.1 Response Functions

The most commonly used critical exponents are those associated with the
limiting properties of the density � and the three response functions

'T = T

�
@�

@�

�
T

; (2.110)

c� = kbT

�
@s

@T

�
�

; (2.111)

c� = kbT

�
@s

@T

�
�

; (2.112)
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where 'T has the limiting properties of the compressibility of a 
uid or the
susceptibility of a magnet and c� and c� are the heat capacities at constant
�eld and density respectively. These response functions must now be ex-
pressed in terms of the partial derivatives of � with respect to the couplings.
From the analysis of Sect. 1.4 with ne = 1, n = 2 and � = n� 1 = 1

'T =�@
2�

@L2
; (2.113)

c� =�kb
�
K
2 @

2�

@K2
+ 2KL

@2�

@K@L
+ L

2 @
2�

@L2

�
: (2.114)

For c� the expression in terms of the derivatives of � with respect to the
couplings is rather more complicated. It is convenient to use the standard
formula (see, for example, Volume 1, Chap. 1) relating the heat capacities at
constant �eld and density. In our notation this is

c� = c� � kb
�2�
'T

; (2.115)

where

�� = T

�
@�

@T

�
�

= L
@2�

@L2
+K

@2�

@L@K
(2.116)

has the limiting properties of the coe�cient of thermal expansion .

2.8.2 Critical Exponents

In the standardized notation of critical phenomena (see, for example, Vol-
ume 1, Chap. 3) the critical exponents �, �0, �, �, 
 and 
0 are de�ned
by

c� �
8<:(T � Tc)

��
; along the critical isochore , T > Tc,

(Tc � T )��
0

; along the coexistence curve , T < Tc,
(2.117)

�� �c � (Tc � T )� ; along the coexistence curve, T < Tc, (2.118)

'T �
8<:(T � Tc)

�

; along the critical isochore, T > Tc,

(Tc � T )�

0

; along the coexistence curve, T < Tc,
(2.119)

� � �c � (�� �c)j�� �cj��1 ; along the critical isotherm. (2.120)

It also convenient to de�ne the exponents � and �0 according to

c� �
8<:(T � Tc)

��
; along the critical isochore, T > Tc,

(Tc � T )��
0

; along the coexistence curve, T < Tc.
(2.121)
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2.8.3 Exponent Inequalities

The heat capacities c� and c� in (2.115) are both positive. From this it follows
that, if 'T > 0, then c� dominates both c� and �

2
�='T as T ! Tc. This means

that

� � � ; �0 � �0 ; (2.122)

�0 + 2�+ 
0 � 2 : (2.123)

The condition 'T > 0 is true for a magnetic system and in this case the
inequality (2.123) was �rst established by Rushbrooke (1963). The stronger
condition

�0 + 2�+ 
0 � 2 (2.124)

was obtained by Gri�ths (1965) for both ferromagnetic and 
uid systems
using the convexity properties of the free energy. In fact, as we shall see in
Sect. 2.9, for systems with the special symmetry of the ferromagnet �0 = �0

and inequalities (2.123) and (2.124) become identical. Gri�ths (1965) also
derived a number of other inequalities. In particular


0 � �(�� 1) : (2.125)

2.9 Scaling for a Critical Point

From the discussion of Sect. 2.4 it is clear that there is a degree of latitude in
the de�nition of the singular part of the thermodynamic potential. Given that
it should contain all the non-smooth part of the thermodynamic potential
and be zero in the transition region, it is convenient, for the critical point, to
de�ne

�sing(4L;4K) = �(L;K)� �(Lc;Kc) + �c4L+ uc4K ; (2.126)

where 4K = K �Kc and 4L = L� Lc, so that
�sing(0; 0) = 0 ; (2.127)

@�sing
@4L =�4� ; (2.128)

@�sing
@4K =�4u : (2.129)
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2.9.1 Scaling Fields for the Critical Point

In the light of Sect. 2.4, we see that (2.11) is the scaling hypothesis for a
magnetic system using scaling �elds 4L = L, (Lc = 0), and 4K. The special
feature of the magnetic system which is relevant here is that the �rst-order
phase transition lies along the line L = 0. The scaling �elds were chosen to
pick out this special line. We now chose scaling �elds for the general case
which distinguish the one special direction at the critical point, namely the
direction tangential to the coexistence curve. Assuming that the coexistence
curve at the critical point is not parallel to the L-axis, we express L�(K) in
the form

L
�(K) = Lc + a4K + �L(K) ; (2.130)

where a is the (�nite) slope of the coexistence curve at the critical point and

�L(Kc) =

�
d�L

dK

�
c

= 0 ; �L(K) ' bj4Kj ; (2.131)

b being zero if the coexistence curve is linear, and  being called the shift
exponent. Orthogonal scaling �elds are now de�ned by

�1 = 4L� a4K ; �2 = 4K + a4L ; (2.132)

where �1 = 0 gives the tangent to the coexistence curve. Along the coexistence
curve 4K � 0 and, assuming that 0 � a < 1, with 0 � �L(K) < 1 for
4K � 0, the coexistence curve will leave the origin of the (�1; �2) plane and
then satisfy the conditions �1 � 0 and �2 > 0. The scaling hypothesis now
takes the form

�sing(�
y1�1; �

y2�2) = �d�sing(�1; �2) : (2.133)

Following the procedure of Sect. 2.4 we take � = j�1j�1=y1 , giving
�sing(�1; �2) = j�1jd=y1�sing(�1; g2) ; (2.134)

and � = j�2j�1=y2 , giving
�sing(�1; �2) = j�2jd=y2�sing(g1;�1) : (2.135)

For the sake of brevity, the gap exponent is denoted as # = y1=y2 and the
gap �elds as

g1(�1; �2) = �1=j�2j# ; g2(�1; �2) = �2=j�1j1=# ; (2.136)

where jg1j = jg2j�#. Both (2.134) and (2.135) are valid in a neighbourhood
of the critical point and thus

�sing(g1;�1) = jg1jd=y1�sing(�1; g2) ;

�sing(�1; g2) = jg2jd=y2�sing(g1;�1)
(2.137)
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(cf. (2.31)). Along the coexistence curve �sing(�1; �2) exhibits non-smooth
behaviour; speci�cally one, or both, of the �rst-order partial derivatives is
discontinuous. Since �2 6= 0 along the coexistence curve, apart from at the
critical point, it follows from (2.135) that the coexistence curve corresponds
to singular behaviour in �sing(g1;+1). Supposing that, in a neighbourhood
of the critical point, the only singular behaviour corresponds to the critical
point and coexistence curve, �sing(g1;+1) will be singular at only one value

g1(�1; �2) = $0 ; (2.138)

where 0 � $0 < 1 and (2.138) is the equation of the coexistence curve
in a neighbourhood of the critical point. The constant will be zero only if
�L(K) � 0, when the coexistence curve lies along the �1 = 0 axis. Except in
this special case the coexistence curve is tangential to �1 = 0 and it follows
that

# > 1 ; y1 > y2 : (2.139)

The curves, de�ned by

j�1j = $j�2j# (2.140)

for �xed �nite non-zero $, are tangential to the �1 = 0 axis at the critical
point, picking it out as a special direction, when (2.139) is satis�ed. Experi-
mental evidence indicates that, in all cases, there is one special direction at
the critical point which is the direction tangential to the coexistence curve
This supports the conclusion, even when the coexistence curve lies along
�1 = 0, that (2.139) must hold and that the curves (2.140), with non-zero,
�nite $ are tangential to �1 = 0. The exponents y1 and y2 are referred to as
the strong and weak exponents respectively.

Given that �sing is a continuous function we assume that the amplitudes

lim
g2!0

�sing(�1; g2) = A(�)
1 ; lim

g1!0
�sing(g1;�1) = A

(�)
0 (2.141)

are �nite and non-zero. (See Sect. 2.14 for a discussion of circumstances where
this assumption breaks down.) Then , from (2.137),

lim
g2!1

�sing(�1; g2) ' jg2jd=y2A(�)
0 ;

lim
g1!1

�sing(g1;�1) ' jg1jd=y1A(�)
1 :

(2.142)

2.9.2 Approaches to the Critical Point

These can be divided into three classes:

(i) Paths on which jg1j ! 1 (jg2j ! 0), including the axis �2 = 0, for
which, from (2.134) and (2.141), we have

�sing(�1; �2) ' j�1jd=y1A(�)
1 : (2.143)
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�2

�1

Fig. 2.7. The (�1; �2) plane in a neighbourhood of the critical point. The line
�1 = 0; �2 � 0 is tangential to the coexistence curve and the crossover curves
j�1j = $j�2j# separate weak (shaded) and strong (unshaded) scaling approaches.

(ii) Paths on which jg1j ! 0, including the axis �1 = 0, for which, from
(2.135) and (2.141), we have

�sing(�1; �2) ' j�2jd=y2A(�)
0 : (2.144)

(iii) Paths on which jg1j ! �1, where �1 is �nite and non-zero, when

�sing(�1; �2) ' j�2jd=y2A(�)
�1

; (2.145)

with

lim
g1!�1

�sing(g1;�1) = A(�)
�1

(2.146)

assumed to be �nite and non-zero.

It is, of course, the case that an alternative to (2.145) could be given in
terms of �1, when �1 6= 0. However, it is convenient to class cases (ii) and
(iii) together with (2.145) and (2.146) applying for all �nite values of �1. All
these approaches will be called weak as they di�er only in the value of the

amplitude A
(�)
�1 . Approaches in class (i) are called strong. Equation (2.140),

for some �nite non-zero $ gives two crossover curves in the (�1; �2) plane,
which separate strong and weak scaling approaches (see Fig. 2.7).7

It is clear that an approach to the critical point along the coexistence
curve itself is a weak approach with �1 = $0. From (2.132)

7 It will be seen from (2.140) that the actual value of $, as long as it is �nite and
non-zero, is irrelevant to the asymptotic behaviour of �sing, representing only a
multiplicative scaling of �1.
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�1

�
1 + a

�2
�1

�
= (1 + a2)4L ; �2

�
1� a�1

�2

�
= (1 + a2)4K (2.147)

and since, by (2.140) with $ = $0, �1=�2 ! 0 as the critical point is ap-
proached along the coexistence curve

�1 ' $0(1 + a2)
#j4Kj# : (2.148)

Then, from (2.130) and (2.132),

�L(K) ' $0(1 + a2)
#j4Kj# ; (2.149)

showing that the shift exponent  , de�ned in (2.131), is equal to the gap
exponent .

2.9.3 Experimental Variables

To link this analysis with experiment it is necessary to translate the asymp-
totic formulae, given above, into formulae expressed in thermodynamic vari-
ables. Two approaches to the critical point are of particular interest:

(a) The critical isotherm T = Tc, which in terms of the couplings, where
T = J=K with J constant, is the line 4K = 0. From (2.132) and (2.136)

jg1j = 1=jaj#j4Lj#�1. So, remembering that a is �nite and possibly zero,
it is clear that the critical isotherm gives a strong approach to the critical
point.

(b) The critical isochamp, that is the line � = �c, where � is the �eld associ-
ated with the coupling L by the formula L = �=T . It is straightforward
to show that this is the line Kc4L = Lc4K and this also corresponds to
an approach to the critical point in a strong scaling direction unless

Lc = aKc ; (2.150)

(including the case a = 0, Lc = 0).

For a weak scaling approach �1=�2 ! 0 so, from (2.144) and (2.147),

�sing(�1; �2) � j4Kjd=y2 : (2.151)

Strong scaling approaches include all those for which �2=�1 ! 0 for which
(2.143) can be replaced by

�sing(�1; �2) � j4Ljd=y1 : (2.152)

They also include approaches for which �2=�1 remains �nite. This a�ects
the amplitude of the asymptotic form but (2.152) still applies. We should,
however, bear in mind the case where �1=�2 ! 0 with a curvature larger than
that of the crossover curve. This is a somewhat pathological strong scaling
approach. Equations (2.151) and (2.152) link the weak and strong exponents
y2 and y1 with the couplings K and L and, as in Sect. 2.3, they could be
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denoted by yK and yL respectively. One may go further than this and link
these exponents to thermodynamic variables. Since K is an internal coupling
(see Sect. 1.4) the only physically variable parameter is the temperature
T . The exponent y2 can, therefore, be referred to as the thermal exponent
often denoted as yT . In a similar way, L is an external coupling, which can
be changed by altering the �eld �. So y1, can be referred to as the �eld
exponent and denoted by y�. We shall, however, in the remainder of this
section continue to use the notation y1 and y2 for the exponents.

2.9.4 The Density and Response Functions

It is now necessary to express the density and the response functions in terms
of the partial derivatives of �sing with respect to the scaling �elds (see (2.92)).
From (2.113), (2.114), (2.128) and (2.132)

�� �c = 4� = �
�
@�sing
@�1

+ a
@�sing
@�2

�
; (2.153)

'T = �
�
@2�sing
@�21

+ 2a
@2�sing
@�1@�2

+ a2
@2�sing
@�22

�
; (2.154)

c� = �kb
�
�1

2 @
2�sing

@�1
2 + 2�1�2

@2�sing
@�1@�2

+�2
2 @

2�sing

@�2
2

�
; (2.155)

where

�1(L;K) = L� aK ; �2(L;K) = K + aL : (2.156)

For c� the expression (2.115) is used with

�� = �1
@2�sing
@�21

+ (a�1 +�2)
@2�sing
@�1@�2

+ a�2
@2�sing
@�22

: (2.157)

Substituting from (2.154), (2.155) and (2.157) into (2.115)

c� = � kb
'T

(a�1 ��2)
2

"�
@2�sing
@�1@�2

�2

� @2�sing
@�21

@2�sing
@�22

#
: (2.158)

2.9.5 Asymptotic Forms

To obtain asymptotic forms it is necessary to determine the dominant con-
tributions in (2.153), (2.154), (2.155) and (2.158) using the reasoning of
Sect. 2.7. Since y1 > y2, these correspond to the terms with the largest
number of di�erentiations with respect to �1. On this basis we see that the
terms in (2.153), (2.154) and (2.155) are ordered in descending dominance
and those in (2.158) have equal weight. We can now repeat the reasoning
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between equations (2.133) and (2.146) for the partial derivatives of �sing, re-
placing d by the corresponding d�k1y1�k2y2. For the weak scaling direction
the formulae corresponding to (2.146), when �1 = $0, that is across the co-
existence curve, do not give an unambiguous limit, yielding possibly di�erent
values as g1 ! $0 from the two sides. This means that the amplitudes for
approaches along the two branches of the coexistence curve can be di�er-
ent. Except in the special case where one is zero and corrections to scaling
need to be considered (see Sect. 2.14), this will not a�ect the exponent in
the asymptotic form. Without further comment we shall now assume that
all the appropriate amplitude factors given by the second of equations (2.34)
are non-zero and use the arguments of Sect. 2.7. It follows from (2.153) and
(2.154) that

�� �c �
8<:j4Lj

(d�y1)=y1 ; strong direction,

j4Kj(d�y1)=y2 ;weak direction,
(2.159)

'T �
8<:j4Lj

(d�2y1)=y1 ; strong direction,

j4Kj(d�2y1)=y2 ;weak direction.
(2.160)

All the information necessary to consider the second term on the right-hand
side of (2.108) is now available. Since this is the case of a weak direction
approach to the critical point,

d�(�)

dK
� j4Kj�1+(d�y1)=y2 ;

�
@L

@�

�
K

� j4Kj�(d�2y1)=y2 ;

giving�
@L

@�

�
K

d�(�)

dK
� j4Kj#�1: (2.161)

As # > 1, this establishes the result that the critical isochore and coexistence
curve share a common tangent (given by �1 = 0) at the critical point.

2.9.6 Critical Exponents and Scaling Laws

Comparison of (2.159) and (2.160) with (2.118) and (2.119) gives

� = (d� y1)=y2 ;
� = y1=(d� y1) ;

 = 
0 = (2y1 � d)=y2 :

(2.162)

When we consider the asymptotic properties of c� we need to take account of
the possibility that �1(Lc;Kc) = 0, which is the condition given by (2.150).
�2(Lc;Kc) 6= 0 if �1(Lc;Kc) = 0 and we have, from (2.155), two cases
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c� �
8<:j4Lj

(d�2y1)=y1 ; strong direction,

j4Kj(d�2y1)=y2 ; weak direction,
(2.163)

if Lc 6= aKc and

c� �
8<:j4Lj

(d�2y2)=y1 ; strong direction,

j4Kj(d�2y2)=y2 ; weak direction,
(2.164)

if Lc = aKc. Comparison of (2.163) and (2.164) with (2.121) gives

� = �0 =

(
(2y1 � d)=y2 = 
 ; Lc 6= aKc,

(2y2 � d)=y2 ; Lc = aKc.
(2.165)

From (2.158) it can be seen that the asymptotic expressions for c� will involve
a combination of amplitude factors. Unless these cancel

c� �
8<:j4Lj

(d�2y2)=y1 ; strong direction,

j4Kj(d�2y2)=y2 ; weak direction.
(2.166)

Comparing (2.166) with (2.117) we have

� = �0 = (2y2 � d)=y2 : (2.167)

It is now interesting to note that

� = �0 =

(

 ; Lc 6= aKc,

� ; Lc = aKc.
(2.168)

From this result and the inequalities (2.122) it follows that, when Lc 6= aKc,

 � �, a result which can be established without the aid of scaling theory
(Buckingham 1972).

The magnetic system, described in Sect. 2.3 has the �rst-order transition
line lying along the zero-�eld axis. So Lc = 0, a = 0 and � = �. It is for
this reason that, when de�ning critical exponents for 
uids and magnets,
it is common practice (Stanley 1987, Yeomans 1992) to use � for the heat
capacity at constant density for the 
uid and constant magnetic �eld for
the magnet. We can now understand (see also Volume 1, Sect. 3.5) that the
reason that the same exponent is appropriate to both cases is due to the
special symmetry properties of the magnet, which also makes the analysis
rather simpler (Example 2.2).

Equations (2.162) and (2.167) give formulae for the exponents �, �, 

and � in terms of y1 and y2. They are, therefore, not independent and two
relationships exist between them. These can be expressed in the form


 = �(�� 1) ; (2.169)

called the Widom scaling law (Widom 1964) and
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�+ 2�+ 
 = 2 ; (2.170)

called the Essam{Fisher scaling law (Essam and Fisher 1963).

2.9.7 Scaling for the Coexistence Curve

Scaling behaviour across the coexistence curve can be analyzed using the
method described in Sect. 2.4. To do this we need to modify the scaling �eld
�1 to

�01 = �1 �$0j�2j# (2.171)

with �2 unchanged. The gap �elds are modi�ed to

g01(�
0
1; �2) = �01=j�2j# = g1(�1; �2)�$0 ;

g02(�
0
1; �2) = �2=j�01j1=# = g2(�1; �2)=j1�$0g

�1
1 (�1; �2)j1=# :

(2.172)

It is also necessary to modify the singular part of the thermodynamic poten-
tial to

�0sing(�
0
1; �2) = �sing(�

0
1 +$0j�2j#; �2)� �sing($0j�2j#; �2) ; (2.173)

so that �0sing is zero not only at the critical point but on the coexistence
curve. It is now straightforward to show that the scaling hypothesis (2.133)
is satis�ed with the new scaling �elds in a neighbourhood of the critical point
and all the subsequent analysis is valid except that the coexistence curve
is given by g01(�

0
1; �2) = 0. From (2.42) and (2.43) we de�ne the e�ective

exponent

�1(�
0
1; �2) =

@ ln�0sing
@ ln j�01j

=
d

y1
� y2
y1
jg02j

@ ln�0sing(�1; g02)
@jg02j

: (2.174)

As the critical point is approached jg02j ! 0 and �1 ! d=y1. As the coex-
istence curve is approached away from the critical point jg02j ! 1. Suppose
that

�0sing(�1; g02) � jg02j�2 : (2.175)

Then �1 ! d=y01, where

y01 =
dy1

d� y2�2
(2.176)

is the scaling exponent associated with �01 on the coexistence curve.
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2.10 Mean-Field Theory for the Ising Ferromagnet

The simplest example on which the scaling formulation of the previous section
can be tested is the mean-�eld approximation to the ferromagnetic Ising
model. This is described in detail in Volume 1, Sect. 3.1. The thermodynamic
potential is given by

�(L;K) =
1
2 ln(1�m

2) +
Km2

2Kc
� ln(2) ; (2.177)

where K = J=T , L = H=T and m, the magnetization per lattice site, is a
root of the equation

L =
1
2 ln

�
1 +m

1�m
�
� Km

Kc
: (2.178)

For K < Kc equation (2.178) has a single real root m = m(L;K). For K > Kc

the equation exhibits the characteristic looping e�ect found in all mean-�eld
approximations. The Maxwell equal-areas rule (see, for example, Volume 1,
Chap. 1) implies the choice of the branch with m having the same sign as L
and we have an implicit form for the magnetization as a function as L and K
with

lim
L!�0

m(L;K) = �ms(K) : (2.179)

The magnetization has a discontinuity of 2ms along the zero-�eld axis for
K > Kc with

lim
K!Kc

ms(K) = 0 ; lim
K!1

ms(K) = 1 : (2.180)

Substituting the computed form of m into (2.177) gives a function with a
discontinuity in gradient along the zero-�eld axis terminating at the critical
point K = Kc. This model represents a speci�c realization of the example of
Kadano� described in Sect. 2.3. The two relevant scaling �elds in a neigh-
bourhood of the critical point are �1 = L and �2 = 4K. Near the critical
point (2.177) can be approximated by

�(L;K) = �sing(�1; �2)� ln(2) ; (2.181)

where

�sing(�1; �2) =
�2
2Kc

m2 � 1
4m

4 ; (2.182)

and, from (2.178), m is the unique root of

3�1 +
3�2
Kc

m�m3 = 0 (2.183)

with the same sign as �1. This is
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m =

8<:�(�2=Kc)
1
2 [
p
3(1� s2) 12 + s] ; �2 > 0,

2� (j�2j=Kc)
1
2 s0 ; �2 < 0,

(2.184)

where the `�' corresponds to the sign of �1 and

s = sin

(
1

3
arcsin

"����3�12
���� �Kc

�2

� 3
2

#)
;

s0 = sinh

(
1

3
arcsinh

"����3�12
����� Kc

j�2j
� 3

2

#)
:

(2.185)

Substituting from (2.184) into (2.182) gives

�sing(�1; �2) =

�
�2
Kc

�2 h
2s4 � s2 � 3� 2

p
3s(1� s2)

3
2

i
(2.186)

for �2 > 0, and

�sing(�1; �2) =

�
�2
Kc

�2 h
2s0

2 � 4s0
4
i

(2.187)

for �2 < 0. It is clear that the form for �sing satis�es the scaling hypothesis
(2.133) with

y2 = yT = 1

2
d ; y1 = yH = 3

4
d ; # = 3

2
(2.188)

(see Example 2.3). From (2.162) and (2.167) the mean-�eld critical exponent
values � = 0, � = 1

2 , 
 = 1 and � = 3 are then obtained, satisfying the scaling
laws (2.169) and (2.170). To consider scaling on the coexistence curve we need
not change the scaling �elds, as we did in Sect. 2.9, since the coexistence
curve is given by �1 = 0. However, in order for the singular part of the
thermodynamic potential to be zero on the coexistence curve, we need to
modify (2.186) by writing

�0sing(�1; �2) = �sing(�1; �2) +
3
4

�
�2
Kc

�2

: (2.189)

Then, from (2.185) and (2.189),

�0sing(�1; g2) ' �
�
3jg2j
Kc

� 1
2

: (2.190)

Comparison with (2.175) and (2.176) shows that

�2 =
1

2
; y01 = d : (2.191)

This value for y01 is in accordance with the scaling criterion for a �rst-order
transition discussed in Sect. 2.4.
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2.11 Correlation Scaling at a Critical Point

In this section we consider scaling for the connected two-point correlation
function �2(q(r1); q(r2)) associated with the coupling L and de�ned by (1.54)
with c1 = c2 = q. As before we assume a d-dimensional hypercubic lattice
with periodic boundary conditions and we also assume translational invari-
ance so that the correlation function is dependent on r1 and r2 through their
di�erence �r = r2 � r1. From equations (1.62) and (2.113),

'T =
1

N

X
fr1;r2g

�2(q(r1); q(r2)) =
X
f�rg

�2(q(0); q(�r)) = �� �2 (q;0) ; (2.192)

where �� �2 (q;0) is the zero wave vector component of the Fourier transform
performed with respect to �r. The correlation length is de�ned by (2.6) and
it is easily seen that this can be expressed in the form

r2(q) = �c(d)r
2
�k
�� �2 (q;0)

�� �2 (q;0)
: (2.193)

In Sect. 2.6 we developed the scaling behaviour of correlation functions of
scaling operators. To translate these results into the scaling behaviour of
state operators like q we must use the reasoning of Sect. 2.7 to determine the
leading scaling behaviour associated with the coupling L. With the de�nitions
(2.132) for the scaling �elds we showed in Sect. 2.9 that L scales like �1. It
follows that the two-point q correlation function scales like the two-point �1

correlation function. Thus from (2.74), (2.75) and (2.78)

�2(�
y1�1; �

y2�2; q(0); q(�
�1�r)) = �2x1�2(�1; �2; q(0); q(�r)) (2.194)

and

�� �2 (�
y1�1; �

y2�2; q;��k) = �d�2y1 �� �2 (�1; �2; q;
�k) ; (2.195)

where x1 = d � y1 is the scaling dimension of q. From (2.193), the scaling
form for the correlation length is

r(�y1�1; �
y2�2; q) = ��1r(�1; �2; q) : (2.196)

According to the standard notation the exponents � and �0 are de�ned by

r(q) �
8<:(T � Tc)

��
; along the critical isochore, T > Tc,

(Tc � T )��
0

; along the coexistence curve, T < Tc,
(2.197)

and thus we have

� = �0 = 1=y2 : (2.198)

This result and (2.167) yield the Josephson hyper-scaling law

d� = 2� � ; (2.199)
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which was proved by Josephson (1967) as an inequality with `�' replacing
`='. At the critical point, for large jr2�r1j, the standard asymptotic form for
the connected two-point correlation function is given in terms of the exponent
� by

�2(q(r1); q(r2)) � 1

jr2 � r1jd�2+� : (2.200)

From (2.82) this means that

� = 2� 2y1 + d = 2 + 2x1 � d ; (2.201)

if we assume that the appropriate amplitude factor is non-zero and �nite.
(For the ferromagnetic Ising model this is equivalent to assuming that the
function f(x) in (2.13) has a �nite value as x ! 1.) It now follows from
(2.195) that, at the critical point, for small j�kj,

�� �2 (q;
�k) � j�kj��2 : (2.202)

From (2.162), (2.198) and (2.201) we obtain the Fisher scaling law

(2� �)� = 
 ; (2.203)

which was proved by Fisher (1969) as an inequality with `�' replacing `=' .
From the de�nition of the gap exponent #, given below equation (2.135),

and (2.162)

# = �� : (2.204)

From (2.140) and Fig. 2.7 it can be seen that the larger the value of # the
more of the (�1; �2) plane in a neighbourhood of the critical point corre-
sponds to weak scaling approaches. We now see, from (2.204), that, for �xed
�, larger values of # correspond to larger values of �, corresponding to a
narrowing of the coexistence region in the (�;K) plane (see Fig. 2.6) and a
corresponding increase in the part of the plane corresponding to strong scal-
ing approaches. This apparently paradoxical situation is understood if we
project the crossover curves into the (�;K) plane where they share a com-
mon tangent with the coexistence region. So in the (�1; �2) (or equivalently
(L;K)) plane the region of weak scaling approaches is wedge shaped at the
critical point, whereas in the (�;K) plane it is the region of strong scaling
approaches which is wedge shaped. This interesting point was discussed by
Gri�ths and Wheeler (1970), who observe that weak scaling approaches to
the critical point will be more easily achieved by adjustments of � and K,
than by adjustments of L and K.

2.12 Tricritical Point

Sect. 2.2 contains a brief description of the kinds of critical phenomena which
may be encountered in phase spaces of dimensions n = 2 and n = 3. We
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have described in Sects. 2.9 and 2.11 the application of scaling theory to the
most well-known example of critical behaviour for n = 2, a critical point
terminating a line of �rst-order transitions. We shall now consider the case
of a tricritical point. In fact, as was indicated in Sect. 2.2, a tricritical point
is normally a special case of a more general type of phase behaviour with
a critical end-point and possibly a bicritical end-point (see Fig. 2.2). An
adjustable parameter is needed to achieve a tricritical point. As a speci�c
example we shall now amplify the description of the metamagnetic model
introduced in Sect. 2.2. This is a generalization of the Ising ferromagnet on a
d-dimensional hypercubic lattice, described in section 2.3. Suppose that one
particular axis direction is selected and the (d� 1)-dimensional hyperplanes
orthogonal to this axis are labelled in sequence a;b;a;b; : : : to form a layered
sublattice structure with two equivalent sublattices a and b. The Hamiltonian
(1.49) becomes

Ĥ(Hs;H; J1; J2;�(r)) = J1

(a;b)X
fr;r0g

�(r)�(r0)� J2
(a;a)X
r;r0g

�(r)�(r0)

�J2
(b;b)X
fr;r0g

�(r)�(r0)� (H+Hs)

(a)X
frg

�(r)

�(H�Hs)

(b)X
frg

�(r) ; (2.205)

where the nearest-neighbour pair and site summations are restricted as indi-
cated by the superscripts and J1; J2 > 0. The interactions within sublattices
are ferromagnetic and between sublattices are antiferromagnetic. The �eld H
is uniform over the lattice, but Hs is a staggered �eld with a di�erent sign
on the two sublattices. The system can be thought of as having four inde-
pendent �elds T , H, Hs and one of J1 or J2. Of these only T and H are the
theoretical counterparts of experimentally controllable quantities. Mean-�eld
calculations for this model (Volume 1, Sect. 4.4) and for an equivalent model,
where J1 and J2 are taken to be nearest-neighbour and second-neighbour in-
teractions (Kincaid and Cohen 1975), show that it is the variation of J1 in
proportion to J2 which leads either to a critical end-point (together with a
bicritical end-point) or a tricritical point. Translating the results of Volume 1,
Sect. 4.4 to the case of a d-dimensional hypercubic lattice considered here a
tricritical point will occur if 5J1 < 3(d � 1)J2. We suppose that the ratio
of J1 and J2 is �xed within this range. The general structure of the phase
diagram is known (Kincaid and Cohen 1975) to be of the form shown in
Fig. 2.8. In the plane Hs = 0 the phase diagram has the appearance of a
line of �rst-order transitions T meeting a line of second-order transitions C
at the point T. This point is the usual way that a tricritical point is seen in
a two-dimensional phase space (see Fig. 2.1(b)). When the third dimension
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b

b

T

T

T

C

C(�)

C(+)

Hs

H

Fig. 2.8. Schematic phase diagram for a metamagnet in the space of the �elds T ,H
and Hs. The critical lines C, C(+), C(�) and the triple line T meet at the tricritical
point T. (Reprinted from Kincaid and Cohen (1975), p. 110, by permission of the
publisher Elsevier Science.)

corresponding to Hs is included then this boundary line becomes the edge
of a surface of �rst-order transitions. T is a triple line and C is a critical
line. Two further critical lines C(+) and C(�), bounding critical surfaces sym-
metrically placed about the plane Hs = 0 also meet at the tricritical point
T.

For this system the potential is �(Ls;L;K) with

d� = udK �mdL�msdLs ; (2.206)

where K = J1=T , L = H=T , Ls = Hs=T , u is the internal energy per lattice
site, m is the magnetization per lattice site and ms measures the sublattice
order.8 The response functions relevant to our discussion are

'T = T

�
@ms

@Hs

�
T ;H

= �@
2�

@L2s
; (2.207)

 T = T

�
@m

@H

�
T ;Hs

= �@
2�

@L2
(2.208)

and

8 In this section the coupling K has the opposite sign to that in Sect. 2.8 since it
is give in terms of the antiferromagnetic interaction between sublattices.
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cH = kbT

�
@s

@T

�
H;Hs

=�kb
�
K
2 @

2�

@K2
+ L

2 @
2�

@L2
+ L

2
s

@2�

@L2s

+2KL
@2�

@K@L
+ 2KLs

@2�

@K@Ls
+ 2LLs

@2�

@L@Ls

�
: (2.209)

We shall assume that the critical line C and the triple line T are asymptot-
ically parallel at the tricritical point T.9 Let the curve given by C and T in
the plane Hs = 0 have the equation H = H

�(T ) with the tricritical point T
be given by the coordinates T = Tt, H = Ht = H

�(Tt). Consider now the
point P on C with coordinates T = Tp(� Tt) and Hp = H

�(Tp). In the plane
PH(Tp), de�ned by H = Hp (see Fig. 2.8), the phase behaviour with respect
to the variables T and Hs has the appearance of a �rst-order transition line
along Hs = 0 terminating at the critical point T = Tp. Exponents can, there-
fore, be de�ned as they were in equations (2.117){(2.121), except that now
we have the re
ectional symmetry of a magnetic system with the exponents
of c� and c� being equal and �c = �c = 0. Thus we de�ne

cH �
8<:(T � Tp)

��p ; along Hs = 0, H = Hp, T > Tp,

(Tp � T )��
0

p ; along Hs = 0, H = Hp, T < Tp,
(2.210)

ms � (Tp � T )�p ; along Hs = 0, H = Hp, T < Tp, (2.211)

'T �
8<:(T � Tp)

�
p ; along Hs = 0, H = Hp, T > Tp,

(Tp � T )�

0

p ; along Hs = 0, H = Hp, T < Tp,
(2.212)

Hs � msjmsj�p�1 ; along H = Hp, T = Tp. (2.213)

In a similar way in the plane PT (Hp), de�ned by T = Tp, the phase pattern
again has the appearance of a �rst-order line terminated by a critical point.
The exponents are de�ned in a similar way to those of (2.210){(2.213), except
that the roles of T and H are reversed. We thus de�ne

 T �
8<:(H�Hp)

���p ; along Hs = 0, T = Tp, H > Hp,

(Hp �H)
���0p ; along Hs = 0, T = Tp, H < Hp,

(2.214)

ms � (Hp �H)
��p ; along Hs = 0, T = Tp, H < Hp, (2.215)

9 This assumption is supported by mean-�eld calculations with the Hamiltonian
(2.205) (see, for example, Volume 1, Sect. 4.4).
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'T �
8<:(H�Hp)

��
p ; along Hs = 0, T = Tp, H >Hp,

(Hp �H)
��
0p along Hs = 0, T = Tp, H <Hp,

(2.216)

with equation (2.213) applying in both planes. The formulae (2.210){(2.216)
apply at all points on the critical curve C including the tricritical point,
where the critical exponents will be labelled by the subscript `t' rather than
`p', (Gri�ths 1973).

2.13 Scaling for a Tricritical Point

Following a procedure similar to that of Sect. 2.9, the singular part of the
potential can be taken to be

�sing(Ls;4L;4K) = �(Ls;L;K)� �(0;Lt;Kt) +mt4L� ut4K ; (2.217)
where 4K = K �Kt and 4L = L� Lt, so that

�sing(0; 0; 0) = 0 ; (2.218)

@�sing
@4L = �4m; (2.219)

@�sing
@4K = 4u : (2.220)

2.13.1 Scaling Fields for the Tricritical Point

Unlike the situation described in Sect. 2.9, here the phase diagram has re-

ectional symmetry. The only other special direction at the tricritical point
is the line of the curves C and T . In terms of couplings, rather than �elds,
this curve can be taken to have the equation L = L

�(K). Assuming that the
curve C at the tricritical point is not parallel to the L-axis, we express L�(K)
in the form

L
�(K) = Lt + a4K + �L(K) ; (2.221)

where a is the (�nite) slope of C at the tricritical point and

�L(Kt) =

�
d�L

dK

�
t

= 0 ; �L(K) ' bj4Kj t ; (2.222)

where  t is the tricritical shift exponent (cf. equations (2.130), (2.131)). We
now de�ne the orthogonal scaling �elds

�1 = Ls ; �2 =4L� a4K ; �3 =4K + a4L ; (2.223)

with the triad of orthogonal unit vectors
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�̂1 = (1; 0; 0) ; �̂2 =
(0; 1;�a)p
1 + a2

; �̂3 =
(0; a; 1)p
1 + a2

: (2.224)

Setting �1 = 0 gives the plane of re
ectional symmetry, with �̂3 giving the
direction of the tangent to C and T at the tricritical point. The scaling
hypothesis now takes the form

�sing(�
y1�1; �

y2�2; �
y3�3) = �d�sing(�1; �2; �3) ; (2.225)

for � > 0, (Riedel 1972, Hankey et al. 1972) and the general shapes of the
critical curves in a neighbourhood of the tricritical point can be inferred from
the relative magnitudes of y1, y2 and y3. A consequence of (2.225) is that,
if the thermodynamic potential has non-smooth behaviour of a particular
type at (�1; �2; �3) = (�1; �2; �3), then it will also have the same non-smooth
behaviour at

(�1; �2; �3) = (�1�
y1 ; �2�

y2 ; �3�
y3) : (2.226)

It follows that the critical lines C, C(+) and C(�) and the triple line T must
all have parametric equations of the form (2.226), for some di�erent sets
of parameters (�1; �2; �3) and � > 0. We shall take the set of parameters

for C to be (�1; �2; �3), for C(�) to be (�
(�)
1 ; �

(�)
2 ; �

(�)
3 ) and for T to be

(�1; �2; �3). It follows from the symmetry of the model and the choice of

scaling �elds that �1 = �1 = 0, �
(+)
1 = ��(�)1 > 0, �

(+)
2 = �

(�)
2 and �

(+)
3 =

�
(�)
3 . It will be assumed that in each of these triplets not more than one

member is zero. Otherwise, with the de�nitions (2.223) for the scaling �elds,
the corresponding curve would be linear and in the direction of one of the
unit vectors (2.224). For C to approach the tricritical point in the direction

of �̂3 it must be the case that

�t = y2=y3 > 1 : (2.227)

It follows, by eliminating � from equation (2.226), that the equation of C in
a neighbourhood of the tricritical point is

�2 = $0j�3j�t ; (2.228)

where $0 = �2=j�3j�t . From equations (2.223)

�2

�
1 + a

�3
�2

�
= (1 + a2)4L ; �3

�
1� a�2

�3

�
= (1 + a2)4K (2.229)

and, by the same reasoning as that employed in Sect. 2.9, it follows that the
shift exponent  t = �t.

The way in which the curves C(�) approach the tricritical point is de-
termined by the magnitude of y1 relative to y2 and y3 and whether one

pair of �
(�)
2 or �

(�)
3 is zero. Given these various conditions the geometry of

the curves can be described in terms of their projections onto the planes

�j = 0; j = 1; 2; 3. There are the following possibilities when the pairs �
(�)
2

and �
(�)
3 are non-zero:
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I: y1 > y2 > y3. C(�) approach the tricritical point tangentially to �̂3, when
they are projected into the planes �1 = 0 or �2 = 0 and tangentially to
�̂2, when projected into the plane �3 = 0.

II: y1 = y2 > y3. This is the same as I, except that, when the curves are
projected into the plane �3 = 0, they approach the critical point at non-
zero angles to both �̂1 and �̂2.

III: y2 > y1 > y3. Again, C(�) approach the tricritical point tangentially to

�̂3, when they are projected into the planes �1 = 0 or �2 = 0. When
they are projected into the plane �3 = 0, the direction of approach to the
tricritical point is along �̂1.

IV: y2 > y1 = y3. The projections of C(�) are tangential to �̂3 in �1 = 0 and

to �̂1 in �3 = 0. In the plane �2 = 0 the projections make non-zero angles
to both �̂1 and �̂3.

V: y2 > y3 > y1. This is the same as IV except the projections into the plane

�2 = 0 are tangential to �̂1.

This analysis is modi�ed if either �
(�)
2 = 0 or �

(�)
3 = 0, when the geometry

is described entirely by the shapes of the curves within the planes �2 = 0 or
�3 = 0 respectively.

2.13.2 Tricritical Exponents and Scaling Laws

We now consider the asymptotic forms for the order parameter ms and the
response functions 'T ,  T and cH at the tricritical point. The exponents asso-
ciated with these forms for di�erent paths of approach are given by equations
(2.210){(2.216) (with `t' replacing `p'). Following the procedure used for the
general scaling formulation in Sect. 2.4 and for the critical point in Sect. 2.9

we take � = j�1j�1=y1 , � = j�2j�1=y2 and � = j�3j�1=y3 in equation (2.225) to
give respectively

�sing(�1; �2; �3) = j�1jd=y1�sing(�1; g(1)2 ; g
(1)
3 ) ; (2.230)

�sing(�1; �2; �3) = j�2jd=y2�sing(g(2)1 ;�1; g(2)3 ) ; (2.231)

�sing(�1; �2; �3) = j�3jd=y3�sing(g(3)1 ; g
(3)
2 ;�1) ; (2.232)

respectively, where the (tricritical) gap �elds g
(m)
j (�m; �j), m; j = 1; 2; 3 are

given by (2.27) and

#
(1)
2 = 1=#t ; #

(1)
3 = 1=#t�t ;

#
(2)
1 = #t ; #

(2)
3 = 1=�t ;

#
(3)
1 = �t#t ; #

(3)
2 = �t ;

(2.233)
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where #t = y1=y2 is the tricritical gap exponent. It follows from (2.228) and
(2.233) that in a neighbourhood of the tricritical point the equation of C in
the plane �1 = 0 is g

(3)
2 (�2; �3) = $0. From (2.230), with �2 = �3 = 0, using

similar reasoning to that used in Sect. 2.9, it follows that the exponent �t,
de�ned in (2.213), is given by

�t = y1=(d� y1) : (2.234)

A classi�cation of the paths of approach to the tricritical point in the plane
�1 = 0 can now be made in a similar way to that for the critical point in
Sect. 2.9. The two types of approach are:

(i) Paths on which jg(2)3 j ! 0, including the direction of the vector �̂2, for
which, from (2.231),

�sing(0; �2; �3) ' j�2jd=y2A(�)
1 ; (2.235)

where

lim
g
(2)
3 !0

�sing(0;�1; g(2)3 ) = A(�)
1 (2.236)

is assumed to be �nite and non-zero.
(ii) Paths on which jg(3)2 j ! �2, where �2 is �nite (possibly zero), when

�sing(0; �2; �3) ' j�3jd=y3A(�)
�2

; (2.237)

where

lim
g
(3)
2 !�2

�sing(0; g
(3)
2 ;�1) = A(�)

�2
(2.238)

is assumed to be �nite and non-zero.

Since �t > 1, all curves in class (ii), including C, are tangential to the di-

rection of the unit vector �̂3. Some curves in class (i) are also tangential to

�̂3, but all curves not tangential to this vector are certainly in class (i). The
asymptotic forms in equations (2.210){(2.212) are along the line H = Ht.
It follows from (2.223) that unless Ht = aJ1 or �J1=a, �2 � jT � Ttj and
�3 � jT �Ttj as the tricritical point is approached along this line. It therefore
falls into class (i) with

�sing � jT � Ttjd=y2 ; along Hs = 0, H = Ht, T ? Tt. (2.239)

The asymptotic forms in equations (2.214){(2.216) are along the line T = Tt.
It follows from (2.223) that �2 � jH�Htj and �3 � jH�Htj, unless a = 0, as
the tricritical point is approached along this line. It therefore falls into class
(i) with

�sing � jH�Htjd=y2 ; along Hs = 0, T = Tt, H ? Ht. (2.240)
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Following similar reasoning to that used in Sect. 2.9 the critical exponents
de�ned in equations (2.210){(2.212), (2.214){(2.216) can now be obtained as
functions of y1 and y2. The formulae obtained are

�t =�
0
t = ��t = ��0t = (2y2 � d)=y2 ; (2.241)

�t =
��t = (d� y1)=y2 ; (2.242)


t = 

0
t = �
t = �
0t = (2y1 � d)=y2 : (2.243)

From these equations and (2.234) the tricritical exponents can be show to
satisfy


t =�t(�t � 1) ; (2.244)

2 =�t + 2�t + 
t ; (2.245)

which are respectively the tricritical forms of the Widom and Essam{Fisher
scaling laws (see equations (2.169) and (2.170)).

2.13.3 Connected Transition Regions

In terms of the scaling formulation of Sect. 2.4, the tricritical point is a tran-
sition region connected to seven other transition regions; the critical curves
C, C(+) and C(�), the triple curve T and the three �rst-order surfaces. To
construct a scaling hypothesis for any one of these we need to de�ne appro-
priate scaling �elds such that the relevant �elds are zero for the region in
question. We shall con�ne our attention to the critical curve C. Following a
similar procedure to that adopted for the coexistence curve in Sect. 2.9 we
retain the scaling �elds �1 and �3 of (2.223) and replace �2 by

�02 = �2 �$0j�3j�t : (2.246)

The gap �elds, involving �2, and the singular part of the thermodynamic
potential are modi�ed to

g0
(1)
2 (�1; �

0
2) = �02=j�1j1=#t = g

(1)
2 �$0jg(1)3 j

�t

; (2.247)

g0
(3)
2 (�02; �3) = �02=j�3j�t = g

(3)
2 �$0 ; (2.248)

g0
(2)
1 (�1; �

0
2) = �1=j�02j#t = g

(2)
1 =j1�$0[g

(3)
2 ]

�1j
#t

; (2.249)

g0
(2)
3 (�02; �3) = �3=j�02j1=�t = g

(2)
3 =j1�$0[g

(3)
2 ]

�1j
1=�t

; (2.250)

�0sing(�1; �
0
2; �3) = �sing(�1; �

0
2 +$0j�3j�t ; �3)

��sing(�1; $0j�3j�t ; �3) ; (2.251)

so that �0sing is zero not only at the tricritical point but on the critical curve.
The scaling hypothesis (2.225) is satis�ed with the new scaling �elds in a
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neighbourhood of the tricritical point and all the subsequent analysis is valid

except that the coexistence curve is given by g0
(3)
2 (�02; �3) = 0. From (2.42)

and (2.43) we de�ne the e�ective exponents

�1(�1; �
0
2; �3) =

@ ln�0sing
@ ln j�1j

=
d

y1
� y2
y1
jg0(1)2 j

@ ln�0sing(�1; g0(1)2 ; g
(1)
3 )

@jg0(1)2 j

� y3
y1
jg(1)3 j

@ ln�0sing(�1; g0(1)2 ; g
(1)
3 )

@jg(1)3 j
; (2.252)

�2(�1; �
0
2; �3) =

@ ln�0sing
@ ln j�02j

=
d

y2
� y1
y2
jg0(2)1 j

@ ln�0sing(g
0(2)
1 ;�1; g0(2)3 )

@jg0(2)1 j

� y3
y2
jg0(2)3 j

@ ln�0sing(g
0(2)
1 ;�1; g0(2)3 )

@jg0(2)3 j
: (2.253)

Along the line of approach to the tricritical point H = Ht, T = Tt, g
0(1)
2 =

g
(1)
3 = 0 and �1 = d=y1. As the critical curve is approached in a direction

perpendicular to the plane �1 = 0, g0
(1)
2 = 0 but jg(1)3 j ! 1. Suppose that

�0sing(�1; 0; g(1)3 ) � jg(1)3 j
�
(1)
3
: (2.254)

Then �1 ! d=y01, where

y01 =
d y1

d� y3�(1)3

(2.255)

is the scaling exponent associated with �1 on the critical curve. In the plane

�1 = 0, g0
(2)
1 = 0. As the tricritical point is approached along a class (i) path

in the plane, jg0(2)3 j ! 0 and �2 ! d=y2. As the critical curve is approached

away from the tricritical point jg0(2)3 j ! 1. Suppose that

�0sing(0;�1; g0(2)3 ) � jg0(2)3 j
�
(2)
3
: (2.256)

Then �2 ! d=y02, where

y02 =
d y2

d� y3�(2)3

(2.257)
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is the scaling exponent associated with �02 on the critical curve. In formulating
the asymptotic expressions (2.210){(2.216) for the critical curve, we allowed
the possibility that the exponents vary along the curve. We now see that this

will be the case only if �
(1)
3 or �

(2)
3 is dependent on the point on the critical

curve to which convergence is taken. In general this will not be so. In the
language of renormalization group theory (see Chap. 6), the whole of the
critical curve will be controlled by a single �xed point leading to exponents
which are the same throughout the length of the curve. These exponents,
which we simply denote by �, �, 
 and � will be given by the formulae (2.234),
(2.241){(2.243) with y1 replaced by y01 and y2 by y02. They will, therefore,
satisfy the Widom and Essam{Fisher scaling laws (2.169) and (2.170). The
critical and tricritical exponents are, from (2.234), (2.241){(2.243), (2.255)
and (2.257), related by

�=�t +
�
(2)
3

�t
; (2.258)

�=

 
�t �

�
(1)
3

�t

! 
d� y3�(2)3

d� y3�(1)3

!
; (2.259)


=

 

t +

�
(1)
3

�t

! 
d� y3�(2)3

d� y3�(1)3

!
; (2.260)

�= �t

 
d� y3�t#t

d� y3�t#t � y3�(1)3

!
: (2.261)

A similar analysis applies to the critical curves C(+) and C(�), although, since
these curves do not lie in the plane �1 = 0, the choice of appropriate scaling
�elds is more complicated. The same reasoning can also be applied to the

triple curve T . In that case we expect the corresponding exponents �
(1)
3 and

�
(2)
3 to be such as to give the value d for both y01 and y02. This is because

across T there is a �rst-order transition both within and orthogonal to the
plane �1 = 0. Two factors a�ect the crossover from critical behaviour along
the curve C, with exponents �, �, 
 and � to tricritical behaviour at the
point T, with exponents �t, �t, 
t and �t. The �rst of these is the change in

limiting behaviour of the gap �elds g
(1)
3 and g0

(2)
3 . The e�ect of this change

is in turn mediated by the exponents �
(1)
3 and �

(2)
3 respectively. The other

parameter which a�ects the formulae (2.258){(2.261) is y3 (and consequently
�t). In the limit when y3 becomes less relevant (y3 ! 0, �t !1) the critical
and tricritical exponents approach the same values. It can also be seen, from
(2.228), that, in this limit the curve C becomes 
at at T.
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2.14 Corrections to Scaling

In Sect. 2.5 we considered one case where the simple power law asymptotic
behaviour of equations (2.35) broke down. This arose from the exponent !m

being zero and led to a logarithmic divergence in the corresponding derivative
 of �. In this section modi�cations to scaling which arise from the amplitude
factors are considered. For simplicity we concentrate on the case n = 3 with
a transition region C with s = 2. That is to say, we have a system with two
relevant �elds �1 and �2 and one irrelevant �eld �3. From (2.25){(2.27)

�sing(�1; �2; �3) = j�1j�1�sing
 
�1; �2

j�1j#
(1)
2

;
�3

j�1j#
(1)
3

!
; (2.262)

�sing(�1; �2; �3) = j�2j�2�sing
 

�1

j�2j#
(2)
1

;�1; �3

j�2j#
(2)
3

!
: (2.263)

In Sect. 2.4 we considered the asymptotic forms which can be derived from
(2.262) and (2.263). In each case it is necessary to choose a path of approach
to the transition region so that the arguments of the functions on the right-
hand sides tend to �nite values. Even then, in order to obtain the simple form
of scaling described in Sect. 2.4 and utilized for a critical point and tricritical
point in Sects. 2.9 and 2.13 respectively, it is necessary that the amplitude
factors are �nite and non-zero. We begin by considering the functions

f (�)(u; v) = �sing(�1; u; v) ; (2.264)

which appear on the right-hand side of (2.262). The limit u! 0 with v small
and non-zero can be achieved by taking �2 ! 0 with �1 and �3 non-zero.
Excluding the possibility that �2 = 0 is some transition region connected to
C,10 then f (�)(u; v) have power-series expansions of the form

f (�)(u; v) = w
(�)
0 (v) + uw

(�)
1 (v) + � � � : (2.265)

If w
(�)
0 (0) is �nite and non-zero then the power-law behaviour is that pre-

dicted by simple scaling theory, although the magnitude of w
(�)
1 (0) will af-

fect the range over which the leading scaling behaviour can be observed. If

w
(�)
0 (0) = 0 there is a breakdown of simple scaling and the power-law predic-

tions rest on the �rst non-zero term in the expansion (2.265). If this is given

by w
(�)
1 (0) being �nite and non-zero, then the singular behaviour is not only

weaker but will depend on the next layer of detail of the path of approach P .
A possible path P consistent with the condition u ! 0 is �2 � j�1j�, where
� > #

(1)
2 . Then from (2.262)

�sing(�1; �2; �3) � j�1j�1+��#
(1)
2 ; (2.266)

10 The situation of connected transition regions has been considered in Sect. 2.4.



70 2. Phase Transitions and Scaling Theory

which is a weaker power-law behaviour. The same analysis can be applied to
(2.263).

We now consider the possibility of f (�)(0; 0) being in�nite. It is clear that,
for an isolated transition region f (�)(0; v) cannot be in�nite and thus, any

singular behaviour must be arise from w
(�)
0 (v), and therefore involve the irrel-

evant variable �3. That this is a possibility was pointed out by Fisher (1983),
who classi�ed irrelevant variables as dangerous or harmless according as they
do or do not yield such divergent behaviour. Suppose that

w
(�)
0 (v) � jvj��; (2.267)

where � > 0. Then, from (2.262){(2.265),

�sing(�1; �2; �3) � j�1j��1 ; (2.268)

where

��1 =
�d

y1
(2.269)

and

�d = d� �jy3j: (2.270)

The e�ect of the dangerous irrelevant variable �3 can be view as an e�ective
reduction in the dimension of the system, from d to �d provided that all paths
to the transition region produce the same change. This means that we must be
satis�ed that a parallel analysis of (2.263) yields the same formula (2.270). In
Sect. 3.3.2 the signi�cance of the presence of a dangerous irrelevant variable
for the interpretation of Gaussian critical exponents in relation to scaling
theory is discussed.

2.15 Scaling and Universality

The universality hypothesis, which is described in Sect. 2.3.2, and the scaling
hypotheses of Sects. 2.4.1 and 2.5.1 both apply to a particular transition
region rather than to a physical system or theoretical model as a whole.
Di�erent transition regions of the same systemmay be in di�erent universality
classes and may have di�erent scaling functions and exponents. Discussion
of the relationship between scaling and universality is made easier if we take
a particular type of transition region. The simplest example to choose is
a critical point with power-law scaling. In the weak scaling direction, from
(2.140), �1=�2 ! 0 as the critical point is approached and thus, from (2.132)
and (2.147),

�1 = 4L� a4K ; �2 ' (1 + a2)4K : (2.271)

From equations (2.135), (2.136), (2.162), (2.167) and (2.204), the forms for
the singular part of the thermodynamic potential, the density di�erence from
its critical value and the response function 'T can be expressed as
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�sing = A0j4Kj2��W (�)
0

 
C
[4L� a4K]
j4Kj��

!
; (2.272)

4� = �@�sing
@4L = A

(�)
1 j4Kj�W (�)

1

 
C
[4L� a4K]
j4Kj��

!
; (2.273)

'T = �@
2�sing
@4L2 = A

(�)
2 j4Kj�
W (�)

2

 
C
[4L� a4K]
j4Kj��

!
; (2.274)

where C, A0, A
(�)
1 and A

(�)
2 are constants and

A(�)
s W (�)

s (x) = �CsA0
dsW

(�)
0 (x)

dxs
; s = 1; 2 : (2.275)

By imposing the conditions

W
(�)
0 (0) =W

(�)
1 (0) =W

(�)
2 (0) = 1 ; (2.276)

we ensure that A0, A
(�)
1 and A

(�)
2 are the critical amplitudes with

A
(�)
s = CsA0Q

(�)
s ;

Q
(�)
s = �

 
dsW

(�)
0 (x)

dxs

!
x=0

s = 1; 2 :
(2.277)

Each of the equations (2.272){(2.274) represents a family of functions in two
variables, (�sing;4L), (4�;4L), and ('T ;4L) respectively, parameterized
by 4K. The scaling hypothesis implication of the form of these equations
is that each family of isotherms (4K constant)`collapses' onto one curve

when plotted in the space of (4L � a4K)=j4Kj�� against �sing=j4Kj2��,
4�=j4Kj� and 'T j4Kj
 respectively. Equation (2.273) is the equation of
state. For a ferromagnetic critical point a = 0, 4L = H=T ' H=Tc,
4K = K � Kc '= J(Tc � T )=T 2

c and 4� = m, the magnetization per
lattice site. The mean-�eld equations (2.184) and (2.185) yield an expression
like (2.273) with � = 1

2 , �� = 3
2 . The validity of an equation of the form

(2.273) has been investigated for nickel by Arrott and Noakes (1967), Kouvel
and Rodbell (1967) and Kouvel and Comly (1968), for CrO2 by Kouvel and
Rodbell (1967) and for CrBr3 by Ho and Litster (1969). Similar tests for a
number of 
uid systems have been made by Green et al. (1967). In all cases
the experimental data gives strong support for the scaling hypothesis. Al-
though the critical exponent equalities � = �0 and 
 = 
0 and the scaling
laws (2.169), (2.170) are analytic consequences of (2.272){(2.274), they can
be used as a direct test of scaling for theoretical models and experimental
data. The well-known mean-�eld values for the purely thermodynamic ex-
ponents (see, for example, Volume 1, Chap. 3) are � = �0 = 0, � = 1

2 ,

 = 
0 = 1 and � = 3. These values, which satisfy the Widom scaling law
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(2.169) and the Essam{Fisher scaling law (2.170), are those which arise for
systems of any dimension when the free energy is assumed to be smooth in
a neighbourhood of the critical point. In particular they follow from Lan-
dau theory, as we shall see in Chap. 3. For the two-dimensional Ising model
(see, for example, Volume 1, Chap. 8 or Baxter 1982a) � = �0 = 0, � = 1

8
and 
 = 
0 = 7

4 , where the value of � corresponds to a logarithmic sin-
gularity. These values satisfy the Essam{Fisher scaling law (2.170). If the
Widom scaling law (2.169) is assumed then � = 15, which is the generally
accepted value (Baxter 1982a). Ho and Litster (1969) obtained the values

 = 
0 = 1:215 � 0:015, � = 0:368 � 0:005 and � = 4:28 � 0:1 for CrBr3,
which yields 
0 � �(�� 1) = 0:00746� 0:0682.

The universality hypothesis was presented in Sect. 2.3.2 as a list of criteria
for dividing critical problems into universality classes. This hypothesis can
be tested when it is clear what is understood by the critical properties of two
problems being `the same'. This is usually taken to mean that the problems
have the same values for critical exponents and the same scaling functions
to within metric factors (Fisher 1983). For equations (2.272){(2.274), this

means that the functions W
(�)
s (x), s = 0; 1; 2 and the exponents �, �, 


and � are the same for all problems in the same universality class but the

constants C, A
(�)
s , s = 0; 1; 2 may be di�erent. As indicated above the work

of Green et al. (1967) represents a test of scaling. It can also be taken as a
test of universality, which is clearly supported by their results which show
the collapse of data points, for the branches of the coexistence curves of a
number of 
uids, onto a single universal curve.

So far in this section we have concentrated the discussion on thermody-
namic functions and variables. Now we consider the correlation function and
correlation length for the statistical mechanical variable q(r) associated with
the coupling L. Let 4q(r) = q(r)� �c. Then

h4q(r)i= hq(r)i � �c = �� �c = 4� ; (2.278)

h4q(r1)4q(r2)i= hq(r1)q(r2)i � 2��c + �2c (2.279)

and, from (1.54) with c1 = c2 = q,

�2(q(r1); q(r2)) = h4q(r1)4q(r2)i � h4q(r1)ih4q(r2)i : (2.280)

As in Sect. 2.11 we assume that the system is translational invariant so that
the connected two-point correlation function is dependent on the single spa-
tial variable �r = r2 � r1. Then, from (2.194), (2.195) and (2.271),

�2(q(0); q(�r)) = B(�)j4Kjd��
X(�)

 
C
[4L� a4K]
j4Kj�� ;

�rj4Kj�
R0

!
;

(2.281)
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�� �2 (q;
�k) = B(�)(Rd0=v0)j4Kj�
X�(�)

 
C
[4L� a4K]
j4Kj�� ;

R0
�k

j4Kj�
!
;

(2.282)

where v0 is the volume per lattice site and

X�(�)(x; �k) =
X
f�rg

X(�)(x; �r) exp(�i�k � �r) : (2.283)

That the metric factor C in (2.281) and (2.282) is the same as that in (2.272){
(2.274) follows from (2.192), from which it can also be seen that

B(�) = A
(�)
2 v0=R

d
0 ; (2.284)

X�(�)(x;0) =W
(�)
2 (x) : (2.285)

From (2.193),

r(q) = R0Q
(�)
3 j4Kj��Y (�)

 
C
[4L� a4K]
j4Kj��

!
; (2.286)

where

Q
(�)
3 Y (�)(x) =

s
�c(d)r

2
�k
X�(�)(x; �0)

W
(�)
2 (x)

: (2.287)

By imposing the condition

Y (�)(0) = 1 ; (2.288)

we have

Q
(�)
3 =

q
�c(d)r2

kX
�(�)(0; �0) : (2.289)

The functions X(�)(x; �r) are supposed to be universal making X�(�)(x; �k)

and Y (�)(x) also universal. It thus follows, from (2.289), that Q
(�)
3 , like Q

(�)
1

and Q
(�)
2 de�ned in (2.277), are universal constants.

It would seem that in each of the regions 4K >;< 0 there are three in-
dependent non-universal metric parameters C, A0 and R0. It has, however,
been argued by Stau�er et al. (1972) that, at the critical point, the singular
part of dimensionless free energy in a region of the dimensions of the cor-
relation length is a universal constant. In our notation this quantity is the
critical point value of rd(q)�sing=v0. From (2.272), (2.276), (2.286), (2.288)
and (2.289)

rd(q)�sing
v0

� A0R
d
0v
�1
0 j4Kj2���d�[Q(�)

3 ]d (2.290)

at the critical point. When the Josephson hyper-scaling law (2.199) is satis-
�ed the right-hand side of (2.290) is a constant and the proposition, referred
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to as the two scale factor or hyper-universality hypothesis, is that the quan-
tity A0R

d
0=v0 is universal. In Sect. 2.14 we discussed the idea of dangerous

irrelevant variables. In Sect. 3.3.2 these ideas will be ampli�ed in relation to
the Gaussian critical exponents to show that the hyper-scaling law is satis-
�ed with the `real' physical dimension d when d � du, the upper borderline
dimension, which is four for a critical point. For d > du the hyper-scaling
law is satis�ed (at least for the Gaussian exponents) when d is replaced by
�d, the dimension reduced by the presence of a dangerous irrelevant variable
(see equation (2.270)). The hyper-universality hypothesis is thus expected to
be true for d � 4. This is supported by the results for theoretical models and
experimental systems given by Stau�er et al. (1972). Later work (Ferer et
al. 1973) shows good agreement for systems, with di�erent lattice structures,
which on other grounds are taken to be in the same universality class, and
Aharony (1974) used a renormalization group �-expansion (� = 4 � d) to
establish its validity to order �2.

The argument of Privman and Fisher (1984) for the truth of the hyper-
universality hypothesis is also based on renormalization group ideas. They
conclude that h4q(r1)4q(r2)i and �2(q; �r) have scaling forms which may
di�er in their universal scaling functions, but will have the same non-universal
metric factors. Thus

h4q(r1)4q(r2)i=B(�)j4Kjd��
Z(�)

 
C
[4L� a4K]
j4Kj�� ;

�rj4Kj�
R0

!
;

(2.291)

and, taking the limit j�rj ! 1, it follows that

(4�)2 = B(�)j4Kjd��
Z(�)

 
C
[4L� a4K]
j4Kj��

;1
!
: (2.292)

Comparing equations (2.273) and (2.292) gives

B(�) = [A
(�)
1 ]2 (2.293)

and, from (2.277) and (2.284),

A0R
d
0=v0 = Q

(�)
2 =[Q

(�)
1 ]2 : (2.294)

In Sect. 3.3.2 we compute A0R
d
0=v0 in the Gaussian approximation.

The universality hypothesis for the equation of state (2.273) is rather
similar to the law of corresponding states (see Sect. 2.3.1). One di�erence
is that now the universal scaling function is not analytic in the thermody-
namic variables but in non-analytic combinations of them. It also contains
non-universal metric parameters which are not simply the critical point pa-
rameters. Another important di�erence is that (2.273) applies to the locality
of the critical point rather than to the system as a whole. In line with the
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quote from Levelt Sengers (1974), one may nevertheless regard the univer-
sality hypothesis as a result of the same `unifying' impulse which led to the
earlier formulation of the law of corresponding states.

2.16 Finite-Size Scaling

All the discussion in this chapter until now has assumed that the system of
interest is one for which the thermodynamic limit has been taken. For the
case of a one-component lattice gas the thermodynamic limit is described in
greater detail in Sect. 4.2. For present purposes we suppose that we have a d-
dimensional lattice system N of N sites, with N` lattice sites in the direction
of the `-th dimension of the lattice, so that

N =

dY
`=1

N` : (2.295)

The thermodynamic limit when N ! L, the corresponding d-dimensional
in�nite system, is achieved by taking N` ! 1 simultaneously for every
` = 1; 2; : : : ; d, in such a way that the van Hove criterion (4.12) is satis-
�ed. Consider now the case where the thermodynamic limit is taken only for
the variables N`, ` � d < d. This is a system which is in�nite in d dimensions
and �nite in d� d dimensions. The parameter

@ =
h dY
`=d+1

N`

i1=(d�d)
(2.296)

can be understood as the thickness of the system. We denote this system by
Ld(@). The thermodynamic limit Ld(@) ! L now means that @ ! 1 with
the shape ratios N`=@, ` = d+ 1; : : : ; d kept constant.

Two distinguishable phenomena are of interest for Ld(@), surface e�ects
and �nite-size e�ects. The former, which are present only in the absence of
periodic boundary conditions, concern the e�ect on thermodynamic and sta-
tistical mechanical properties of the presence of a surface, including the occur-
rence of surface phase transitions.11 This is not, however, the subject of this
section which will be solely concerned with the changes to bulk scaling which
arise from the �nite value of @. This subject was initiated by Fisher (1971)
and Fisher and Barber (1972).12 We have seen in Sect. 2.9.7 that bulk scal-
ing ideas can, with suitable modi�cation, be applied to �rst-order transitions.
Similar developments can also be made to �nite-size scaling methods (Fisher
and Berker 1982, Privman and Fisher 1983, Binder and Landau 1984, Fisher

11 For a review, see Binder (1983).
12 For a review see Barber (1983) and, for a collection of papers on �nite-size scaling,

Cardy (1988).
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and Privman 1985). We shall, however, in this section restrict our attention
to continuous transitions.

If d = 0 the system L0(@) = N is completely �nite. In terms of some suit-
able variable like the fugacity (see Sect. 4.1) the partition function will be
a polynomial with positive coe�cients and no phase transitions can occur.
In spite of this such systems play an important role as approximations to
in�nite systems in computer simulation methods and in real-space renormal-
ization group �nite-lattice methods (see Sect. 6.11). When d > 0, Ld(@) can
be regarded as a perhaps somewhat complicated in�nite lattice system of d
dimensions and the type of phase transition behaviour will be characterized
by d rather than d. For d = 1 and short-range interactions transfer matrix
methods of the type described in Sect. 4.9 can be applied and, as will be
shown in that section, no phase transitions can occur at non-zero tempera-
ture. The correlation length may, however, (for reasonably larger values of @)
attain a steep maximum at some values of the couplings. These are termed
pseudocritical values, (Fisher 1971, Fisher and Ferdinand 1967). Many au-
thors (Ree and Chesnut 1966, Runnels and Combs 1966, Lavis 1976) have
used such maxima and similar maxima in response functions as indicating
the approximate location of the phase transition in the corresponding in�-
nite system. The pseudocritical values of the couplings will be functions of
the thickness @ of the system. When d > 1 the maxima associated with pseu-
docritical coupling values will be replaced by genuine critical values. These
will be dependent on both @ and d, although, according to the discussion
of universality in Sects. 2.3 and 2.15, the corresponding exponents will be
dependent solely on d.

2.16.1 The Finite-Size Scaling Field

Consider the situation described in Sect. 2.4 of a system with n couplings and
a transition region C of dimension n� s, de�ned in terms of the scaling �elds
�1; �2; : : : ; �n by (2.15). The basic assumption of �nite-size scaling theory is
that, for any speci�ed boundary conditions, the variable �n+1 = 1=@ can be
treated as another scaling �eld. The de�ning condition (2.15) for C must then
be augmented by

�n+1 = 0 : (2.297)

It follows from the block-spin idea of Kadano�, described in Sect. 2.3, that
the scaling exponent yn+1 associated with the �nite-size scaling �eld �n+1

is unity. It is therefore a relevant scaling �eld. In the case d > 1 there is a
transition region Cd(@) for Ld(@), which can be regarded as the projection
of C into the extended phase space. Since d 6= d, the critical exponents for
this projection will have di�erent critical exponents from those of C, which is
consistent with �n+1 being a relevant scaling �eld.

For a d-dimensionally in�nite system, with d > 1, the singular part of
the thermodynamic potential � can be identi�ed unambiguously. For a d-
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dimensional system with d < 2 this is not the case. To cover both situations
Privman and Fisher (1984) proposed that �sing(K1; : : : ;L1; : : : ;@), the singu-
lar part of the thermodynamic potential of a system of thickness @, is de�ned
by

�sing(K1; : : : ;L1; : : : ;@) = �(K1; : : : ;L1; : : : ;@)� �smth(K1; : : : ;L1; : : :) ;

(2.298)

where the second term on the right is the smooth component of the thermo-
dynamic potential for the @-in�nite system. For this singular part of �, and  
obtained by di�erentiating it kj times with respect to �j , for j = 1; 2; : : : ; n,
(2.17) and (2.22) must be modi�ed to give

�sing(�
y1�1; : : : ; �

yn�n; ��n+1) = �d�sing(�1; : : : ; �n; �n+1) ; (2.299)

 sing(�
y1�1; : : : ; �

yn�n; ��n+1) = �d
0

 sing(�1; : : : ; �n; �n+1) ; (2.300)

where d0 is given by (2.23). In a similar way the formula (2.196) for the
correlation length generalizes to

r(q;�y1�1; : : : ; �
yn�n; ��n+1) = ��1r(q; �1; : : : ; �n; �n+1): (2.301)

Substituting � = 1=�n+1 = @ in equations (2.299){(2.301) gives

�sing(�1; : : : ; �n+1) = @�d�sing(�1@y1 ; : : : ; �n@yn ; 1) ; (2.302)

 sing(�1; : : : ; �n+1) = @�d0 sing(�1@y1 ; : : : ; �n@yn ; 1) ; (2.303)

r(q; �1; : : : ; �n+1) = @ r(q; �1@y1 ; : : : ; �n@yn ; 1) (2.304)

and it is also useful to note that

@r

@�m
(q; �1; : : : ; �n+1) = @1�ym @r

@�m
(q; �1@y1 ; : : : ; �n@yn ; 1) ;

m = 1; 2; : : : ; n : (2.305)

Equations (2.303) and (2.305) encapsulate the important practical value of
�nite-size scaling. If the transition region C is approached along any path for
which the function on the right-hand side has a �nite non-zero limit then
from (2.23)

lim
@!1

ln( sing)

ln(@) = �d0(k1; : : : ; kn) =
nX
j=1

kjyj � d ; (2.306)

lim
@!1

ln

�
@r

@�m

�
ln(@) = 1� ym ; m = 1; 2; : : : ; n : (2.307)

From the second of equations (2.26) it can be seen that the variable
d0(k1; : : : ; kn) is the numerator of the critical exponent !m(k1; : : : ; kn) as-
sociated with the response function (or density)  as C is approached along
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a path P which satis�es (2.33) with �nite values of $
(m)
j , j = 1; 2; : : : ; s.

The corresponding denominator ym appears in formula (2.307). This means
that the critical exponents for the in�nite system L can be obtained approx-
imately from investigating systems of �nite thickness. Just as in the case of
scaling for in�nite systems modi�cations to this analysis are needed for the
case of logarithmic singularities (Sect. 2.5) and when zero amplitude factors
imply the need for considering corrections to scaling (Sect. 2.14).

2.16.2 The Shift and Rounding Exponents

We now investigate in more detail the relationship between the transition
region C for the d-dimensionally in�nite system and the transition region
Cd(@) for the system of thickness @. For simplicity we con�ne our attention
to the case of a critical point, with two couplings L and K, where the approach
to the critical point is in the weak scaling direction. For the in�nite system L
the scaling �elds �1 and �2 are given by equations (2.271) and from (2.274)
the response function 'T is given by

'T = �@
2�sing
@�21

: (2.308)

Thus, from (2.23) and (2.303),

'T (�1; �2; �3) = @2y1�d'T (�1@y1 ; �2@y2 ; 1) : (2.309)

When d > 1, 'T will exhibit some kind of singular behaviour in the transition
region Cd(@). Since @ is �nite and non-zero on Cd(@) it follows that this
transition region for systems of �nite width must be given by some �nite
values $j for the arguments �j@yj , j = 1; 2 of the function on the right-hand
side of (2.309). The transition region is, therefore, given by

[Lc(d;@)� Lc]� a[Kc(d;@)�Kc]'$1@�y1 ; (2.310)

Kc(d;@)�Kc ' (1 + a2)�1$2@�y2 ; (2.311)

where Lc(d;@) and Kc(d;@) are the critical values of L and K for the system of
dimension d and thickness @. In this context the exponent y2 which appears
on the right-hand side of (2.311) is called the shift exponent (Fisher and
Ferdinand 1967, Fisher 1971) and is usually denoted by �. According to
(2.198)

� = y2 = 1=� : (2.312)

In the case d = 1, Lc(d;@) and Kc(d;@) are replaced by Lmax(d;@) and
Kmax(d;@), the values where 'T attains a maximum. A second value of K
which is of interest (Fisher and Ferdinand 1967) is the rounding value K�(d;@)
at which 'T for Ld(@) di�ers signi�cantly from its value for L. A rounding
exponent w can then be de�ned by13

13 The rounding exponent is usually denoted by �. We have used w to avoid con-
fusion with the use of � for scaling �elds.
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jK�(d;@)�Kcj � @�w; (2.313)

If, following Fisher and Ferdinand (1967), we suppose that this will occur
when r(q) � @ then, from (2.197) and (2.313),

w = 1=� : (2.314)

The relationship (2.312) between the shift exponent and � is a consequence
of the �nite-size scaling assumption (2.299) for the singular part of the free
energy density as long as the coe�cient $2 in (2.311) is non-zero. If we
include the possibility that $2 = 0, then corrections to scaling lead to

� � 1=� : (2.315)

For the two-dimensional Ising model (Ferdinand and Fisher 1969, Au-Yang
and Fisher 1975) � = w = 1=� = 1. Fisher and Ferdinand (1967) have,
however, argued for the possibility that � > 1=� in three dimensions and
the results of Barber and Fisher (1973a, 1973b) for the spherical model and
ideal Bose gas respectively in d dimensions with layer geometries and open
boundary conditions gave � = 1 > 1=�. This was later understood to be
a pathological result arising from constraints which give an e�ective long-
range interaction (Br�ezin 1983) and (2.312) is now thought to be generally
true (Barber 1983).

As indicated above when d > 1 the transition regions C and Cd(@) are
distinct but connected in phase space. In this sense the situation is somewhat
similar to the relationship between the �rst-order line and the critical point
in the ferromagnetic Ising model. A general situation of this kind is analyzed
using e�ective exponents at the end of Sect. 2.4 and applied to the critical
point and coexistence curve in Sect. 2.9. If, in (2.299), we set � according to
(2.24) then we obtain the modi�cation

�sing(�1; : : : ; �n+1) = j�mjd=ym�sing(g(m)
1 ; : : : ; g

(m)
n+1) (2.316)

of the �rst of equations (2.25), where g
(m)
j , j = 1; 2; : : : ; n are given by equa-

tions (2.27) and (2.28) and

g
(m)
n+1 =

�n+1

j�mj1=ym : (2.317)

For an approach to the transition region C all the scaling �elds tend to zero
and the asymptotic behaviour of �sing is given by the leading factor on the

right of (2.317) if all arguments g
(m)
j , j = 1; : : : ; n + 1 attain �nite values

with a �nite non-zero value for the function. If, however, the approach is to

Cd(@), @ remains �nite as g(m)
n+1 !1. If then

�sing(g
(m)
1 ; : : : ; g

(m)
n+1) � jg(m)

n+1j�
(m)
n+1 ; (2.318)

it follows, from (2.316), that

�sing(�1; : : : ; �n+1) � j�mj(d��
(m)
n+1

)=ym : (2.319)
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For consistency in the scaling theories for L and Ld(@) we must have
d = d� �(m)

n+1 : (2.320)

2.16.3 Universality and Finite-Size Scaling

As in Sect. 2.15 we concentrate on the case of a critical point. From (2.299)
and (2.301), the scaling forms (2.272) and (2.286) are replaced by

�sing =A0j4Kj2���W (�)
0

 
C
[4L� a4K]
j4Kj��

;
D

j4Kj�@

!
; (2.321)

r(q) =R0Q
(�)
3 j4Kj���Y (�)

 
C
[4L� a4K]
j4Kj��

;
D

j4Kj�@

!
; (2.322)

with the bulk forms being recovered, in the limit @ ! 1, with

�W
(�)
0 (x; 0) =W

(�)
0 (x) ; �Y (�)(x; 0) = Y (�)(x) : (2.323)

When the Josephson hyper-scaling law (2.199) is valid, (2.321) can be
rescaled.

�sing =
A0D

d

@d
"
j4Kj@ 1

�

D
1
�

#2��

� �W
(�)
0

0@" C

D
��
�

#
[(4L� a4K)@��� ]

"
j4Kj@ 1

�

D
1
�

#���
;

"
j4Kj@ 1

�

D
1
�

#��1A ;

(2.324)

gives

�sing = A0D
d@�dU(C 0[4L� a4K]@��� ; D04K@ 1

� ) ; (2.325)

where

U(x;�y) = y2���W
(�)
0 (xy���; y��) ; (2.326)

C 0 = C=D
��
� ; D0 = 1=D

1
� : (2.327)

In a similar way (2.322) can be re-expressed in the form

r(q) =
R0Q

(�)
3

D
@V (C 0[4L� a4K]@��� ; D04K@ 1

� ) ; (2.328)

where

V (x;�y) = y���Y (�)(xy���; y��) : (2.329)
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Equations (2.325) and (2.328) could be derived directly from (2.302) and
(2.304) except that then no relationship would be established with the metric
factors in (2.321) and (2.322).

As in the case of the d-dimensionally in�nite system discussed in Sect. 2.15

the scaling functions �W
(�)
0 (x; y), �Y (�)(x; y), U(x; y) and V (x; y) are sup-

posed to be universal with non-universal metric factors A0, C, D and R0.
However, we can in this case go further if we adopt a standard assumption
of �nite-size scaling theory (Barber 1983) that all lengths which diverge at
bulk criticality should scale like the bulk correlation length. This means that

the second argument in (2.321) and (2.322) D=j4Kj�@ ' r(q)=v
1
d

0 @. From
(2.286) D ' R0Q

(�)
3 =v

1
d

0 . Substituting into (2.325) and (2.328) and using the
hyper-universality formula (2.294) gives

�sing =E0@�dU(C 0[4L� a4K]@
��
� ; D04K@ 1

� ) ; (2.330)

r(q) = v
1
d

0 @V (C 0[4L� a4K]@
��
� ; D04K@ 1

� ); (2.331)

where

E0 = A0D
d = Q

(�)
2 [Q

(�)
3 ]d=[Q

(�)
1 ]2 : (2.332)

That the scaling forms (2.330) and (2.331) have leading universal amplitude
factors is a result derived by Privman and Fisher (1984). At the bulk critical
point 4L = 4K = 0 (2.330) and (2.331) becomes

�sing = @�dE0U(0; 0) ; (2.333)

r(q)=v
1
d

0 = @V (0; 0) : (2.334)

As we shall see in Sect. 2.17 the value of the universal constants V (0; 0) and
E0U(0; 0) can in the case d = 2, d = 1 be derived from conformal invariance.

2.17 Conformal Invariance

As indicated in the introduction to this chapter the application of conformal
invariance to critical phenomena began with the work of Polyakov (1970).
Since then it has developed into a powerful tool which provides results beyond
those given by scaling theory. In this section we indicate brie
y some of the
main features of the theory and prove a famous result due to Cardy (1984),
which establishes the value of the universal constant V (0; 0) of equation
(2.334) in two dimensions.14

14 For more detailed discussions of conformal invariance the reader is referred to
the review of Cardy (1987) and the book of Christe and Henkel (1993).
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2.17.1 From Scaling to the Conformal Group

In Sect. 1.5 we considered simpli�cations which can arise in lattice systems
when translational and rotational invariance are present. Such global prop-
erties arise from the nature of the Hamiltonian and their presence may be
quali�ed by the existence of a sublattice structure or anisotropic interactions.

The scaling transformation which, for scaling �elds and operators is char-
acterized by

r ! ~r = ��1r ;

�j ! ~�j = �yj�j ;

�j(r) ! �j(~r) = �xj�j(r) ;

(2.335)

where, as in (2.78), the scaling exponent yj of �j and the scaling dimension
xj of �j are related by xj = d�yj , is of a rather di�erent type. Applying only
as an asymptotic property near to critical regions, its motivation is given an
intuitive basis in Sect. 2.3 and a more mathematical foundation is Sects. 2.4{
2.6. The salient feature for present purposes is the transformation property
of the singular part (2.72) of the Hamiltonian. This is given by

bHsing(�1; : : : ; �n;�1(r1); : : : ;�s(rs);�) =

sX
j=1

�j
X
frg

�j(r)

!
sX
j=1

~�j
X
f~rg

�j(~r) =

sX
j=1

�yj�j�
�d
X
frg

�j(�
�1r)

=

sX
j=1

�j�
xj+yj�d

X
frg

�j(r)

= bHsing(�1; : : : ; �n;�1(r1); : : : ;�s(rs);�) ;

(2.336)

where ��d enters into this analysis as the Jacobian of the transformation
rj ! ��1rj .

As we have seen in Sects. 2.9 and 2.13, the scaling theory outlined here
yields the scaling laws for critical and tricritical points. Stronger assumptions
are needed to give the possibility of extracting further information. Suppose
that the elements of the scaling transformation (2.335) are `localized' to give

r ! ~r = [�(r)]�1r ;

�j ! ~�j = [�(r)]yj�j ;

�j(r) ! �j(~r) = [�(r)]xj�j(r) :

(2.337)

This modi�cation to scaling, which can be justi�ed with the same kind of
argument that was used in Sect. 2.3, will leave (2.335) intact with �(r) re-
placing � as long as the spatial transformation in the �rst line of (2.337) has
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the Jacobian [�(r)]�d. It is not di�cult to con�rm that this will be the case if
either �(r) is a constant, which is the usual dilatation transformation of scal-
ing, or �(r) = 1=jrj2, which is the inversion transformation. As we describe
in Appendix A.2 the group generated by translations, rotations, dilatations
and inversions is the conformal group.

2.17.2 Correlation Functions for d � 2

Given that the transformation (2.337) belongs to the conformal group, the
analysis of Sect. 2.6 leading to the scaling form (2.84) for the total correlation
function is not a�ected by the Jacobian having a spatial dependence and thus
we now have

h�1(~r1) � � ��� (~r� )i =
n �Y
j=1

[�(rj)]
xj
o
h�1(r1) � � ��� (r� )i : (2.338)

In the case of the two-point correlation function, rotation and translation can
be used to interchange r1 and r2. Thus we have

h�1(~r1)�2(~r2)i = [�(r1)]
x1 [�(r2)]

x2h�1(r1)�2(r2)i ;
h�1(~r2)�2(~r1)i = [�(r2)]

x1 [�(r1)]
x2h�1(r2)�2(r1)i

(2.339)

with

h�1(~r1)�2(~r2)i = h�1( ~r2)�2(~r1)i ;
h�1(r1)�2(r2)i = h�1(r2)�2(r1)i :

(2.340)

For a non-zero two-point correlation function it would appear that these
results must be inconsistent unless x1 = x2, leading to the conclusion that
the two-point total correlation function of two operators with di�erent scaling
dimensions is zero. In fact it is clear that this conclusion must be modi�ed
to take into account two-point correlation functions like

h�(r1)rr2�(r2)i = rr2h�(r1)�(r2)i ; (2.341)

which will not, in general, be zero in spite of the fact that the scaling dimen-
sions di�er by two. This argument has been analyzed by Sch�afer (1976) (see
also, Cardy 1987) who concluded that

h�1(r1)�2(r2)i = 0 ; if x1 � x2 6= integer. (2.342)

When x1 and x2 di�er by an integer, the two-point correlation is non-zero
in some, but not all, cases (Sch�afer 1976). In particular the formula (2.85) is
exact within the context of conformal invariance for � = 2.

h�(r1)�(r2)i = C2(�;�)

jr2 � r1j2x : (2.343)

In the case of the three-point correlation function, the operations of the con-
formal group can be used to map three arbitrary points r1, r2 and r3 into
any three chosen points �, �, 
 It has been shown by Polyakov (1970) that
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h�1(r1)�2(r2)�3(r3)i
=

C3(�1;�2;�3)

jr1 � r2jx1+x2�x3 jr2 � r3jx2+x3�x1 jr3 � r1jx3+x1�x2 ; (2.344)

where C3(�1;�2;�3) is a constant dependent only on the choice of scaling
operators. A expression can also be obtained for the four-point correlation
function, although since it is not possible to map four arbitrary points into
four prescribed points with the operations of the conformal group an arbitrary
function is involved (Polyakov 1970).

2.17.3 Universal Amplitudes for d = 2

We now consider the square lattice with lattice spacing a. In two dimensions
the conformal group is in�nite dimensional and consists, for r = a (x;y), of
transformations given by analytic functions of the complex variable z = x+iy
(see Appendix A.2). For the transformation z! Z(z) the Jacobian is jZ0(z)j2.
So, for the two-point correlation function of the scaling operator �1, (2.338)
gives

h�(z1)�(z2)i = jZ0(z1)jxjZ0(z2)jxh�(Z(z1))�(Z(z2))i : (2.345)

The transformation given by

Z(z) =
@
2�

ln(z) ; (2.346)

is analytic for all z 6= 0 and maps the z-plane onto the strip 0 � ~y < @. Thus,
from (2.343), (2.345) and (2.346), the connected pair correlation function on
the strip of width @ lattice sites with periodic boundary conditions is

h�(~r)�(~r2)i = C2(�;�)(2�=@a)2xn
2 cosh

h
2�(~x2�~x1)

@

i
� 2 cos

h
2�(~y2�~y1)

@

iox ; (2.347)

where ~r = a(~x; ~y). When j~z2 � ~z1j � @,

h�(~r)�(~r2)i ' C2(�;�)

j~r1 � ~r2j2x ; (2.348)

but, when j~x2 � ~x1j � @,

h�(~r)�(~r2)i ' C2(�;�)

�
2�

@a
�2x

exp

�
�2�x(~x2 � ~x1)

@
�
: (2.349)

We now consider the case of �nite-size scaling at a critical point discussed
in Sect. 2.16. If the leading behaviour of the state operator q is given by
the scaling operator � with h�(r)i = 0 at the critical point, (2.349) can be
substituted into (2.6) (with � replaced by q) to give the correlation length
r(q). In the limit of small lattice spacing the sums become integrals and
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r2(q) =
1
2a

2

Z 1

0

r2 exp

�
�2�xr@

�
drZ 1

0

exp

�
�2�xr@

�
dr

; (2.350)

giving

r(q) =
@a
2�x

: (2.351)

This result was �rst obtained by Cardy (1984). Substituting into (2.334) with

v
1
d

0 = a gives

V (0; 0) =
1

2�x
: (2.352)

The detailed analysis which leads to the determination of the critical ampli-
tude E0U(0; 0) in (2.333), for d = 2, is beyond the scope of this book. We
simply state the result, obtained by Bl�ote et al. (1986) and A�eck (1986),
that

E0U(0; 0) = �16�c ; (2.353)

where c is the conformal anomaly number de�ned by 1
2c being the coe�cient

of the leading term of the operator product expansion of the stress tensor with
itself.15 From this it can be shown that c is the central charge in the Virasoro
algebra of the generators of conformal transformations. For models where the
transfer matrix (see Sect. 4.9) is symmetric (or can be made symmetric at
criticality) the Virasoro algebra is unitary and, for c < 1, the only allowed
values are given by

c = 1� 6

m(m+ 1)
; m = 3; 4; 5; : : : : (2.354)

If a particular model can be identi�ed with a value of m and c the scaling
dimensions of its primary scalar operators, indexed by i and j with 1 � j �
i � m� 1, are given by the Kac formula

xij(m) =
[i(m+ 1)� jm]2 � 1

2m(m+ 1)
: (2.355)

The (critical) Ising model has been identi�ed with the case m = 3, the
tricritical Ising model with m = 4 and the 3-state Potts model with m = 5
For the Ising model the three allowed pairs of values for the parameters are:

i = j = 1 giving x11 = 0. This corresponds to an operator present in all mod-
els. It is similar to the trivial coupling in renormalization theory (Sect. 5.1).

15 For a full explanation of this and all the following discussion see Cardy (1987).
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i = 2, j = 1 giving x21 = 1. This gives the scaling exponent y21 = d� x21 =
1. By identifying y21 with the scaling exponent y2 of Sect. 2.9 and using
(2.167) we obtain the value � = 0, in agreement with the exact result (5.126).
Since by the 
uctuation-response function relation (1.62) the heat capacity
is associated with the energy-energy correlation function and we are able to
identify the operator as the energy density.

i = j = 2 giving x22 =
1
8 . This gives the scaling exponent y22 = d�x22 = 15

8 .
By identify y22 with the exponent y1 of Sect. 2.9 and using (2.162) we obtain
the value 
 = 7

4 in agreement with the exact result (5.126). In this case the
operator is the magnetization density.

In the cases of the tricritical Ising model and 3-state Potts model there are
a larger number of allowed parameter values. It is only with the use of ad-
ditional information that it becomes possible to identify the physical nature
of the operators. Thus, for example, for the 3-state Potts model the known
values � = 1

3 and 
 = 13
9 (see, for example, Volume 1, Sect. 10.14) allows the

identi�cation of the cases i = 2, j = 1 x21 =
4
5 and i = j = 3, x33 =

2
15 with

the energy density and magnetization density respectively.

Examples

2.1 Let �j and �m be two relevant scaling �elds as de�ned for the
Kadano� scaling hypothesis (2.17). Show that
(a) With �0j de�ned by (2.32)

�yj�0j = �yj�j �$j�ym�mj#
(m)

j :
This means that the change of variable �j ! �0j can be made in
(2.17) without a�ecting the exponents.

(b) With $
(m)
j de�ned by (2.33), show that, if $

(m)
j is �nite and

$
(m)
` is in�nite, for y` relevant, then $

(`)
j and $

(`)
m are �nite. Use

this result to complete the argument showing that it is possible

to chose a relevant scaling �eld �` so that $
(`)
j is �nite for all

j = 1; 2; : : : ; s.

2.2 Consider a magnetic system with independent �elds H and T , which
has a critical point on the zero-�eld axis at T = Tc terminating a
line of �rst-order transitions along H = 0 for T < Tc. In this case
the scaling �elds can be de�ned, as in Sect. 2.10, by

�1 = L ; �2 =4K = K �Kc :

Work through the development of scaling theory for this case (as-
suming that y1 > y2), showing that � = � and proving the scaling
laws (2.169) and (2.170).
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2.3 The `obvious' way to obtain the exponent expressions (2.188) is to
use equations (2.185){(2.187) together with the scaling hypothesis
(2.133). Alternatively, the formula (2.182) can be treated as a gener-
alized homogeneous function �sing(�2;m) with

�sing(�
y2�2; �

zm) = �d�sing(�2;m):

This gives both y2 and z in terms of d. The form of y1 in terms of d
can then be obtained from (2.183). Show, by using this method, that
if

�sing(�2;m) =
1
2m

2

�
�2
2Kc

� 1
6m

2(3� 2�)

��
1
6m

2 � �2
Kc

���
;

0= �1 +m

�
�2
Kc
� 1

6m
2(2� �)

��
1
6m

2 � �2
Kc

���
;

with � � 0, then � = 1
2 , 
 = 1� � and � = 3� 2�.





3. Landau and Landau{Ginzburg Theory

3.1 The Ferromagnetic Ising Model

As an introduction to the methods of Landau theory we consider the simplest
version of the Ising model ferromagnet described in Sect. 2.3 with Hamilto-
nian given by (1.49). The initial step in the development of Landau theory
is essentially the same as in any other version of mean-�eld theory (see, for
example, Volume 1, Sect. 3.1). This leads (Example 3.1) to the replacement
of the Hamiltonian (1.49) by

Ĥ(H; J ; m̂) = �N
�
1

2
zJm̂2 +Hm̂

�
; (3.1)

where m̂ = bM=N , with bM given by (1.46), and z is the coordination number
of the lattice. The partition function Z, which is a function of L = H=T and
K = J=T , is

Z(L;K) =
X
f�(r)g

exp[� bH(H; J ; m̂)=T ] : (3.2)

We de�ne the Landau partition function

Zl(L;K;m) =
X
f�(r)g

�Kr(m� m̂) exp[� bH(H; J ; m̂)=T ] : (3.3)

This contains the subset of the terms of Z, for which the spin states are
restricted by the condition m̂ = m. It is, of course, the case that

Z(L;K) =
X
fmg

Zl(L;K;m) ; (3.4)

with the summation over all allowed values of m. The next assumption of
Landau theory, again following the usual development of mean-�eld theory,
is to suppose that the sum in (3.4) is dominated by its largest term. We then
de�ne the Landau potential

�l(L;K;m) = � 1

N
lnZl(L;K;m) : (3.5)

It follows from our assumptions that the thermodynamic potential �(L;K) is
given by minimizing �l(L;K;m) with respect to m.
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We now consider the possible form of �l consistent with the symmetry
properties of the Hamiltonian (3.1). It is clear that, in the absence of a mag-
netic �eld (L = 0), the Hamiltonian is invariant under inversion of all the
spins on the lattice. If, on the other hand, the magnetic �eld is non-zero the
inversion of all the spins and the magnetic �eld leaves the Hamiltonian invari-
ant. These symmetry properties of the Hamiltonian, when operating on the
spins, or m̂, are carried through to �l, when operating on m. Representing
spin inversion by the operator Q(m) and �eld inversion by Q(L) we have

Q(m)�l(L;K;m) = �l(L;K;�m) ;

Q(L)�l(L;K;m) = �l(�L;K;m) ;
(3.6)

and the symmetry properties, described above, are then given by

Q(m)�l(0;K;m) = �l(0;K;m) ;

Q(L)Q(m)�l(L;K;m) = �l(L;K;m) :
(3.7)

The form of �l must be such that L and m appear only in combinations
which satisfy the invariance conditions (3.7). For L = 0, �l can contain only
even powers of m. If L 6= 0, it would appear from the symmetry properties
that all terms of the form L

imj , where i+ j is an even integer, can occur. It
must, however, be remembered that m is given by the equilibrium condition

@�l
@m

= 0 (3.8)

and, from (2.105) (where � is now m),

m=�
�
@�l
@L

�
K

=�
�
@�l
@L

�
K;m

� @�l
@m

�
@m

@L

�
K

=�
�
@�l
@L

�
K;m

: (3.9)

The only L-dependent term in �l must, therefore, be of the form �Lm and

�l(L;K;m) = �Lm+B0(K) +
1X
i=1

B2i(K)m
2i : (3.10)

It should be noted that the only use we have made of the Ising model fer-
romagnet Hamiltonian (3.1) in the derivation of (3.10) is to ensure that the
Landau potential (3.10) satis�es the correct symmetry properties. The for-
mula (3.10) is, therefore, more general than (3.1). Other terms with the same
symmetry (e.g. a quartic term in m̂) could be added to (3.10) without a�ect-
ing the form of the Landau potential.
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3.2 Landau Theory for a Critical Point

The expansion (3.10) is capable of producing all manner of phase behaviour
depending on the relative magnitudes of the coe�cients B2i(K) and the form
of their dependence on K. The simplest case of any interest is when the
expansion is dominated by its leading terms, such that

�l(L;K;m) ' �Lm+B0(K) +B2(K)m
2 +B4(K)m

4: (3.11)

The equilibrium conditions for minimizing �l, given by (3.11) as a function
of m, are then

2B2(K)m+ 4B4(K)m
3 � L = 0 ; (3.12)

2B2(K) + 12B4(K)m
2 > 0 : (3.13)

Equations (3.11){(3.13), with explicit expressions for B2(K) and B4(K), are
equivalent to those considered in Sect. 2.10. The analysis could, therefore,
proceed in the same way as it did in that section. The cubic equation (3.12)
could be solved and the appropriate root substituted in (3.11). It is, however,
illuminating to pursue a slightly di�erent approach. Consider �rst the zero-
�eld case (L = 0). Equation (3.11) has two solutions m = 0 and

m2 = � B2(K)

2B4(K)
: (3.14)

A magnetized state can occur only if B2(K) and B4(K) have opposite signs
and substituting (3.14) into (3.13) it follows that a stable equilibrium solu-
tion of this kind will need B2(K) < 0 and B4(K) > 0. On the other hand
a non-magnetized state is stable if B2(K) > 0. Thus, for a magnetized state
to develop with zero �eld at K = Kc, this must the value at which B2(K)
changes sign. In order for the model to represent the physical situation of
ferromagnetism, the non-magnetized state must occur at high temperature
(low K), with the onset of magnetism as K is increased. The simplest, al-
though not unique way, to achieve this is to suppose that, to leading order
in 4K = K �Kc,

B2(K) ' �A24K ; B4(K) ' A4 ; (3.15)

where A2 and A4 are positive constants and curves of the general form of
�l(0;K;m) plotted against m for di�erent values of K are shown in Fig. 3.1.

From equation (3.12) together with the conditions (3.15) it is simple to
derive the classical (mean-�eld) values for the critical exponents �, 
 and �
and the value for � follows if it is assumed that B0(K) is a smooth function
of K in a neighbourhood of the critical point (see, for example, Landau and
Lifschitz 1980). The terms Landau theory and mean-�eld theory are some-
times used as synonyms. We shall, however, restrict the name `Landau theory'
to formulations for which the thermodynamic potential is given near a critical
or coexistence region as a power series, determined only by a particular group
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4K > 0

4K = 0

4K < 0

m

�l

Fig. 3.1. Curves of �l(0;K;m) plotted against m for a temperatures above, at and
below the critical point, (4K < 0, 4K = 0 and 4K > 0 respectively).

of symmetry operations. `Mean-�eld theory' will be used, as in Volume 1, to
denote approximation methods applied to particular models, in which such
a power series is obtained as well as the phase diagram.

Landau theory and scaling theory can both be seen as methods which
extract information about a whole class of physical systems, based on a min-
imum of assumptions about their physical structure. The di�erence between
the two is, of course, that, while scaling theory is capable of determining
only scaling law relationships between critical exponents, Landau theory al-
lows actual values for the exponents to be obtained. It is an illuminating
exercise to apply the procedures of scaling theory to the Landau potential
(3.11), in order to obtain the critical exponents. The scaling �elds in this case
are, as for the example of Kadano� (1966) described in Sect. 2.3 and for the
mean-�eld calculation of Sect. 2.10, �1 = L and �2 = 4K. Let the smooth
part of �l be identi�ed as B0(K). Then

�sing(�1; �2;m) = ��1m�A2�2m
2 +A4m

4: (3.16)

The method of Example 2.3 can now be used, supposing that the homogeneity
condition

�sing(�
y1�1; �

y2�2;�
zm) = �d�sing(�1; �2;m) (3.17)

is satis�ed. It follows from (3.16) and (3.17) that

y1 =
3

4
d ; y2 =

1

2
d ; z = 1

4
d : (3.18)

The exponent z for the magnetization satis�es, as it must (see equation
(2.23)), the condition z = d � y1. Substituting into (2.162) and (2.167) we
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obtain � = 0, � = 1
2 , 
 = 1 and � = 3. The exponent 
 applies to the diver-

gence of the susceptibility as the critical point is approached from above and
below along the zero-�eld axis. However, it can be easily seen (Example 3.2)
that these directions yield di�erent amplitudes. The value � = 0 indicates
that, in Landau theory, there is no divergence, at the critical point, in the
heat capacity cH at constant �eld along the zero-�eld axis. However, there is
a discontinuity at the critical point. From (2.155)

cH = �kbK2 @
2�

@K2
(3.19)

and, from (3.11), (3.14) and (3.15) the discontinuity in cH is

4cH =
kbK

2
cA

2
2

2A4
: (3.20)

In Sects. 3.4{3.6 Landau theory is applied to some other models. Before that
a treatment of the critical point which incorporates harmonic 
uctuations is
considered.

3.3 Landau{Ginzberg Theory for a Critical Point

A characteristic of Landau theory, as described in Sects. 3.1 and 3.2, or indeed
of any form of classical mean-�eld theory, is that all reference to spatially 
uc-
tuating variables is eliminated. This prevents an investigation of the critical
properties of any quantities, like the correlation length and pair correlation
function, which depend on 
uctuations. In this section a generalization of
Landau theory, due to Ginzburg and Landau (1950), is introduced, in which
the partition function is expressed as a functional integral. This procedure
is considered in detail using the Gaussian approximation, in which only har-
monic 
uctuations about mean-�eld values are retained. This is the simplest
way to include some 
uctuations and, in the context of quantum �eld theory,
it is equivalent to the `tree approximation' (see, for example, Amit 1978).1

Let V be a d-dimensional hypercube of volume Rd. In terms of some
reference volume v0, V = Rd=v0 is the dimensionless volume of the system.
At every point r of V an n-dimensional vector �eld �(r) is de�ned, in terms
of which the statistical mechanical magnetization density m̂ is given by

m̂ =
1

Rd

Z
V
�(r)dV ; (3.21)

(cf. (1.46)). The vector �eld �(r) is the local magnetization density with
conjugate vector coupling LLL =H=T , where H is an n-dimensional magnetic
�eld. We now de�ne the local free energy density or potential to the fourth
degree in j�(r)j by
1 For a more detailed treatment of generalizations to Landau theory the reader is
referred to Luban (1976).
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�̂l(LLL;K;�(r))'�LLL:�(r) +B0(K) +B2(K)j�(r)j2

+B4(K)j�(r)j4 + C(K)
nX
j=1

jr�j(r)j2 ; (3.22)

(cf. (3.11)). Then the thermodynamic potential is

�(LLL;K) = � 1

V
lnZ(LLL;K) ; (3.23)

where the partition function is given by the functional integral

Z(LLL;K) =

Z
�

exp

�
� 1

v0

Z
V
�̂l(LLL;K;�(r))dV

�
d� (3.24)

and � is the space of values of �.
Consider the case n = 1 (i.e. assume a scalar magnetization and magnetic

�eld) and select the form of � which minimizes �̂l. For C(K) > 0 this will oc-
cur when � is uniform over V and, assuming that this distribution dominates
the functional integral in (3.24) the form of the Landau potential (3.11) is
retrieved.

In general suppose that the magnetic �eldH is in the direction of the �rst
component �1 of �. The �rst term in (3.22) is now replaced by �L�1. The
�rst component of � is referred to as longitudinal, the other components as
transverse. Let �� be de�ned according to the high-temperature minimization
conditions for �̂l, when the distribution is uniform. Thus

0 = 2B2(K)��1 + 4B4(K)��
3
1 � L ;

0 =��j ; j 6= 1 :
(3.25)

3.3.1 The Gaussian Approximation

This involves retaining only harmonic 
uctuations around the uniform values
given by (3.25). With

�0j(r) = �j(r)���j ; j = 1; : : : ; n ; (3.26)

we have

�̂l(LLL;K;�(r))' �̂l(LLL;K; ��) + 4B4(K)��
2
1�
0
1
2
(r) +D(K)j�0(r)j2

+C(K)

nX
j=1

jr�0j(r)j2; (3.27)

where

D(K) = B2(K) + 2B4(K)��
2
1 : (3.28)

With periodic boundary conditions on the hypercube V , Fourier transforms
are de�ned (see equations (A.8)and (A.9)) by
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 j(k) =
1

Rd

Z
V
�0j(r) exp(�ik � r)dV ; (3.29)

with

�0j(r) =
X
fkg

 j(k) exp(ik � r) ; (3.30)

where the wave vectors k = 2�(m1;m2; : : : ;md)=R, with mi = 0;�1;�2; : : :.
It can be seen from (3.30) that  j(k) corresponds to the amplitude 
uctuation
of �j(r) with wave vector k. The larger the magnitude of k the shorter the
wave length of the 
uctuation. The coe�cients  1(k) represent 
uctuations
in the direction of the external �eld, called longitudinal 
uctuations;  j(k),
for j 6= 1, correspond to transverse 
uctuations. Since all the variables �0j(k)
are real,  j(�k) is the conjugate complex of  j(k), with  j(0) real. From
(3.21), (3.26) and (3.29)

m̂ = �� + (0) ; (3.31)

where  (0) is the n-dimensional vector with components  j(0). This term
in (3.31) represents the 
uctuations in magnetization per unit volume. For
k 6= 0 let

 j(�k) =  
(<)
j (k)� i 

(=)
j (k) : (3.32)

From (3.27) and (3.30),

1

Rd

Z
V
�̂l(LLL;K;�(r))dV = �̂l(LLL;K; ��) + 4B4(K)��

2
1 

2
1(0) +D(K)j (0)j2

+2
X
fk>0g

[4B4(K)��
2
1 +D(K) + C(K)k2][ 

(<)2
1 (k) +  

(=)2
1 (k)]

+ 2
nX
j=2

X
fk>0g

[D(K) + C(K)k2][ 
(<)2
j (k) +  

(=)2
j (k)] ; (3.33)

where `k > 0' means all the wave vectors in half the k-vector space excluding
k = 0. The partition function is now given by substituting from (3.33) into
(3.24). The functional integral over the space � is replaced by integrals over

the variables  j(0),  
(<)
j (k) and  

(=)
j (k), for j = 1; : : : ; n, which we take to

extend over the range (�1;1). This gives

Z(LLL;K) = exp[�V �̂l(LLL;K; ��)]
nY
j=1

h
	j(0)

Y
fk>0g

	j(k)
i
; (3.34)

where

	j(0) =

8>>><>>>:
Z 1

�1
d 1(0) expf�V [4B4(K)��

2
1 +D(K)] 2

1(0)g ; j = 1,Z 1

�1
d j(0) expf�V D(K) 2

j (0)g ; j 6= 1,

(3.35)
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and, for k 6= 0,

	j(k) =

8>>>>>>>>><>>>>>>>>>:

Z 1

�1
d 

(<)
1 (k)

Z 1

�1
d 

(=)
1 (k) expf�V [4B4(K)�

?2
1 +D(K)

+C(K)k2][ 
(<)2
1 (k) +  

(=)2
1 (k)]g ; j = 1;Z 1

�1
d 

(<)
j (k)

Z 1

�1
d 

(=)
j (k) expf�V [D(K)

+C(K)k2][ 
(<)2
j (k) +  

(=)2
j (k)]g ; j 6= 1:

(3.36)

The variables  j(0),  
(<)
j (k) and  

(=)
j (k), for all j and k are normally dis-

tributed and uncorrelated with

h j(k)i=0 ; (3.37)

hj j(k)j2i=
(
gk(LLL;K; k) ; j = 1,

g?(LLL;K; k) ; j 6= 1,
(3.38)

where

gk(LLL;K; k) = f2V [4B4(K)��
2
1 +D(K) + C(K)k2]g�1 ;

g?(LLL;K; k) = f2V [D(K) + C(K)k2]g�1 :
(3.39)

From equations (3.25), (3.30), (3.31) and (3.37)

h�0(r)i = 0 ;

h�(r)i = h��i = �� ;
(3.40)

m = hm̂i = �� =��1ĥ ; (3.41)

where ĥ is the unit vector in the direction of the external magnetic �eld. It
follows that the thermodynamic magnetization per unit volume is the same
as that per lattice site in Landau theory (cf. equations (3.12) and (3.25)).

Formula (2.5) for the pair correlation function applies to the continuum,
as well as to a lattice system, and from (3.30) using the notion introduced in
(1.73) for a system with translational and rotational invariance,

�2(�; jr � r0j) = h�0(r):�0(r0)i

=

nX
j=1

X
fkg

hj j(k)j2i exp[ik � (r � r0)] : (3.42)

With r = jr�r0j, the Fourier transform � �2 (�; k) of �2(�; r) is de�ned by the
continuum form of (1.65) (see (3.29)) and thus, from (3.39) and (3.42),
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� �2 (�; k) =
nX
j=1

hj j(k)j2i = gk(LLL;K; k) + (n� 1)g?(LLL;K; k) : (3.43)

From (2.193),2 (3.39) and (3.43) the correlation length r is given by

r2 = 4c(d)dV C(K)
g2k(LLL;K; 0) + (n� 1)g2?(LLL;K; 0)

gk(L;K; 0) + (n� 1)g?(LLL;K; 0)
: (3.44)

To evaluate the thermodynamic potential, given by (3.23) and (3.34), it is
necessary to insert explicit expressions for the Gaussian integrals (3.35) and
(3.36). From (3.38) and (3.39) this gives

�(LLL;K) = �̂l(LLL;K; ��)

� 1

2V

X
fkg

fln[2�gk(LLL;K; k)] + (n� 1) ln[2�g?(LLL;K; k)]g :

(3.45)

3.3.2 Gaussian Critical Exponents

Adopting the forms for B2(K) and B4(K) given by (3.15), it can be shown
from (3.25) and (3.41) that the exponents �, 
 and � take their Landau
(mean-�eld) values � = 1

2 , 
 = 1, � = 3. We now consider the situation along
the zero-�eld axis, LLL = 0, and suppose that, to leading order in4K = K�Kc,

C(K) ' C0 > 0 : (3.46)

From (3.15) and (3.39),

gk(0;K; k) = g?(0;K; k) = [2V (�A24K + C0k
2)]�1 (3.47)

for K < Kc, when ��1 = 0, and

gk(0;K; k) = [2V (2A24K + C0k
2)]�1 ;

g?(0;K; k) = (2V C0k
2)�1

(3.48)

for K > Kc, when, from (3.14) and (3.41), ��21 = A24K=(2A4). Thus, from
(3.44), it can be seen that throughout the magnetized, low-temperature,
phase the correlation length is in�nite when n 6= 1. This behaviour arises
from the transverse singular amplitude of the long-wavelength contribution
to the pair correlation function. The magnetized phase is not well-de�ned in
the Gaussian approximation. We shall, for the rest of this section, concentrate
on the high-temperature phase. From (3.44) and (3.47)

r =

�
2c(d)dC0

A2(Kc �K)
� 1

2

=

�
C0

A2(Kc �K)
� 1
2

; (3.49)

2 In this case d = d, the thermodynamic limit is taken in each of the d dimensions.
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with c(d) = 1=(2d), (a choice which is justi�ed below). From (2.197) this
gives the value for the exponent � = 1

2 . From (3.43), (3.47) and (3.49),

� �2 (�; k) =
nv0

2V C0(k2 + r�2)
(3.50)

and thus

� �2 (�; k) =
nv0

2V C0k2
(3.51)

at the critical point. Comparing this formula with the asymptotic form
(2.202) yields the result � = 0. The form of the Fourier transform (3.50)
is that given by (A.24). In the thermodynamic limit, �2(�; r) is given, for
d < 5 and r �nite, from (A.30), by

�2(�; r) =
nv0

2C0(2�)
d
2

(rr)1�
d
2K d

2�1
(r=r) ; (3.52)

where K�(z) is the Bessel function of complex argument. Substituting from
(3.52) into the continuum form of (2.6) and using the formula (A.20) for the
surface area of a d-dimensional hypersphere, gives

r2 = c(d)

Z 1

0

r
d
2+2Kd

2�1
(r=r)drZ 1

0

r
d
2Kd

2�1
(r=r)dr

: (3.53)

The integrals in (3.53) are of a standard form (see, for example, Gradshteyn
and Ryzhik 1980, p. 684) yielding the result c(d) = 1=(2d). In the limit
r !1, from (A.32),

�2(�; r) ' nv0

2
d
2+

3
2 (�rr)

d
2�

3
2

exp(�r=r)
r

: (3.54)

Equation (3.54) is exact for d = 1 and d = 3, when it includes the limiting
behaviour as r!1. From (A.33) and (A.34),

�2(�; r) ' nv0
2�C0

ln
� r
2r

�
; if d = 2,

�2(�; r) =
nv0

8�2C0

1

r2
; if d = 4,

(3.55)

in the limit r ! 1. For d � 5 the integral for �2(�; r) diverges at the
in�nite-frequency limit. From the point of view of critical phenomena it is
the long-wavelength, low-frequency, 
uctuations which are important. This
short-wavelength, high-frequency, divergence is dealt with by supposing that
the system has a minimum resolution length r0. This means that 
uctuations
of frequency greater than the cut o� value k0 = 2�=r0 are dampened by the
system. Introducing k0 as the upper limit of integration for d � 5 we have,
from (A.38),
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�2(�; r)' nv0

2C0rd�2(2�)
d
2

(
k
d
2�4
0 �

�
2

�

� 1
2

k
d
2�

5
2

0 cos
h
k0 � �

4
(d+ 1)

i)
;

(3.56)

in the limit k0 !1. From (3.54), (3.55) and (3.56),

�2(�; r) � 1

rd�2
; (3.57)

for d � 3. Comparison with (2.200) again shows that � = 0, but now we have
additional information about the cases d = 1 and d = 2. In the limit r!1,
from (3.54) and (3.55) respectively,

�2(�; r) �
(
r exp(�r=r) ; d = 1,

ln(r=r) ; d = 2.
(3.58)

The Landau values for the exponents �, 
 and � satisfy the Widom scaling
law (2.169) and these together with the values, derived above for � and �
satisfy the Fisher scaling law (2.203).

It is interesting to see from (3.52) that, according to this analysis for
d < 5, the correlation function can be expressed in the form

�2(�; r) =
f(r=r)

rd�2��
; (3.59)

given by (2.12), (2.13), (2.194) and (2.201), where in this case � = 0 and

f(x) =
nv0x

d
2�1

2C0(2�)
d
2

K d
2�1

(x) : (3.60)

It is now necessary to determine the exponent �. Again we consider the
thermodynamic limit. The sum in (3.45) becomes an integral with the wave
vectors forming an e�ective continuum with Sd(k)V (2�)�ddk states in the
hypershell k < jkj < k+dk, where Sd(k) is the surface area of a d-dimensional
hypersphere of radius k, given by (A.20). Introducing the high-frequency cut
o� k0, from (3.47), (3.45),

�(0;K) = �̂l(0;K;0)

+
nv0

�(d=2)2d�d=2

Z k0

0

kd�1ln

�
V [A2(Kc � K) + C0k

2]

�

�
dk ;

(3.61)

for K < Kc. The heat capacity cH at constant �eld along the zero-�eld axis
is given by (3.19). The �rst term on the right-hand side of (3.61) is the
contribution arising from Landau theory and gives the discontinuity 4cH
of (3.20). In di�erentiating the integral in (3.61) only the most potentially
singular contribution is retained to give

cH ' kbnK
2
cv0A

2
2

�(d=2)2d�d=2

Z k0

0

kd�1dk

[A2(Kc �K) + C0k2]
2 : (3.62)
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Transforming to the variable

�(k) = kr = k

�
C0

A2(Kc �K)
� 1

2

(3.63)

with �0 = �(k0) gives

cH ' kbnK
2
cv0

�(d=2)2d�d=2

�
A2

C0

�2�
C0

A2(Kc �K)
� 4�d

2
Z �0

0

�d�1d�

(1 + �2)
2 : (3.64)

A singularity in cH, at the critical point can arise, either from the integral,
or, when d < 4, from the prefactor. The integral is bounded above by its
limiting value, given by taking �0 !1. This isZ 1

0

�d�1d�

(1 + �2)
2 = �

�
1

2
d
�
�
�
2� 1

2
d
�
: (3.65)

The gamma function is singular at 0;�1;�2; : : : and the integral works as
a �nite upper bound only when d < 4. In this case the prefactor diverges
giving � = (4 � d)=2. When d = 4 the prefactor is absent and any singular
behaviour must come from the integral. Since the integrand is zero at the
lower limit, for K su�ciently close to Kc,Z �0

0

�3d�

(1 + �2)
2 �

Z �0

�

d�

�
� �1

2
ln(Kc �K) : (3.66)

The heat capacity has a logarithmic divergence at the critical point. For d > 4
the prefactor does not diverge and, as in the case of d = 4, any singularity
must arise from the integral in a neighbourhood of its upper limit. ButZ �0

0

�d�1d�

(1 + �2)
2 �

Z �0

�

�d�5d� =
�d�40 � �d�4

d� 4
: (3.67)

The heat capacity does not diverge, but there is a discontinuity from the
Landau term. The exponent � = 0.

The results of the combination of Landau theory and the Gaussian ap-
proximation applied to Landau{Ginzberg theory can now be summarized as
follows:

� When d � 4, the values for the critical exponents are

� = 0 ; � = 1

2
; � = 3 ; (3.68)


 = 1 ; � = 0 ; � = 1

2
: (3.69)

These values satisfy the three scaling laws (2.169) (Widom), (2.170)
(Essam{Fisher) and (2.203) (Fisher), but not the Josephson hyper-
scaling law (2.199), except at d = 4.



3.3 Landau{Ginzberg Theory for a Critical Point 101

� When d < 4, � and � are still given by (3.69) and to satisfy the Fisher
scaling law (2.203) we need also to retain the value of 
 given in (3.69).
Since we have shown that now

� =
4� d
2

; (3.70)

the Josephson hyper-scaling law (2.199) is satis�ed. However, the Widom
and Essam{Fisher scaling laws are not satis�ed by � from (3.70) and �
and � from (3.68). To satisfy these two laws we need the new expressions

� =
d� 2

4
; � =

d+ 2

d� 2
: (3.71)

The mean-�eld values for � and � were derived from Landau theory in
Sect. 3.2 and are intended to be true for all values of d. The analysis, carries
over to the Landau{Ginzberg theory and this seems, therefore, to contradict
the validity of the values (3.71) (or alternatively of scaling theory) unless
a reconciliation can be achieved. The key to this can be found in the treat-
ment of Landau{Ginzberg using the renormalization group (see, for example,
Ma 1976a). In this treatment the parameters A2 and A4 of equation (3.16)
are also treated as renormalizable (rescalable) parameters. If we modify the
treatment of (3.16) by including exponents u2 and u4 for A2 and A4 respec-
tively then it follows that

z = d� y1 ; u2 = 2y1 � y2 � d ; u4 = 4y1 � 3d : (3.72)

It is not possible to obtain unique exponent values from these expressions.
They are, however, satis�ed by

y2 = 2 ; y1 =
1

2
d+ 1 ; u2 = 0 ; u4 = 4� d (3.73)

and these are the values associated with the Gaussian �xed point of renor-
malization theory (Ma 1976a). From (2.162) and (2.167) the values of 
 = 1
and �, � and � given by (3.70) and (3.71) are then obtained. These values
are called the Gaussian critical exponents. In this new context we can view
the derivation of the exponent values (3.18) as based on the tacit assumption
that both A2 and A4 are marginal parameters (u2 = u4 = 0). The modi�ed
derivation leading to (3.73) still leaves A2 marginal. Indeed, if this were not
the case, the derivation of � = 1

2 from (3.49) would not be valid. However,
for d < 4, A4 is relevant, for d = 4 it is marginal and for d > 4 it is irrelevant.
A discussion of the case d < 4, for which the Gaussian �xed point is unstable
requires the full renormalization group analysis. The case of interest here is
d > 4. Taking the singular part of the thermodynamic potential (3.16) on the
zero-�eld axis (�1 = 0) and substituting from (3.14) and (3.15) we have

�sing(0; �2; A4) =
3A2

2�
2
2

4A4
: (3.74)

Using the homogeneity condition
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�sing(0; �
y2�2; �

u4A4) = �d�sing(0; �2; A4) (3.75)

and substituting � = j�2j�1=y2 we have
�sing(0; �2; A4) = j�2jd=y2w(�)

0 (v); (3.76)

where v = A4=j�2ju4=y2 and

w
(�)
0 (v) =

3A2
2

4v
(3.77)

is a particular realization of the function appearing in equation (2.265). It
follows that, in terms of the discussion in Sect. 2.14, A4 is a dangerous irrele-
vant variable, with � = 1 and, from (2.270), an e�ective change of dimension
in the system to

�d = d� jd� 4j = 4 : (3.78)

Using �d in place of d in equations (3.70) and (3.71) gives the mean-�eld
exponents (3.68). We have, therefore, obtained a consistent scaling analysis
using the Gaussian exponents, with the proviso that, for d > 4, account
is taken of the dangerous irrelevant variable A4, which leads to the e�ective
dimension of the system being �xed at the value four.3 For any form of critical
behaviour the upper borderline dimension du is de�ned to be that above which
the critical exponents are those of mean-�eld theory (Fisher 1983).4 We have
shown that for a simple critical point du = 4.

Although the existence of a singularity in the heat capacity at the critical
point, superimposed upon a discontinuity, is dependent only on the dimension
d, the ability to detect the singularity experimentally will depend on the range
of temperature over which the singularity dominates the discontinuity. This
in turn will depend on the relative size of the parameters A2, A4 and C0 and
on the dimension n of the order parameter. The width of the critical region
Wc can be de�ned by the condition that

mspfcHg�4cH if and only if����1� T

Tc

�����Wc ; (3.79)

where \msp" stands for `most singular part'. For T > Tc the most singular
part of cH is given by substituting from (3.65) into (3.64) and 4cH is given
by (3.20). This yields the result

3 The discussion presented here is not quite complete. As pointed out in Sect. 2.14
it is necessary to consider other approaches to the critical point to determine
whether the change of e�ective dimension can be consistently applied. This in-
volves consideration of the case �1 6= 0, when the magnetization is given, as in
Sect. 2.10, by a root of a cubic equation.

4 The lower borderline dimension is de�ned to be that below which no phase
transition occurs. For the Ising model ferromagnet this is two.
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Wc =
1

KcA2

24nv0�
�
2� 1

2
d
�
A4

2d�1(C0�)
d
2

352=(4�d): (3.80)

Equation (3.80) is a form of the Ginzburg criterion, (Ginzburg 1960). The
singularity in cH is caused by 
uctuations and the critical region is the range
of temperature around the critical point within which 
uctuations are im-
portant. The motivation for Ginzburg's work was to understand why a �nite
discontinuity was seen at some critical points, like those in superconductors,
whereas in others, like the � point in liquid helium, a singularity was ob-
served in addition to the discontinuity. On the basis of (3.80) it can now be
seen that, whenWc is too small, the critical region cannot be resolved exper-
imentally and the singularity will not be seen. Estimates of Wc for various
systems are given by Ginzburg (1960). He concludes that, for superconductors
Wc � 3� 10�16, whereas in helium Wc � 0:3.

3.4 The Equilibrium Dilute Ising Model

Consider now a generalization of the ferromagnetic Ising model in which the
variable �(r) at any lattice site r can take the three values �1 and 0. The
Hamiltonian is extended from the form (1.49) to

bH(H; �; J; ";�(r)) =�J
(n:n:)X
fr;r0g

�(r)�(r0)� "
(n:n:)X
fr;r0g

�2(r)�2(r0)

�H
X
frg

�(r)� �
X
frg

�2(r) : (3.81)

There are now two densities m, conjugate to H and de�ned as in Sect. 3.1,
and � conjugate to � and de�ned by

� = h�̂i ; �̂ =
1

N

X
frg

�2(r) : (3.82)

A common terminology for the `standard' Ising model of Sect. 3.1 and this
extended model is to refer to them respectively as the spin- 12 and spin-1
Ising models, by analogy between the values of the site variables and that
of a quantum spin variable. The current model is also called the Blume{
Emery{Gri�ths model in reference to the work of Blume, Emery and Gri�ths
(1971). The model has many applications (see Volume 1, Sect. 6.6), including
a lattice gas of magnetic particles, where �(r) = 0 signi�es a vacant site and
� the chemical potential of a particle, binary mixtures with one ferromagnetic
component and ternary mixtures.

By the procedure used in Sect. 3.1 for the spin- 12 ferromagnetic Ising
model (see Example 3.1), the mean-�eld form for the Hamiltonian is
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Ĥ(H; �; J; "; m̂; �̂) = �N
�
1

2
zJm̂2 + 1

2
z"�̂2 +Hm̂+ ��̂

�
: (3.83)

The argument leading to the Laudau potential �l proceeds as described in
Sect. 3.1 except that now in the formula corresponding to (3.3) two con-
straints are applied, m̂ = m and �̂ = �. The �nal potential is a function
of the two densities m and � and four couplings, K1 = J=T , K2 = "=T ,
L1 = H=T and L2 = �=T . For the spin- 12 Ising model we saw that, when

L1 = 0, �l is invariant under the operator Q(m), which inverts all the spins
on the lattice, changing the sign of m. The symmetry group, with L1 = 0,
therefore contains two elements Q(m) and the identity element I. This is the
permutation group S2. In the terminology of group representation theory (see
Appendix A.3) m is a one-dimensional antisymmetric representation of S2.
For the spin-1 Ising model the symmetry group is in general unchanged. The
parameter �̂ de�ned by (3.82), and hence �, is una�ected by the operator

Q(m). The density � is a one-dimensional symmetric representation of S2 and
the Landau expansion is of the form

�L(L1;L2;K1;K2; �) =�L1m� L2�+B0(K1;K2; �)

+
1X
i=1

B2i(K1;K2; �)m
2i: (3.84)

Since, in general, no new symmetry is associated with the parameter � there
is no way, within the framework of Landau theory, of obtaining information
about a possible transition with � as order parameter. There are two excep-
tions to this. One is the case of the 3-state Potts model, discussed in Sect. 3.5,
and the other is when J = H = 0. In the latter case site states are equally
likely to be +1 and �1 and, in terms of the variable

n̂ = �̂� 1

2
; (3.85)

the Hamiltonian (3.83) becomes

Ĥ(�; "; n̂) = constant�N
h
1

2
z"n̂2 + (�+ 1

2
z")n̂

i
: (3.86)

This form is invariant under the operator Q(n) which changes all site states
j�j = 1 to zero and sites states zero to +1 or �1 with equal probability. Apart
from the trivial entropy factor associated with the two non-zero site states,
the model has become the simple lattice 
uid version of the spin- 12 Ising
model (see Chap. 4 and Volume 1, Sect. 5.3). The �rst-order transition line
and critical point lie on the line � = �c = � 1

2z" and the Landau expansion
has the form given by (3.10) with n replacing m, (���c)=T replacing L and
"=T replacing K.
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3.5 The 3-State Potts Model

The �-state Potts model (Potts 1952, Wu 1982, Martin 1991) is a lattice
model in which each microsystem, which occupies one lattice site, can exist
in � distinct states and for which the Hamiltonian is invariant under the
permutation group S� , which permutes the � microstates among themselves.
According to the discussion of universality classes in Sect. 2.3 we should
expect the critical behaviour of this model to be in a di�erent universality
class for each value of �. The simplest, nearest-neighbour version, of the
model is when a `like' nearest-neighbour pair (i.e. both members in the same
state) has interaction energy �R, with an `unlike' nearest-neighbour pair has
zero interaction energy. The Hamiltonian is then of the form

bH(R;�(r)) = �R
(n:n:)X
fr;r0g

�Kr(�(r)� �(r0)) ; (3.87)

where �(r) can take some set of � distinct integer values. The model is said
to be ferromagnetic when R > 0, encouraging the members of a nearest-
neighbour pair to be in the same state and antiferromagnetic when R < 0,
encouraging the members of a nearest-neighbour pair to be in di�erent states.
For � = 2 the symmetry group is S2 and with �(r) = �1

�Kr(�(r)� �(r0)) = 1

2
[1 + �(r)�(r0)] : (3.88)

The model is, therefore, isomorphic to the spin- 12 Ising model in zero �eld.
In this section we consider the 3-state Potts model using Landau theory.

We �rst show that the model is a special case of the spin-1 Ising model. This
can be done directly using the Hamiltonian (3.81) (Example 3.3) or in the
context of Landau theory, as we shall demonstrate here. This means that,
if the 3-state Potts model has a transition, this will occur in a subspace of
the phase space of the spin-1 Ising model. We �rst need to reformulate the
Hamiltonian (3.83) in terms of two variables which are zero at high temper-
atures. This is the case for m̂, since the states +1 and �1 will be equally
probable, but now we have three equally probable states so �̂ needs to be
replaced by p̂ de�ned by

p̂ = �̂� 2

3
; (3.89)

when (3.83) becomes, with H = 0,

Ĥ(�; J; "; m̂; p̂) =�constant�N
h
1

2
zJm̂2 + 1

2
z"p̂2 +

�
�+ 2

3
z"
�
p̂
i
:

(3.90)

The group S3 has six elements and two generators. One can be taken to be
Q(m), under which the Hamiltonian in (3.90) is clearly invariant. The second

generator can be taken as Q(�), de�ned by

Q(�) : �1! 0! +1! �1: (3.91)
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It is not di�cult to show that

Q(�)m̂ = �1

2
m̂+ 3

2
p̂ ;

Q(�)p̂ = �1

2
m̂� 1

2
p̂ :

(3.92)

The Hamiltonian of (3.90) is invariant under Q(�) if � = �2zJ and " = 3J .
The Landau potential in this case will, therefore, be of the form �l(K;m; p),
and the problem is to �nd polynomials in the two variables m and p which
are invariant under the operations of the group S3. The order parameter is
the vector (m; p) with the operations of the group generators given by

Q
(m)

�
m
p

�
=

��1 0
0 1

��
m
p

�
; (3.93)

Q
(�)

0@m
p

1A=

0@� 1
2

3
2

� 1
2 � 1

2

1A0@m
p

1A : (3.94)

The two parameters m and p are intertwined by the operator Q(�) and
the matrices in (3.93) and (3.94), together with the unit matrix give a
two-dimensional irreducible representation of S3. Clearly no linear expres-
sion Am + Dp is invariant under S3, since (3.93) implies that A = 0, and,
from (3.94), p on its own is not invariant. Consider now the polynomial
Am2 +Dmp+Ep2. From (3.93) D = 0 and from (3.94) 3A = E. We, there-
fore, have the second-degree invariantm2+3p2. Now examine the third-degree
polynomial Am3+Dm2p+Emp2+Fp3. From (3.93), A = E = 0 and, from
(3.94), D = �F , giving the third-degree invariant p3�m2p. We already know

that there is at least one fourth-degree invariant, namely (m2 + 3p2)
2
. It is

not di�cult to show that there are no others. The Landau expansion for the
3-state Potts model to the fourth degree in the invariants is

�l(K;m; p)'B0(K) +B2(K)(m
2 + 3p2) +B3(K)(p

3 �m2p)

+B4(�)(m
2 + 3p2)

2
: (3.95)

Stable equilibrium states are given by minimizing this potential form with
respect to m and p. The equilibrium conditions are

0 = 2B2(K)m� 2B3(K)mp+ 4B4(K)m(m2 + 3p2) ;

0 = 6B2(K)p+B3(K)(3p
2 �m2) + 12B4(K)p(m

2 + 3p2) ;
(3.96)

and the stability conditions are obtained by considering the determinant

�(K;m; p) =

������mm(K;m; p) �mp(K;m; p)

�pm(K;m; p) �pp(K;m; p)

����� ; (3.97)

where
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�mm(K;m; p) = 2B2(K)� 2B3(K)p+ 12B4(K)(m
2 + p2) ;

�mp(K;m; p) = �pm(K;m; p) = �2B3(K)m+ 24B4(K)mp ;

�pp(K;m; p) = 6B2(K) + 6B3(K)p+ 12B4(K)(m
2 + 9p2) :

(3.98)

A solution to (3.96) is a maximum or a minimum of �l(K;m; p) if �(K;m; p) >
0, otherwise it is a saddle point. If �(K;m; p) > 0, the solution is a maximum
or minimum according as �mm(K;m; p) is negative or positive. The high-
temperature solution m = p = 0 is a maximum if B2(K) < 0 and a minimum
if B2(K) > 0. Suppose that to leading order in 4K = K �Kc

B2(K) ' �A24K ; B3(K) ' A3 ; B4(K) ' A4 ; (3.99)

where A2, A3 and A4 are constants, A2 being positive. Then the high-
temperature solution is stable if K < Kc, (T > Tc). In general, the derivation
of non-zero solutions to (3.96) is quite complicated. We shall, however, be
concerned only with solutions at the critical temperature, which are not in a
neighbourhood of the high-temperature solution. In this case it is not di�cult
to show that, when K = Kc (B2(Kc) = 0), there are three solutions

(m
(�)
1 ; p

(�)
1 ) =

(�3; 1)A3

24A4
; (m2; p2) =

(0;�2)A3

24A4
: (3.100)

Given any solution to (3.96), other solutions can be obtained by the oper-
ations of the group S3. In general solutions will occur in sets of six, corre-
sponding to the six elements of S3. However, in this case

Q(m)(3; 1) = (�3; 1) ; Q(�)(3; 1) = (0;�2) ;
Q(m)(0;�2) = (0;�2) ; Q(�)(0;�2) = (�3; 1) ;
Q(m)(�3; 1) = (3; 1) ; Q(�)(�3; 1) = (3; 1) ;

(3.101)

and, since the group is generated by Q(m) and Q(�), the solutions (3.100)
form a closed set under the operations of the group. Since

�(Kc;m
(�)
1 ; p

(�)
1 ) =

A4
3

16A2
4

; �mm(Kc;m
(�)
1 ; p

(�)
1 ) =

A2
3

8A4
;

�l(Kc;m
(�)
1 ; p

(�)
1 ) = B0(Kc)� A3

3

6912A3
4

;

(3.102)

�(Kc;m2; p2) =
A4
3

16A2
4

; �mm(Kc;m2; p2) =
A2
3

4A4
;

�l(Kc;m2; p2) = B0(Kc)� A3
3

6912A3
4

;

(3.103)

it follows that, when A4 > 0, the solutions (3.100) are lower minima of
�l(K;m; p) than m = p = 0 at, and in a neighbourhood of, the critical
temperature. This means that the system will have already passed, with
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equal probability, to one of these states at some temperature above the critical
value. The phase transition will be �rst-order since it involves a discontinuous
change in m and p.

The prediction by Landau theory of a �rst-order phase transition in the 3-
state Potts model is an interesting example of the limitations of this method.
The results of Landau theory for the order of phase transitions are the same
as those obtained by any mean-�eld calculation and, for the general �-state
Potts model, these have been shown (Mittag and Stephen 1974) to give a
�rst-order transition for � > 2 in any dimension. In contradiction to this
it has been shown rigorously by Baxter (1973), for the square lattice (see
Volume 1, Sect. 10.14) and by Baxter et al. (1978), for the triangular lat-
tice, that the ferromagnetic �-state Potts model has a �rst-order transition
for � > 4 but a higher-order transition for � � 4. For the antiferromag-
netic model the situation is in general more complicated (Wang et al. 1989)
because of the presence of in�nite ground-state degeneracy. There are two
exceptions to this. On the square lattice the antiferromagnetic 3-state Potts
model is, like the ferromagnetic case, equivalent to a staggered six-vertex
model (Baxter 1982b, Volume 1, Sect. 10.14) with a higher-order transition
although in this case it occurs at zero temperature. On the triangular lat-
tice the ground state is six-fold degenerate (Schick and Gri�ths 1977) like
the triangular spin- 12 Ising antiferromagnet in a �eld (see Sect. 6.11). Monte
Carlo simulations (Grest 1981, Saito 1982, Adler et al. 1995), series meth-
ods (Enting and Wu 1982) and analytical investigations (Park 1994) indicate
that the transition is �rst-order in agreement with the prediction of Landau
theory.

3.6 Landau Theory for a Tricritical Point

In Sect. 2.12 we described a model for a metamagnet, which, for a certain
parameter range, exhibits a critical line meeting a triple line at a tricritical
point in the symmetry plane Ls = Hs=T = 0. The model is a generalization
of the spin- 12 Ising model. Points in the symmetry plane are given in terms
of the coupling K = J1=T and L = H=T and the Landau potential can be
expressed as the generalization

�l(Ls;L3;L;K;ms) =�Lsms � L3m3
s +B0(L;K)

+
1X
i=1

B2i(L;K)m
2i
s (3.104)

of (3.10), where ms is the sublattice order parameter. For completeness we
have included the cubic �eld H3, with L3 = H3=T , but in a metamagnet, this
�eld is not an independent quantity. It vanishes with Hs usually in a linear
way (Lawrie and Sarbach 1984). We now modify the analysis of Sect. 3.2 by
including terms in this series up to the sixth degree in ms. Thus
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�l(Ls;L3;L;K;ms)'�Lsms � L3ms +B0(L;K) +B2(L;K)m
2
s

+B4(L;K)m
4
s +B6(L;K)m

6
s ; (3.105)

and we shall consider only the case B6(L;K) > 0. The conditions for mini-
mizing �l as a function of ms are

2B2(L;K)ms + 4B4(L;K)m
3
s + 6B6(L;K)m

5
s

�Ls � 3L3m
2
s = 0; (3.106)

2B2(L;K) + 12B4(L;K)m
2
s + 30B6(L;K)m

4
s

� 6L3ms > 0 : (3.107)

In the symmetry plane when Ls = L3 = 0 the solutions of (3.106) are ms = 0,
which is stable when B2(L;K) > 0, and

m(�)
s

2
= � B4(L;K)

3B6(L;K)

h
1�

p
1�w(L;K)

i
; (3.108)

where

w(L;K) =
3B2(L;K)B6(L;K)

B2
4(L;K)

: (3.109)

From (3.106) and (3.107) the stability condition for the solutions (3.108)
becomes

�B4(L;K)
p
1�w(L;K) > 0 : (3.110)

It follows that the possible stable solutions from (3.108) are �m(�)
s or

�m(+)
s according as B4(L;K) >;< 0 respectively. In the limit B6(L;K) ! 0

(w(L;K)! 0), m
(+)
s

2 !1, while m
(�)
s

2
has the limit (3.14).

For the case B4(L;K) > 0, m
(�)
s is real only when w(L;K) < 0. If

K = K
(c)(L) (3.111)

is a solution of the equation

B2(L;K) = 0; (3.112)

giving a curve in the symmetry plane Ls = 0. This curve represents a critical
line C of continuous transitions with the ordered and disordered phases stable
in the regions B2(L;K) < 0 and B2(L;K) > 0 respectively. On physical
grounds we expect the ordered phase to occur on the side of C for which
K > K

(c)(L). This situation is very similar to that described in Sect. 3.2.

For the case B4(L;K) < 0, the situation is quite di�erent. Equation (3.108)

gives a real value of m
(+)
s as long as w(L;K) < 1. From (3.105)
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�l(0;L;K;m
(+)
s ) =B0(L;K)

+ 2

3
B4(L;K)m

(+)
s

4
hp

1�w(L;K)� 1

2

i
: (3.113)

The two minima �m(+)
s are therefore metastable, with the stable solution

given by ms = 0, when w(L;K) < 3
4 . A �rst-order phase transition occurs at

w(L;K) = 3
4 , or

B2(L;K) =
B2
4(L;K)

4B6(L;K)
; (3.114)

from the disordered state to the ordered state, with a discontinuous change
of the order parameter to

m(+)
s = �

s
�B4(L;K)

2B6(L;K)
; (3.115)

the two values occurring with equal probability. The solution curve T to the
equation (3.114) is a line of �rst-order transitions, which becomes a triple
line is the full phase diagram in which the staggered coupling Ls is included.
Suppose that T takes the form

K = K
(t)(L) : (3.116)

Then the critical curve C given by (3.111) and the �rst-order curve T given
by (3.116) meet at a tricritical point T with coordinates (Lt;Kt) given as the
solution of

B2(L;K) = 0 ; B4(L;K) = 0 ; (3.117)

where

Kt = K
(c)(Lt) = L

(t)(Lt) : (3.118)

It is straightforward to show that C and T together form a curve in the (L;K)
plane with a continuous gradient at the T.

We now use the scaling procedure of Sect. 3.2 to obtain critical exponents
along C and at T. In order to satisfy the critical curve condition (3.112),
the tricritical condition (3.117) and with B4(L;K) and B6(L;K) having the
appropriate signs we suppose that, to leading order,

B2(L;K) ' A2[K
(c)(L)�K] ;

B4(L;K) ' A4SignfK �Ktg
pjK �Ktj ;

B6(L;K) ' A6 ;

(3.119)

where A2, A4 and A6 are positive constants (cf. equation (3.15)). The scaling
analysis for a point on C proceeds exactly in the same way as in Sect. 3.2.
It can be seen from equations (3.108) and (3.109) that, in a power-series
expansion of the order parameter, B6(L;K) appears only with B2(L;K) in
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the combination given by w(L;K). Thus A6 constitutes only a higher-order
correction to scaling and does not a�ect the exponents. The same analysis
applied at the tricritical point yields, in place of the critical values of y1, y2
and x given by (3.18),

y1 =
5

6
d ; y2 =

2

3
d ; x = 1

6
d : (3.120)

Substituting into the formulae (2.162) and (2.167) we obtain the tricritical
exponents

�t =
1

2
; �t =

1

4
; 
t = 1 ; �t = 5 : (3.121)

These exponent values do, of course, satisfy the Widom and Essam{Fisher
scaling laws (2.169) and (2.170) (or their tricritical equivalents (2.244) and
(2.245)).

An analysis of tricritical behaviour using the Gaussian approximation to
Landau{Ginzberg theory can be made on the lines of Sects. 3.3 and 3.3.2.
This yields � = 1

2 and � = 0, the same values as for a critical point. The
Fisher scaling law (2.203) is therefore satis�ed. The Josephson hyper-scaling
law (2.199) is satis�ed only when d = du = 3, which is the upper borderline
dimension for a tricritical point. It may, however, be shown (Sarbach and
Fisher 1978) that the Gaussian critical exponents (3.70) and (3.71) apply to
the tricritical point with the crossover from the classical values governed by
a parameter with exponent 3� d. This parameter is thus relevant for d < 3,
leading to the crossover, and marginal for d = 3. For d > 3 it is dangerously
irrelevant, leading to an e�ective change of dimension in the system to �d = 3.

Examples

3.1 It is clear that equation (1.49) can be expressed in the form

bH(H; J ;�(r)) = �12J
X
frg

�(r)

(r)X
fr0g

�(r0)�H
X
frg

�(r) ;

where the inner summation over r0 is restricted to the z nearest-
neighbour sites of r. Show the form for the Hamiltonian (3.1) is
obtained by using the mean-�eld assumption, where

(r)X
fr0g

�(r0) is replaced by
z

N

X
frg

�(r) ;

together with (1.46). Use the same method to derive (3.83) from
(3.81).
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3.2 The response function

'T (L;K) = �@
2�

@L2
=
@m

@L

is a dimensionless form of the susceptibility. Show using (3.12), (3.14)
and (3.15) that

lim
K!�Kc

'T (0;K) = [2A2(Kc �K)]�1 ;
lim

K!+Kc

'T (0;K) = [4A2(K �Kc)]
�1 :

3.3 The total contribution to the Hamiltonian (3.81) from a pair of
nearest-neighbour sites r and r0 is

�J�(r)�(r0)� "�2(r)�2(r0)

� H
z
[�(r) + �(r0)]� �

z
[�2(r0) + �2(r0)] ;

Show that this quantity is invariant under the operations of the group
S3 ifH = 0 and, for some constant R, J = 1

2R, " =
3
2R and � = �Rz.

Hence show that the Hamiltonian (3.87) of the 3-state Potts model
can be expressed in the form

bH(R;�(r)) =�R
(n:n:)X
fr;r0g

h
1 + 1

2
�(r)�(r0)

+ 3

2
�2(r)�2(r0)� �2(r)� �2(r0)

i
:



4. Algebraic Methods in Statistical Mechanics

4.1 Introduction

There are rather few models in statistical mechanics which have been solved
exactly and many of these can be formulated in vertex form (see Chap. 5 and
Baxter 1982a). In the absence of such solutions, two alternative methods of
attack have been to determine `rigorous' conditions for the existence of phase
transitions, or bounds on the regions of phase space within which phase tran-
sitions can exist (Ruelle 1969, Gri�ths 1972, Sinai 1982). A common feature
of many of these approaches is that information about the properties of an
in�nite system is obtained by investigating an equivalent �nite system (or sys-
tem of reduced dimensionality). This can be taken to be the unifying theme
of the methods described in this chapter. In Sects. 4.3{4.8 it is convenient,
although not essential, to described the ideas in terms of a lattice 
uid model.
The equivalence between the spin- 12 Ising model with nearest-neighbour in-
teractions and a simple lattice 
uid with nearest-neighbour pair interactions
between particles was �rst shown by Lee and Yang (1952). This relationship
holds between any one-component lattice 
uid of particles of chemical po-
tential � and a spin- 12 system on the same lattice in a magnetic �eld H. It
follows that the methods and results described here can be `translated' into
a spin- 12 formulation.

Consider a one-component lattice 
uid on a �nite lattice N of jN j = N
sites. A state of the system can be described by specifying the subsetM� N
of sites occupied by particles. The Hamiltonian for the model in the grand
canonical distribution can be expressed in the formbH(M) = E(M)� �jMj ; (4.1)

where E(M) is the interaction energy of the system when the subset M is
occupied by particles. The grand partition function is

�(N ; T; �) =
X
fMg

exp[� bH(M)=T ] ; (4.2)

in terms of which the pressure and density of the 
uid are given by

P (N ; T; �) = T

N
ln�(N ; T; �) (4.3)
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and

� =
@P

@�
; (4.4)

respectively. If the number jMj = M of particles on N were �xed, the dis-
tribution would be the canonical distribution with independent extensive
variables N and M (see Volume 1, Sect. 2.1) and partition function

Z(N ; T;M) =
X

fjMj=Mg

exp[�E(M)=T ] ; (4.5)

where the sum is over all subsets of N with M sites. The grand partition
function can now be expressed in the form

�(N ; T;Z) =
NX
bM=0

Z(N ; T;cM)Z bM ; (4.6)

where Z = exp(�=T ) is the fugacity or activity.
In Sect. 1.4 we referred to the concept of the thermodynamic limit. In

this case it corresponds to taking the limit as the lattice N becomes in�nitely
large. That this limit is important for the existence of phase transitions can
be seen in the following way. A �rst-order phase transition in the system
corresponds to a discontinuity in density. Higher-order phase transitions cor-
respond to other sorts of non-smooth behaviour of P as a function of Z. For
�nite N it is clear, from (4.3) and (4.6), that the only singular points of
P (N ; T;Z), as a function of Z, are the N zeros of �(N ; T;Z), which is an
N -th degree polynomial in Z. Since �(N ; T;Z) has only positive coe�cients
none of its roots is real and positive. The lattice 
uid on a �nite lattice N
can therefore have no phase transitions.

The Peierls method (Peierls 1936) provides one of the few procedures for
proving the existence of a phase transition without explicit calculation of the
transition point. The original work of Peierls contains a proof that the Ising
model on the square lattice has a spontaneous magnetic moment at su�-
ciently low temperatures. The argument was given a rigorous formulation by
Gri�ths (1964) and Dobrushin (1965). It was extended to lattice 
uids with
nearest-neighbour repulsion or exclusion by Dobrushin (1968a, 1968b), for
hypercubic lattices, and by Heilmann (1972), Abraham and Heilmann (1980)
and Heilmann (1980) for triangular and face-centred cubic lattices. Bonded
lattice 
uid models for water, have been developed on the triangular lattice
by Bell and Lavis (1970) and on the body-centred cubic by Bell (1972). The
Peierls method has been used to established the existence of phase tran-
sitions at su�ciently low temperatures in these models by Heilmann and
Huckaby (1979) and Lavis and Southern (1984) respectively.

An important insight into the theory of phase transitions, originating
in the papers of Yang and Lee, (Yang and Lee 1952, Lee and Yang 1952) is
based on the idea of taking the fugacity Z in the partition function �(N ; T;Z)
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to be a complex variable. They proved the well-known circle theorem that,
for a spin- 12 Ising ferromagnet with pairwise interactions of arbitrary range,
the zeros of the grand partition function lie on the unit circle jZj = 1 in
the complex plane of the variable Z = exp(�2H=T ).1 This result has ex-
tended to a larger class of models (Asano 1968, 1970, Suzuki and Fisher 1971,
Newman 1975, Lieb and Sokal 1981) but this does not include the �-state
Potts model for � > 2 (Martin and Maillard 1986, O'Rourke et al. 1995).
Lieb and Ruelle (1972) considered the distribution of zeros for the antifer-
romagnetic case and showed that, if the temperature is above the critical
temperature, with an arc of the unit circle around Z = 1 free of zeros then
there will also be no zeros in the circle containing this arc and orthogonal
to the unit circle. Heilmann and Lieb (1972) were able to derive the circle
theorem for both Ising and Heisenberg models from an investigation of the
partition function zeros of a monomer{dimer system in the monomer fugac-
ity plane. Nishimori and Gri�ths (1983) have investigated the motion of the
zeros in the complex plane as the temperature is changed. Ruelle (1971) used
the contraction method of Asano (1970) to prove a result which provides,
in principle, a method for obtaining regions containing the grand partition
function zeros of one-component lattice 
uids with �nite-range interactions
whether or not they lie on jZj = 1.

The Yang{Lee circle theorem and Ruelle's theorem are both about the
complex plane of the variable Z, whether it is understood as the Boltzmann
factor of the magnetic �eld H or of the chemical potential �. The important
point about Z is that it is the Boltzmann factor for a �eld associated with sin-
gle site occupations. Any partition function of a lattice system can, however,
be expressed as a sum of powers of a number of Boltzmann factors, some of
which will arise from particle interactions. These quantities can also, in the
spirit of Yang and Lee, be treated as complex variables. Thus, for example,
for the spin- 12 ferromagnetic Ising model with Hamiltonian (1.49) on the �nite
lattice N the grand partition function is a polynomial in X = exp(�2J=T )
and Z = exp(�2H=T ). As indicated above the distribution of zeros in the
complex plane of Z satisfy the circle theorem. The distribution of zeros in
the complex plane of X has also been investigated (Fisher 1965, Jones 1966,
Brascamp and Kunz 1974) and it has been shown that in the limit of an
in�nite system, when H = 0 the asymptotic locus of zeros is given by the
Fisher circles

X =
p
2 exp(i�)� 1 : (4.7)

These circles are a result of the self-duality and spin-inversion symmetry of
the Ising model (Volume 1, Chap. 8). The duality (but not spin inversion)

1 There is, of course, an equivalent lattice 
uid formulation of this result (see
Sect. 4.7), but since it relies on the Ising model hole{particle symmetry condition
E(M) = E(N �M), where N �M is the complement of M on the lattice N ,
it has the rather arti�cial property that two empty sites interact with the same
energy as two occupied sites.
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generalizes to the �-state Potts model (Wu 1982), which has a self-dual Potts
circle

X =
p
� exp(i�) + 1 : (4.8)

For the square lattice Ising model on a semi-in�nite lattice Wood (1985)
showed that the Fisher circles could be computed as curves on which transfer
matrix eigenvalues are degenerate in modulus and thus that these latter yield
the asymptotic locus of partition function zeros. Following a description of
the use of transfer matrices in Sect. 4.9 Wood's method is described in detail
in Sect. 4.10.

4.2 The Thermodynamic Limit

We consider the thermodynamic limit of the one-component lattice 
uid when
N grows so that jN j = N ! 1 and N tends to an in�nite lattice L. To
achieve a sensible outcome in this procedure it is necessary that

lim
N!L

P (N ; T;Z) = P (L; T;Z) ; (4.9)

where P (L; T;Z) is the �nite pressure of the lattice 
uid on the in�nite lattice
L. Yang and Lee (1952) established the existence of the thermodynamic limit
for the grand distribution of a one-component 
uid of particles with hard
cores and �nite range interactions in a volume V . This work was extended by
Witten (1954), who relaxed the condition of hard cores. The corresponding
theorem for lattice systems is given by Ruelle (1969) (see also Gri�ths 1972).
Three ingredients are necessary for the existence of the thermodynamic limit:

(i) translational invariance of the interparticle interactions,

(ii) some restriction on the range of the interactions,

(iii) a limitation on the proportional number of boundary sites as the lattice
grows.

These conditions can be stated more precisely in the following way:

Given any subset X of the lattice sites, let E(X ) be the contribution to the
energy of the system which would arise if every site of X were occupied, but
which would be absent if one or more sites of X were empty. This means that
E(X ) cannot be decomposed in a sum of contributions from proper subsets
of X . If jX j = X > 1 and E(X ) 6= 0, then X is called an interacting set. The
system is translationally invariant if, for all X ,

E(X ) is dependent only on the geometric form of
X and not on its location on the lattice.

(4.10)
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Now choose a site r0 belonging to every lattice N in the limit N ! L and let
fXg0 be all the subsets, of all possible N , which contain r0. The necessary
condition on the range of interactions is thatX

fXg0

jE(X )j
jX j <1 : (4.11)

Finally suppose that Nh is the set of sites of N which are within some �xed
distance h of the boundary. A limiting procedure N ! L is said to be taken
in the sense of van Hove (Ruelle 1969, p. 14) if

lim
N!L

jNhj
jN j = 0 ; for any �xed h. (4.12)

The following theorem can now be proved (Ruelle 1969, p. 22):

Theorem 4.2.1. The limit (4.9) exists for Z > 0 with P (L; T;Z) a contin-
uous non-decreasing function of Z if (4.10){(4.12) are satis�ed.

Because of the equivalence between the one-component lattice 
uid and spin-
1
2 lattice models referred to above this result can be translated into an equiv-
alent result for the latter, establishing the continuity and monotonicity of the
free energy density as a function of the appropriate variable.

4.3 Lower Bounds for Phase Transitions:

the Peierls Method

Phase transitions in statistical mechanical models correspond to the onset of
some kind of order. Except in exceptional circumstances, of which the tran-
sition to the frozen ferroelectric state in the six-vertex model is an example
(see Sect. 5.11 and Volume 1, Sect. 10.6), immediately below the phase tran-
sition this ordering is imperfect, with the perfectly ordered state occurring
only at T = 0. An ordered phase can thus be understood by reference to its
perfect realization at zero temperature and the types of ordered phases can
in turn be understood by de�ning the concept of a ground state. In a rather
general way the order parameter of a phase can be de�ned as the expectation
value of a quantity which measures the extent to which the site occupations
mirror those of the ground state of the phase. For the Ising ferromagnet on
the square lattice with Hamiltonian (1.49) the magnetization density is

m(N ;L;K) = 2

"
 bN(")�
N

� 1

2

#
; (4.13)

where bN(") is the number from the N sites of N which are in the spin-up
state. The order parameter for the all spin-up ferromagnetic phase in zero
�eld on the in�nite lattice L is
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m(L; 0;K) = lim
L!0+

lim
N!L

m(N ;L;K) : (4.14)

Let

m"(N ;L;K) = 2

"
 bN(")�
"

N
� 1

2

#
; (4.15)

where h�i" denotes the constrained expectation value with all the boundary
sites containing up spins. There are two steps in the Peierls argument for the
square lattice Ising ferromagnet:

(a) Show that, if there exists an � > 0, independent of N , such that

m"(N ; 0;K) � � ; (4.16)

for all K > K
0 and all N , then

m(L; 0;K) � � ; (4.17)

for all K > K
0.

(b) Establish the existence of � and K0.

There are many presentations of details of this argument (Thompson 1988).
Rather than giving another we shall adopt the more general approach
of Heilmann and Huckaby (1979) and concentrate on the derivation of a
lower temperature bound for the existence of a phase transition. Although
Heilmann and Huckaby (1979) present their development for some bonded
lattice 
uid models it is not in essence speci�c to those models and can be
applied to any one-component lattice 
uid satisfying conditions (4.10){(4.12).

In the terminology of Sect. 1.4 suppose that the one-component lattice

uid has an energy E(M), which, for allM, is a linear function of the param-
eters "1; "2; : : : ; "ne . Then the Hamiltonian is a linear function of this set and
the chemical potential �. A ground state G is de�ned to be a con�guration
of the system for which the set G � N of sites is occupied by particles and
for which:

(i) G is a periodic arrangement of particles on the lattice.

(ii) There is a set of values of "1; "2; : : : ; "ne ; � for whichbH(G) � bH(M) ; (4.18)

for all M � N , with equality holding, if at all, only when M is also
periodic and thus itself a ground state.

G is said to be a stable ground state in the region of parameter space in which
it satis�es (4.18). The number !(G) of ground states which are stable in the
region in which G is stable is called the degeneracy of G.

Consider now a ground state G0. For any occupation M, a site of the
lattice is said to belong to G0 if it is occupied in the way it would be if the
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system were in the ground state G0. For any occupation of the lattice let
N0(M) be the number of sites which belong to G0 and de�ne

�0(N ;L;K1; : : : ;Kne) =
hN0(M)i0

N
� 1

!(G0)
; (4.19)

where K` = "`=T , L = �=T and h�i0 denotes the constrained expectation
value taken over allM for which the boundary sites belong to G0. When the
parameters "1; "2; : : : ; "ne ; � take values for which G0 is a stable ground state
the limit N ! L of �0(N ;L;K1; : : : ;Kne) is the order parameter for G0. The
replacement for (4.16) is then

�0(N ;L;K1; : : : ;Kne) � � > 0 ; (4.20)

(Heilmann and Huckaby 1979, Dobrushin 1968a, 1968b). It is clear that (4.20)
could never be satis�ed if !(G0) = 1; non-degenerate ground states can-
not lead to ordered phases. This would allow us, if we chose, to normalize
�0(N ;L;K1; : : : ;Kne) at T = 0 by dividing by 1� 1=!(G0). It is in fact this
normalized quantity which is equivalent to m"(N ; 0;K) in the zero-�eld Ising
ferromagnet. To obtain a useful lower bound on phase transitions we must
now use (4.20) to derive an inequality involving the temperature.

Let the lattice N be divided into units C�, � = 1; 2; : : : ; � which consist of
the smallest subsets of the sites with the following properties:

(a) All the units have the same number of sites C = jC�j and the same
geometrical structure. That is, they can be transformed into each other
by rotations and translations.

(b) For any ground state and for some labelling of the sites of the units each
unit is identically occupied both with respect to the number of particles
and the labelling.

(c) Every interacting set is contained within at least one unit.

It is not di�cult to see that it is always possible to divide the lattice into
units in the way described here as long as the boundaries of the lattice are
constructed in a suitable way. For each unit C�, a cell C� is de�ned by the
formula

C� =
n
r :

CX
j=1

�jr
(�)
j = r; 8 �j � 0 such that

CX
j=1

�j = 1
o
; (4.21)

where r
(�)
1 ; r

(�)
2 ; : : : ; r

(�)
C are the sites of the unit C�, which are called the

vertices of C�. The cells of the lattice are closed convex sets of points in
the space occupied by the lattice and spanned by their vertices.2 In a d-
dimensional lattice the dimension dC of the cells is less than or equal to d.

2 If the points of the unit are linearly independent, as is the case for the models
treated by Heilmann and Huckaby (1979), then (4.21) is the usual de�nition of
a simplex (see, example, Munkres 1984).
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The elements of the surfaces of the cells spanned by sets of dC � 1 vertices
are called faces.3 We shall con�ne our attention to the case where the only
overlaps between cells are the points on the faces and where each cell face
lies in two cells which will be called neighbours. A simply-connected set of
cells will be called a cluster. The surface of a cluster consists of those faces
of the cells of the cluster which belong to only one cell of the cluster. The
boundary of the cluster consists of those cells which have faces on the surface.
An interior site of a cluster is one which does not lie on its surface. An
interior cell of the cluster is one which is not part of the boundary. Suppose
that all sites of the lattice not lying on the boundary belong to q0 � 2 cells.
Then a cluster with an interior site must contain at least q0 cells.

Each cell of the lattice can be occupied in 2C ways which we denote
by Ok, k = 1; 2; : : : ; 2C. Among the particle arrangements when each cell is
identically occupied will be, by de�nition, all the ground states of the system.
However, it is not necessarily the case that all such con�gurations are ground
states, since there may be some corresponding to particle occupations which
do not satisfy the minimization condition (4.18) for any set of values of the
energy parameters. Any particle occupation M of the lattice implies the
occupation C� \M for the cell C�. Each C� \M is one of the occupations
Ok and if, for occupation M, �k(M) of the cells have occupation Ok the
Hamiltonian can be expressed in the form

bH(M) =

�X
�=1

bHC(C� \M) =

2CX
k=1

�k(M) bHC(Ok) ; (4.22)

where bHC(�) is the contribution to the Hamiltonian from a single cell C. This
contribution will contain all factors of the form E(X ), for every fully occupied
interacting set X � C. If X lies in more than one unit the contribution is
divided equally between that subset of units. For any occupationM in which
each of the cells is identically occupied each of the terms in the �rst sum in
(4.22) will be equal and the second sum will have only one term. For the
ground state G0 in which each cell has occupation C \ G0bH(G0) = � bHC(C \ G0) : (4.23)

A face of a cell is said to be G0-ordered (or more brie
y ordered, since we are
concentrating on a �xed ground state) if all its sites belong to G0. Otherwise
it is said to be disordered. Given any occupation M 6= G0, two cells of the
lattice are said to be linked if they share a disordered face. Given the speci�c
occupationM of the lattice a cell C� with some occupation Ok 6= C� \ G0 is
called a contour segment. The boundary of a cluster is called a contour if:

(i) Each of its cells is a contour segment. (Some, but not necessarily all, of
the interior cells of the cluster will also be contour segments.)

3 For a simplex, all such linear combinations will give points on the surface, but
this is not generally true for the de�nition of a cell given here.
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(ii) The cluster contains at least one interior site not belonging to G0. (A
contour must, therefore, consist of at least q0 cells.)

(iii) The cells of the contour are not linked to any cell not in the cluster.
(The surface of the cluster must consist of ordered faces.)

(iv) The cluster cannot be decomposed into two disjoint clusters, each
bounded by a contour.

We denote a particular contour by [q; j], where q is the number of segments
in the contour and j = 1; 2; : : : ;m(q) will be the variable which di�erentiates
between di�erent contours which can be formed on the lattice with q seg-
ments. Let nj(q) be the number of interior sites of the cluster bounded by
the contour [q; j].

Suppose that the occupationM of the lattice has all the boundary sites
belonging to G0. We are interested in obtaining an upper bound on the
number of sites ofM which do not belong to G0. This will clearly be given
by the total number of interior sites contained within the contours present in
M. Thus

N �N0(M) �
X
fqg

m(q)X
j=1

nj(q)�[q; j] ; (4.24)

where the outer summation is over all possible contour sizes and

�[q; j] =

(
1; if [q; j] is present inM,

0; otherwise.
(4.25)

Let fMg0 be the set of lattice occupations for which the boundary sites

of N belong to G0 and let fMg[q;j]0 be the set which satisfy the additional
requirement that the contour [q; j] is present. Then

h�[q; j]i0 =

X
fMg[q;j]0

exp[�Ĥ(M)=T ]

X
fMg0

exp[�Ĥ(M)=T ]
: (4.26)

For every M 2 fMg[q;j]0 there is an M� 2 fMg0, but =2 fMg[q;j]0 , which
di�ers from M only in that all the interior points of [q; j] not belonging to
G0 have had their occupations changed to put them into G0. We denote this

new set of occupations by fM�g[q;j]0 . Thus
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h�[q; j]i0 <

X
fMg[q;j]0

exp[� bH(M)=T ]

X
fM�g[q;j]0

exp[� bH(M�)=T ]

= exp
n
�

2CX
k=1

�k[q; j][ bHC(Ok)� bHC(C \ G0)]=T
o
; (4.27)

where �k[q; j] is the number of cells with occupation Ok in contour [q; j].
To �nd an upper bound to the �nal term in (4.27) it is necessary to replacebHC(Ok) by its least possible value for each cell of the cluster bounded by [q; j].
For the interior cells of the cluster it is possible for bHC(Ok) = bHC(C \ G0),
either because Ok = C \ G0 or because Ok is the occupation appropriate to
some other ground-state degenerate with G0. The cells of the contour itself,
however, are contour segments with occupations di�erent from C \ G0. They
must also be di�erent from the cell occupation of some other ground-state
degenerate with G0. (If this were not the case it would be possible to `mix'
these two occupations to achieve a ground-state degeneracy of the order of
N .) It follows that

h�[q; j]i0 < exp[�"0q=T ] ; (4.28)

where

"0 = minbHC(Ok)6=bHC(C\G0)

f bHC(Ok)g � bHC(C \ G0) : (4.29)

From (4.19), (4.24) and (4.28)

1�
X
fqg

Q(q) exp(�"0q=T )� 1

!(G0)
< �0(K1; : : : ;Kne ;L;N ) ; (4.30)

where Q(q) is some function of q such that

1

N

m(q)X
j=1

nj(q) � Q(q) : (4.31)

If such a Q(q) can be found such that the series in (4.30) is convergent for
T in the range [0; "0t(G0)], where t(G0) is the least positive solution of the
equationX

fqg

Q(q) exp

�
� q

t(G0; �)

�
= 1� 1

!(G0)
; (4.32)

then (4.20) is satis�ed if

T < "0t(G0) ; (4.33)

and, in the thermodynamic limit, the system, with parameter values appro-
priate to the ground state G0, will be in the corresponding ordered state.
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Table 4.1. Cell occupations for
nearest-neighbour pairs for the
simple lattice 
uid.

� Occupation bHC(C \ G�)
1 �|� �"� 2�=z
2 �|� ��=z
3 �|� ��=z
4 �|� 0

4.4 Lower Bounds for the Simple Lattice Fluid

The Hamiltonian for the spin- 12 Ising model is given by (1.49). By using the
variable �(r) = (1 + �(r))=2, where �(r) = 0; 1, this Hamiltonian can be
transformed (see Volume 1, Sect. 5.3) into the lattice 
uid form

Ĥ(�; "; �(r)) = �"
(n:n:)X
fr;r0g

�(r)�(r0)� �
X
frg

�(r) ; (4.34)

where, " = 4J , the chemical potential � = 2H�2Jz, with z the coordination
number of the lattice and we have omitted a constant term from (4.34). The
cells of the lattice can be taken to be the lines joining nearest-neighbour
pairs. There are four possible occupations of a cell. These are listed in Table
4.1. They are denoted by C \ G�, � = 1; : : : 4, since for each there is a region
of parameter space for which it corresponds to a stable ground state. These
regions are shown in Fig. 4.1. In the region 2�3 the two ground states 2 and
3 are degenerate so it is possible for an ordered phase to occur. Otherwise
ordered states can occur only on the phase boundaries. In particular on the
boundary � = � 1

2z", " > 0 the ground states 1 and 4 are degenerate. (This
line corresponds to the zero-�eld axisH = 0 in the spin representation and the

�

2"
�
= �
z"=2

� = �z"

4

1

2 � 3

Fig. 4.1. The ground-state dia-
gram for the simple lattice 
uid.
Regions of stability are labelled
by �, � = 1; : : : ; 4. The region 2�3
is that in which the degenerate
ground states 2 and 3 are both
stable.



124 4. Algebraic Methods in Statistical Mechanics

Fig. 4.2. The equivalence be-
tween contours and polygons on
the square lattice. The maxi-
mum number of vacant sites cor-
responds to the case, as shown
here, where all the sites enclosed
by the polygons are empty.

model is equivalent to the zero-�eld Ising ferromagnet) We shall now apply
the method of the previous section to the model along this phase boundary,
to investigate the existence of the ordered phase corresponding to G1. From
(4.29) "0 = ��=z = "=2 and, of course, !(G1) = 2, q0 = z. It is now necessary
to determine a quantity Q(q) satisfying (4.31). This will depend on the lattice
structure under consideration.

Although it is well-known that there is no phase transition for the linear
lattice (Volume 1, Sect. 2.4), it is of interest to see how the theory of the
previous section can be applied to this case. The procedure for doing this is
outlined in Example 4.1. Here we consider the case of the square lattice. For
a particular occupation, with all the boundary sites of the lattice occupied by
particles, a contour can be represented by drawing a line through the centre of
each boundary segment (each nearest-neighbour pair with occupation 2 or 3),
between the centres of the two lattice squares of which the segment is a side. It
is clear that an even number of lines will meet at the centre of each square and
that the lines form closed polygons. Whenever four lines meet at the centre
of a square the lines are cut to disconnected the polygon into two simply-
connected parts. The e�ect of this procedure is to enclose all the interior
sites of the clusters bounded by the contours within polygons (see Fig. 4.2).
Now a contour of q segments is equivalent to a polygon consisting of q line
elements drawn between the centres of lattice squares and the possible values
of q are 4; 6; 8; : : :. A polygon encloses the maximum number of sites when
it is a square. It follows that nj(q) � (q=4)

2
. We now need an upper bound

on the total number m(q) of closed polygons of q line elements. Ignoring
the boundaries of the lattice we chose the centre of one of the N squares
and begin to draw a polygon. The �rst line element can be chosen in four
ways and each subsequent line element in three ways. There are, therefore,
4N3q�1 ways of completing this construction. Among these will be all closed
polygons, including those which cross themselves, and all open arcs. Each
simply-connected closed polygon will have been counted q times and thus
m(q) < 4N3q�1=q. It follows that

1

N

m(q)X
j=1

nj(q) <
1
4q3

q�1 = Q(q) : (4.35)
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Substituting into equation (4.32) we obtain the equation

x3 + x2 � 6x+ 3 = 0 ; (4.36)

as long as x = 9 exp[�2=t(G1)] < 1. This equation has the single root x =
0:5936 in the range 0 < x < 1 and from (4.33) we establish the existence
of an ordered phase when T < 0:3678�. This can be compared with the
exact result for the critical temperature Tc = �=[2 ln(1+

p
2)] = 0:5673�. The

di�erence between these two values illustrates the point that the importance
of the Peierls method consists not in is ability to yield good values for critical
points, for which series methods are much better (Chap. 7), but rather in its
ability to establish in a rigorous way the existence of an ordered phase.

4.5 Grand Partition Function Zeros

and Phase Transitions

Suppose that ON (T ) = fZ1;Z2; : : : ;ZNg is the set of zeros of the grand
partition function (4.6) in the complex plane C Z . The connection between
the roots of the grand partition function and phase transitions in the system
is established by the following theorem, due to Yang and Lee (1952), for
which we shall provide a proof:

Theorem 4.5.1. Let W (T ) be a region in C Z which contains a segment of
the positive real axis R(+) , but none of the members of ON (T ), for any of
the sequence of lattices involved in the limiting process described in Sect. 4.2.
Then for all Z 2 W (T ) the limit (4.9) is uniform and P (L; T;Z) is an analytic
function4 of Z in W (T ).

Proof: Let V(T ) � W (T ) be a closed disc of �nite radius with its centre
on R(+) . We �rst prove the theorem for V(T ) using the Vitali convergence
theorem.5 We consider the sequence of functions P (N ; T;Z) of Z given by
the set of lattices leading to the limit in Theorem 4.2.1. These are analytic
functions in V(T ) for the reasons given above. According to Theorem 4.2.1
they tend to a limit on V(T ) \R(+) . Now let Z� be the right-hand extremity
of the diameter of V(T ). The sequence of �nite real numbers P (N ; T;Z�)
tends to the limit P (L; T;Z�). It is therefore bounded above by some number
B and since jZj � Z� on V(T ) it follows that P (N ; T;Z) � B for all lattices
N in the sequence and all Z 2 V(T ). This establishes the theorem for V(T ).

4 A complex valued function is said to be analytic in a region of the complex plane
if it is de�ned and has a derivative at each point of that region.

5 The statement of the theorem is a follows (for a proof see Titchmarsh 1939): Let
fn(Z) be a sequence of functions which are analytic in a region D � CZ and have
the following properties: (i) jfn(Z)j � B for all n and all Z 2 D . (ii) fn(Z) tends
to a limit as n!1 at a set of points having a limit point inside D . Then fn(Z)
tends uniformly to a limit in any region bounded by a contour interior to D , the
limit being an analytic function of Z.
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Now take any disc V0(T ) � W (T ) with centre in V(T ). The conditions of
the Vitali convergence theorem now hold in V0(T ) with Z� replaced by the
real number equal to the maximum modulus of Z in V0(T ). By repeating the
process with a sequence of discs the whole of W (T ) can be covered.

Now suppose that Q(T ) is a closed region in C Z which contains the set
ON (T ) of zeros of �(N ; T;Z) for all of the sequence of �nite lattices. It
follows from Theorem 4.5.1 that P (L; T;Z) is an analytic function of Z in
any W (T ) � C Z for which Q(T ) \ W (T ) = ;. Any phase transition of the
system at temperature T must therefore occur at a chemical potential � for
which exp(�=T ) 2 Q(T ) \ R(+) .

We have now de�ned the main problem in this approach to the theory
of phase transitions, namely, for any particular model leading to a set of
partition functions Z(N ; T;M), to determine the set Q(T ). This set will
not, of course, be unique and di�erent choices may have di�erent advantages
according to circumstances. Under rather general conditions a lattice 
uid
will not have any phase transitions at su�ciently high temperatures. If a
set Q(T ) can be found which evolves on to R(+) as late as possible as the
temperature is decreased then a good upper bound on T at any �xed � will
be obtained. On the other hand, if a Q(T ) can be found, for which the range
of � lying in Q(T ) \ R(+) is as narrow as possible then good bounds of � at
constant T will be obtained. These di�ering aims in the construction of Q(T )
will not, as we shall see below, necessarily lead to the same set, although we
can always form the intersection of all known sets of type Q(T ) in order to
improve the bounds.

There is one class of one-component lattice 
uids for which it is not di�-
cult to obtain some information about Q(T ) \ R(+) without any calculation.
If

Z(N ; T;N �M) = Z(N ; T;M) ; M = 1; 2; : : : ; N � 1 ; (4.37)

then, if Z0 2 ON (T ), so does its conjugate complex �Z0 and 1=Z0 and 1=�Z0.
This set of roots in invariant under inversion and conjugation and it follows
that ON (T ) must also have this property. Thus, if ON (T ) is exterior to the
disc jZj < R < 1 it is contained in the annulus R � jZj � 1=R. If condition
(4.37) is replaced by

Z(N ; T;N �M) =Z(N ; T;M)[Z(N ; T;N)]1�
2M
N ;

M = 1; 2; : : : ; N � 1 ; (4.38)

it can be shown that the grand partition function can be symmetrized by
a change of variable. If the lattice 
uid is expressed in terms of Ising spin
variables then condition (4.38) is equivalent to the restriction that the only
odd degree terms in the Hamiltonian are linear. This condition is satis�ed for
a lattice 
uid with only pairwise interactions satisfying conditions (4.10) and
(4.11). If condition (4.37) holds then, for there to be a phase transition at
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temperature T , the condition 1 2 Q(T ) \R(+) must be satis�ed. In this case
the region of phase transitions can be reduced to the largest closed interval
I(T ) � Q(T ) \ R(+) which maps into itself under inversion. If (4.37) holds
and the interactions are pairwise attractive the circle theorem of Lee and
Yang (1952) proves that the set ON (T ) lies on the unit circle jZj = 1. This
result is a special case of the theorem of Ruelle (1971), which will now be
discussed.

4.6 Ruelle's Theorem

Let a variable Z(r) be given at every site r 2 N and de�ne the polynomial

�(N ; T; fZ(r)g) =
X
fMg

n
exp[�E(M)=T ]

Y
fr2Mg

Z(r)
o
: (4.39)

It is clear, from (4.5) and (4.6), that

�(N ; T; fZ(r) = Zg) = �(N ; T;Z) : (4.40)

Suppose now that a set of closed subsets SN(T ; r) of C Z can be found such
that

�(N ; T; fZ(r)g) 6= 0 ; if Z(r) =2 SN(T ; r), 8 r 2 N : (4.41)

The zeros of �(N ; T;Z) must lie in the closed set

UN (T ) =
[

fr2Ng

SN(T ; r) (4.42)

and a possible set Q(T ) would be one which satis�ed the condition that

UN (T ) � Q(T ); 8 N in the sequence N ! L . (4.43)

In the cases discussed in Sects. 4.7 and 4.8, below, the determination of Q(T )
from UN (T ) is trivial, since the application of Ruelle's theorem leads to a set
UN (T ), which is independent of N .

We now de�ne a covering YN of the lattice N to be the set Y�, � =
1; 2; : : : ; � of subsets of N such that:

(i) Every site of N belongs to at least one member of YN .

(ii) Every interacting set is contained within at least one member of YN .

It is clear that the set of units, de�ned in Sect. 4.3, is one possible covering
of the lattice, but for present purposes it is convenient to be less speci�c. For
any occupationM of the lattice we wish to be able to write

E(M) =

�X
�=1

E�(Y� \M) ; (4.44)
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where E�(Y� \ M) is the contribution to the energy from Y�. To do this
we must avoid multiple counting of energies from interacting sets of particles
which occur in more than one Y�. One way to do this is to divide the energy
of such a set equally between all Y� in which it is contained. Another way
would be to de�ne the covering so that every interacting set is a member of
YN and, in the energy E�(Y� \ M), to exclude contributions from proper
subsets of Y�. For each Y� 2 YN de�ne the polynomial

�(Y�; T; fZ�(r)g) =
X

fX�Y�g

n
exp[�E�(X )=T ]

Y
fr2Xg

Z�(r)
o
; (4.45)

where fZ�(r)g is a set of variables de�ned for r 2 Y�. For later reference we
note, from (4.44), that, when the members of the covering are disjoint sets,

�(N ; T; fZ(r)g) =
�Y
�=1

�(Y�; T; fZ�(r) = Z(r)g) : (4.46)

Ruelle's theorem can now be expressed in the following way:

Theorem 4.6.1. If, 8 Y� 2 YN and 8 r 2 Y�, 9 a closed set X�(T ; r) � C Z

such that 0 =2 X�(T ; r) and such that �(Y�; T; fZ�(r)g) 6= 0 when Z�(r) =2
X�(T ; r) 8 r 2 Y�, then �(N ; T; fZ(r)g) 6= 0 when6

Z(r) =2 SN(T ; r) = �
Y
f�g

[�X�(T ; r)] ; (4.47)

8 r 2 N , where the product in (4.47) is over those values of � for which
r 2 Y�.
Proof: An important step in the proof of this theorem is derivation of a for-
mula for �(N ; T; fZ(r)g) in terms of the members of the set �(Y�; T; fZ�(r)g),
� = 1; 2; : : : ; �. When the covering YN consists of disjoint sets, this formula
is (4.46) and the theorem is trivial. This is because each lattice site belongs
to exactly one member of the covering, the product in (4.47) has one term
with SN(T ; r) = X�(T ; r) and Z(r) = Z�(r). The result follows from the
assumption �(Y�; T; fZ(r)g) 6= 0 and (4.46).

When the covering contains overlapping sets (4.46) is no longer valid. Its
replaced is given by the contraction procedure of Asano (1970):

Lemma 4.6.1(a) Let

�� = ���1 � �(Y�; T; fZ�(r)g) ; � = 2; 3; : : : ; � ; (4.48)

where

�1 = �(Y1; T; fZ1(r)g) ; (4.49)

6 Notation: For subsets A and B of C Z , �A is the set of all points �ZA, for ZA 2 A ,
and A B is the set of all points ZAZB, for ZA 2 A and ZB 2 B .
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and the contraction symbol � means that, when the product is taken, terms
containing factors of the form

Q
f�g Z�(r) are deleted unless the product con-

tains all Z�(r) for which r 2 Y� for � = 1; 2; : : : ; �. Then with the substitution

Z(r) =
Y
f�g

Z�(r) ; (4.50)

�(N ; T; fZ(r)g) = �� : (4.51)

Proof of 4.6.1(a): From (4.45), each of the terms in �� is of the form

�Y
�=1

n
exp[�E�(X�)=T ]

Y
fr2X�g

Z�(r)
o
; (4.52)

where X� � Y�. The sum is over certain subsets X� of the covering sets Y�
with a constraint imposed by the contraction procedure of (4.48). This can
be expressed by the condition that if, for some subsets Yi;Yj ;Yk; : : : of the
covering YN ,

Yi \ Yj \ Yk \ � � � 6= ; ; (4.53)

then

Yi \ Xi = Yj \ Xj = Yk \ Xk = � � � : (4.54)

With this condition we can de�ne

M =

�[
�=1

X� ; (4.55)

with

X� =M\Y� ; � = 1; 2; : : : ; � ; (4.56)

and the lemma follows from (4.39) and (4.44).

The formula (4.47) for SN(T ; r) can now be obtained by induction, using the
contraction procedure of Lemma 4.6.1(a) and the following result, proved by
Ruelle (1971):

Lemma 4.6.1(b): Let A and B be closed subsets of C Z which do not contain
0. Suppose that the complex polynomial

c+ aZA + bZB + gZAZB

can vanish only when ZA 2 A and ZB 2 B . Then
c+ gZ

can vanish only when Z 2 �A B .



130 4. Algebraic Methods in Statistical Mechanics

To complete the theorem using induction on the contraction procedure

we �rst de�ne S
(�)
N (T ; r) by a formula like (4.47), except that the prod-

uct is restricted to values of � in the range [1; �] for which r 2 Y�. The
statement of the theorem, applied to the lattice N� = [��=1Y�, is that

�(N�; T; fZ(r)g) 6= 0 when Z(r) =2 S
(�)
N (T ; r), 8 r 2 N�. This is true for

� = 1, when �(N1; T; fZ(r)g) = �(Y1; T; fZ(r)g), S(1)N (T ; r) = X1(T ; r).
Let it be assumed for � � 1. It is now important to note that the substi-
tution (4.50) can be made step by step in the contraction procedure with
���1 having a single variable Z(r) de�ned for each site r 2 N��1. Con-
sider now the formation of �� according to the formula (4.48). For a site

r in Y� but not in N��1, S(�)N (T ; r) = X�(T ; r) and for a site r in N��1
but not in Y�, S(�)N (T ; r) = S

(��1)
N (T ; r). In both these cases no contrac-

tion is necessary for the terms in Z(r) and Z�(r). For a site which belongs
to both Y� and N��1 the contraction procedure is applied. Linear terms in
Z(r) and Z�(r) are deleted and Z(r)Z�(r) is replaced by Z(r). According to
Lemma 4.6.1(b) �(N�; T; fZ(r)g) vanishes as a function of Z(r) only when

Z(r) 2 �S(��1)N (T ; r)X�(T ; r) = S
(�)
N (T ; r). This completes the proof of the

theorem.

We now summarize the `practical' procedure for obtaining the set UN (T ):

(i) For the lattice N choose the covering YN of subsets Y�, � = 1; 2; : : : ; �.

(ii) For each Y� form the polynomial �(Y�; T; fZ�(r)g).
(iii) For each r 2 Y� �nd a subset X�(T ; r) � C Z and not containing 0 such

that �(Y�; T; fZ�(r)g) 6= 0 when Z�(r) =2 X�(T ; r) for every r 2 Y�.
(iv) For each r 2 N construct SN(T ; r) according to the formula (4.47).

(v) Obtain UN (T ) by taking the union, as in (4.42).

It is clear that the tractability of this procedure depends very much on the
covering chosen. The number of geometrically di�erent covering sets should
be very small. In practice it is often convenient to use the lattice units, de�ned
in Sect. 4.2, as the elements of the covering.

4.7 The Yang{Lee Circle Theorem

We consider the generalizationbH(H; J(r; r0);�(r)) = �
X
fr;r0g

J(r; r0)�(r)�(r0)�H
X
frg

�(r) (4.57)

of the spin- 12 Ising model Hamiltonian (1.49), where the �rst summation is
over all pairs of sites, with J(r; r0) = J(r0; r) and J(r; r) = 0. Using the
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lattice 
uid variables �(r) of Sect. 4.4 and again omitting a constant term,
(4.57) can be re-expressed in the formbH(~�; ~"(r; r0); �(r)) =�

X
fr;r0g

~"(r; r0)[2�(r)�(r0)� �(r)� �(r0)]

� ~�
X
frg

�(r) ; (4.58)

where ~"(r; r0) = 2J(r; r0) and ~� = 2H. The terms in the �rst summation
in (4.58) are the energies of a pair of sites. The linear terms are retained in
this summation, rather than being absorbed in to the chemical potential, in
order to maintain the hole-particle symmetry. This implies the rather arti�cial
situation where the occupations �|� and �|� both have zero interaction
energy, with non-zero energies occurring for �|� and �|�. This can be
regarded as a mathematical device for simplifying the application of Ruelle's
theorem, with a transformation to more natural variables being applied at
the end. The interacting sets for this system consist of all pairs of sites for
which ~"(r; r0) 6= 0 and thus, from (4.11), we must have

1

2

X
fr0g

j~"(r; r0)j <1 8 r 2 N : (4.59)

This is achieved by imposing the condition

~"(r; r0) = 0 when jr � r0j > R, (4.60)

where R is the range of interaction. We denote a particular pair of lattice
sites by [r; r0]. The covering YN can now be taken to be all the pairs [r; r0]
for which ~"(r; r0) 6= 0 and the polynomials (4.45) take the form

�([r; r0]; T;Z(r0; r);Z(r; r0)) = 1 + ~X(T ; r; r0)[Z(r0; r) + Z(r; r0)]

+Z(r0; r)Z(r; r0) ; (4.61)

where ~X(T ; r; r0) = exp[�~"(r; r0)=T ] and Z(r0; r) is the variable for the site
r and the covering set [r; r0]. The analysis of this problem now depends of
whether the terms ~X(T ; r; r0) are greater or less than unity. The case to which
the Yang{Lee circle theorem applies is when

~X(T ; r; r0) < 1 ; 8 [r; r0] ; (4.62)

which in spin formulation corresponds to all interactions being ferromagnetic.
�([r; r0]; T;Z(r0; r);Z(r; r0)) is of the form given by equation (A.152). The
regions X�(T ; r) are then given by (A.160) for all covering sets and all lattice
sites for any choice of x 6= 1. As we shall see in our discussions in the next
section, the di�cult step in the application of Ruelle's theorem is (iv), the
construction of SN(T ) according to the formula (4.47). There is, however,
one choice of x for which this process is straightforward, namely x = 0 for
which we have
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X�(T ; r) = D (+) = fZ : jZj � 1g : (4.63)

To obtain SN(T ; r) (4.47) must now be used. In general this can be di�cult,
particularly since boundary sites are members of fewer covering sets than
interior sites and must be considered separately. However, in this case the
form of D (+) means that the product procedure has no e�ect and SN(T ; r) =
D (+) for every site of the lattice. It then follows from (4.42) that UN (T ) =
D (+) , which is independent of N . Thus D (+) is a possible choice of Q(T ) for
all T . However, in this case the symmetry condition (4.37) is satis�ed. If some
Z0 2 ON (T ) with jZ0j > 1 then 1=Z0 2 ON (T ). This contradicts the result
of Ruelle's theorem and it follows that

Q(T ) = fZ : jZj = 1g (4.64)

for all temperatures. This is the Yang{Lee circle theorem. For this formulation
in lattice 
uid terms, for which condition (4.62) is equivalent to an attractive
potential between pair of particles (and pairs of holes), we have shown that,
for an arbitrary but �nite range of interaction on any lattice, phase transitions
can occur only for ~� = 0. In the magnetic spin formulation this is equivalent
to the result that the Ising ferromagnet with arbitrary range of interaction
can have a phase transition only on the zero-�eld axis. Equation (4.58) can
be re-expressed in the more usual lattice 
uid formbH(�; "(r; r0); �(r)) = �

X
fr;r0g

"(r; r0)�(r)�(r0)� �
X
frg

�(r) ; (4.65)

where

"(r; r0) = 2~"(r; r0) = 4J(r; r0) ; (4.66)

� = ~��
X
frg

�(r; r0) = 2H� 2
X
frg

J(r; r0) : (4.67)

In this case it follows that, as long as the summations in (4.67) have the same
value for each lattice site, a phase transition can occur only on the line

� = �1

2

X
frg

"(r; r0) : (4.68)

4.8 Systems with Pair Interactions

For the application of Ruelle's theorem, the choice of the sets X�(T ; r) is, as
we have seen above, not unique. For covering sets consisting of pairs of sites
this is exempli�ed by the di�erent allowed values of the parameters x and y
of Appendix A.4. In particular cases one choice may have particular advan-
tages, in either narrowing the intersection of Q(T ) with R(+) or obtaining a
good estimate of the critical temperature by delaying as much as possible, as



4.8 Systems with Pair Interactions 133

T is decreased, the value of T at which Q(T ) intersects R(+) . The circle theo-
rem, obtained by the application of Ruelle's theorem and symmetry, narrows
Q(T ) \ R(+) to the single point Z = 1, This is an extreme case, where the
value ~� = 0 for the phase transition (if it occurs) is predicted with complete
accuracy. This result is, however, achieved at the expense of a total inability
to obtain an upper bound for the critical temperature. In this section we con-
sider other possible choices for X�(T ; r) for systems with pair interactions.
We �rst examine the situation where

~"(r; r0) =

(
~" > 0 ; for every nearest-neighbour pair [r; r0],

0 ; otherwise,
(4.69)

which gives

~X(T ; r; r0) =

8><>:
~X(T ) = exp(�~"=T ) < 1 ; for every nearest-

neighbour pair [r; r0],

1 ; otherwise.

(4.70)

This is a special case of the situation to which the circle theorem applies. We
can however, from (A.160), choose

X�(T ; r) = Xx(T ) =
�
Z : j2~X(T )Z+ xj �

q
4~X2(T )(1� x) + x2

	
; (4.71)

for every lattice site, every covering set and any x > 1. The region Xx(T ) is
a disc not including Z = 0 and with centre on R(�) . From (4.47) and (4.71),

SN(T ; r) = �[�Xx(T )]z; (4.72)

for every interior lattice site, where z is the coordination number of the lattice.
For boundary sites the formula is the same as (4.72) except that z is replaced
by some z0 < z, this being the number of nearest-neighbour sites of the
particular boundary site. Since, however, �1 2 Xx(T ) for all x > 1 it follows
that

�[�Xx(T )]z
0 � �[�Xx(T )]z (4.73)

and thus, from (4.42),

UN (T ) = �[�Xx(T )]z: (4.74)

Since this UN (T ) does not involve N it can be taken to be Q(T ). From

(A.158) the points Z(�) = �~X(T ) � i

q
1� ~X2(T ) lie on the boundary of

Xx(T ) for all x > 1. These points subtend an angle arccos[~X(T )] with R(�) .
It follows that the arc arg(Z) 2 [zf�� arccos[~X(T )]g; zf�+arccos[~X(T )]g] of
the unit circle jZj = 1 is contained in Q(T ). Since the zeros of the partition
function lie on jZj = 1 an upper bound T = Tu for the occurrence of a phase
transition is given by

~X(Tu) = cos
��
z

�
; Tu =

~"

� ln(�=z)
=

"

�2 ln(�=z) ; (4.75)
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where " = 2~" is the usually lattice 
uid interaction energy given by the
nearest-neighbour case of (4.66). For the square lattice (z = 4), Tu = 1:4427",
which is consistent with the known critical temperature Tc = 0:5673".

We now consider the homogeneous nearest-neighbour lattice 
uid with
Hamiltonian (4.34). In this case

�([r; r0]; T;Z;Z0) = 1 + Z+ Z0 +X(T )ZZ0 ; (4.76)

where X(T ) = exp("=T ), for every covering set, consisting of a pair of nearest-
neighbour sites. The expression (4.76) is of the form given by (A.163) and
the sets X�(T ; r) can be taken to be all the same and given by (A.165) or
(A.166) according as X(T ) <;> 1. These cases correspond respectively to
repulsive and attractive nearest-neighbour interactions between particles.

Consider the case where the interparticle interaction is attractive. The
possible covering sets X�(T; r) are given by (A.166). The useful choices are
given by x > 1 and consist of discs not containing Z = 0. The best upper
bound for the critical temperature is given by (4.72) with X replaced by X0

when x is chosen so that SN(T ; r) reaches R
(+) as late as possible as the

temperature is decreased. This involves the choice of the disc for which the
tangent from the origin to the boundary subtends the smallest angle with
R(�) . As indicated in Appendix A.4 this is given by choosing x = 2 with

X�(T ; r) = X02(T ) =
n
Z : jZ+ 1j �

p
1� X�1(T )

o
; (4.77)

for every lattice site and every covering set. The tangent from the origin to the
boundary of this disc subtends angles � arccos[1=

p
X(T )] with R(�) . Again,

since�1 2 X02(T ), we can make the identi�cation Q(T ) = UN (T ) = SN(T ; r),
where r is any interior site of the lattice. Using (4.72) the upper bound
temperature Tu is then given by

Tu = � j"j
2 ln(�=z)

; (4.78)

which, as is to be expected, is the same as the form given by (4.75).
In a similar way, when the interparticle interaction is repulsive, the pos-

sible sets X�(T ; r) are given by (A.165) with the best choice being given by
y = 0. Thus

X�(T ; r) = Y00(T ) =
n
Z : jX(T )Z+ 1j �

p
1�X(T )

o
; (4.79)

for every lattice site and every covering set. The tangent from the origin to
the boundary of the disc subtends angles � arccos[

p
X(T )] with R(�) and

the upper bound temperature is again given by (4.79), except that " is now
positive.

A particular case of this analysis, which was investigated by Runnels and
Hubbard (1972), is that of the lattice 
uid with nearest-neighbour exclusion.
This corresponds to the limit X(T )! 0, for all T , when equation (4.79) takes
the form
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X�(T ; r) =
�
Z : <(Z) � �1

2

	
: (4.80)

The points on the boundary of this region are given by

Z = � exp(i�)

2 cos(�)
; �� � � � � : (4.81)

The set Q, containing the zeros of the grand partition function, will consist
of the whole of the plane C Z except a region containing the origin. The
boundary of this region will be obtained from products of z points given by
(4.81). However, not all such products lie on the boundary. Suppose that
R( ) exp(i ) is a point on the boundary. It is clear, from (4.72), that

R( ) = � 1

2z
min

zY
j=1

sec(�j) ; (4.82)

where the minimization is subject to the constraint
zX
j=1

�j =  : (4.83)

Using a Lagrange undetermined multiplier it is not di�cult to show that the
required minimum is achieved when �j =  =z for all j and the boundary
curve is given by

Z = � exp(i )

[2 cos( =z)]z
; �� �  � � : (4.84)

The point where the curve (4.84) meets R(+) gives a lower bound Zl for the
critical fugacity Zc. The square lattice 
uid model with nearest-neighbour
exclusion is known as the hard-square model. From (4.84), setting  = �
and z = 4, Zl = 1

4 . The corresponding model on the triangular lattice is
the hard-hexagon model. In this case z = 6 and Zl = 1

27 . The hard-square
model has been shown to be equivalent to a sixteen-vertex model on the
square lattice (Wood and Gold�nch 1980). Estimates of the critical fugacity
were been obtained by transfer matrix (Runnels and Combs 1966) and series
(Gaunt and Fisher 1965) methods. Baxter et al. (1980) used corner transfer
matrices to obtain the high-density series of the order parameter to twenty-
four terms giving an estimate 3:7962 � 0:0001 for the critical fugacity. The
hard-hexagon model is one of the few examples of a model with a known exact
solution (Baxter 1980, 1981, 1982a, Joyce 1988a, 1988b), the critical fugacity
being 1

2 (5
p
5 + 11) = 11:09. As Runnels and Hubbard (1972) observed for

the hard-square model, the lower bounds derived by the procedure described
here, although of course valid, di�er substantially from the critical values.
These authors obtained the improvement Zl =

1
2 for the hard-square model

by choosing covering sets consisting of half the elementary squares of the
lattice with each site belonging to two squares. It is of interest to adopt
the same procedure for the hard-hexagon model (Example 4.2). In this case
equation (4.84) is replaced by
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Fig. 4.3. The result given by equation (4.85) for the hard hexagon model. The
zeros of the grand partition function lie in the shaded region.

Z = � exp(i )

[3 cos( =3)]
3 ; �� �  � � ; (4.85)

which gives Zl =
8
27 . The region free from zeros obtained from (4.85) is shown

in Fig. 4.3. The analysis of this section has given no unexpected information,
showing simply that for nearest-neighbour lattice 
uids with either repulsive
or attractive interactions there is no ordered phase at high temperatures and
giving consistency with known critical fugacities for models with nearest-
neighbour exclusion. In all but the last example we have chosen covering
sets consisting only of pairs of sites. The last example gives some indication
that improvements can be gained by increasing the number of sites within a
covering.

4.9 Transfer Matrices

The standard solution of the one-dimensional Ising model (see, for exam-
ple, Volume 1, Sects. 2.4) and many problems in two-dimensions includ-
ing Onsager's solution of the two-dimensional Ising model (Onsager 1944,
Kaufman 1949, Kaufman and Onsager 1949) and Baxter's solution of the
eight-vertex model (Sect. 5.7) are based on the use of transfer matrices. In
principle, however, the method can be applied to lattices of any dimension
and in this section we shall describe the method as applied to a �nite lattice
N of dimension d.
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4.9.1 The Partition Function

Suppose that this lattice can be decomposed into N2 identical (d � 1)-
dimensional non-overlapping slices Nj, j = 0; 1; : : : ; N2 � 1. Each slice Nj

consists of N1 sites. These will be labelled (i; j) for i = 0; 1; : : : ; N1 � 1 and
N1N2 = jN j = N . We suppose that on each site of N there is a microsys-
tem with � states and the state of site (i; j) is denoted by �i(j), with the
N1-dimensional vector � (j) denoting the state of slice Nj. The interactions
between microsystems are restricted to sites which lie either in the same slice
or in neighbouring slices, so that microsystems on the sites of Nj interact
with those on Nj�1 and Nj+1. The Hamiltonian can then be expressed in the
form

bH(� ) = b̂(� (N2 � 1); � (0)) +

N2�2X
j=0

ĥ(� (j); � (j+ 1)) ; (4.86)

where ĥ(� (j); � (j+1)) contains the contribution to the Hamiltonian from in-
teractions between sites in Nj and Nj+1 and half the contributions from inter-
actions within these two slices, and b̂(� (N2�1); � (0)) contains any boundary
contributions at N0 and NN2�1. Let

V (� (j); � (j+ 1)) = exp[�ĥ(� (j); � (j+ 1))=T ] : (4.87)

Any slice can be in any one of �N1 =M states which we denote by �m, m =
1; 2; : : : ;M . The particular ordering of these state will be discussed below.
For the moment it is su�cient to observe that, for any ordering, V (�m; �m0)
is an element of aM �M dimensional matrix. This is the transfer matrix for
this problem and is denoted by V .

Consider an operatorQ which operates on the state �m of any slice to pro-
duce another state �m0 . The largest group Q = fQ(0);Q(1);Q(2); : : : ;Q(n�1)g
of operators, such that

ĥ(Q(s)�m;Q
(s)�m0) = ĥ(�m; �m0) ; s = 0; 1; : : : ;n� 1 ; (4.88)

is the symmetry group of the Hamiltonian. It also applies to the elements of
the transfer matrix and we have

V (Q(s)�m;Q
(s)�m0) = V (�m; �m0) ; s = 0; 1; : : : ;n� 1 : (4.89)

For a two-dimensional lattice with periodic boundary conditions, Q will nor-
mally include the cyclic group CN1

as a subgroup.7 In a similar way, for
a d-dimensional lattice with periodic boundary conditions, Q will contain
the direct product of cyclic groups for the periodicity of the d � 1 lattice
directions in the slices Nj. Other subgroups of Q will correspond to any
symmetry of the Hamiltonian arising from permutations of the states of

7 Exceptions to this can occur in the case of sublattice ordering when the order of
the cyclic group may be some factor of N1 (see, for example, Lavis 1976).
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the microsystems. For the �-state Potts model (see Sect. 3.5) Q will con-
tain S� , the permutation group of � elements. Let the irreducible represen-
tations of Q be denoted by E(k), for k = 1; 2; : : : ; �, with e(k) denoting
the dimension of E(k). As is described in Appendix A.3 the e�ect of the
group Q on the states �m is given, in terms of the permutation represen-
tation R(Q) = fI;Q(1);Q(2); : : : ;Q(n�1)g of M -dimensional matrices, by
(A.78) and the symmetry property of the transfer matrix is then express-
ible in the form (A.79). For any statistical mechanical system of the type
described above it is normally possible to order the states �m into a set
of equivalence classes E(�) = f� 1(�); � 2(�); : : : ; � p(�)(�)g, � = 1; 2; : : : ; 

which are invariant and transitive under the operators of Q. This means
that the representation R(Q) divides into 
 representations R(�;Q), with
R(�;Q) = fI(�);Q(1)(�);Q(2)(�); : : : ;Q(n�1)(�)g a p(�)-dimensional rep-
resentation operating on E(�). The matrix Q(s) has the block-diagonal form
given in equation (A.87).

A procedure is described in Appendix A.3 for obtaining the matrixW (�)
which reduces the members of R(�;Q) to block-diagonal sums each submatrix
of which involves only one irreducible representation of Q. Using the set of
matrices W (�), � = 1; 2; : : : ; 
 and a permutation matrix � the matrix
W is constructed according to the formula (A.90). This has the e�ect of
reducing V to block-diagonal form as shown in equation (A.82), where the

matrix eV (k), which is associated with the irreducible representation E(k),
is of dimension w(k) = e(k)m(k). In fact, as is shown in Appendix A.3, for

e(k) > 1, eV (k) can be further reduced to a direct sum of e(k) identical blocks
of dimension m(k). This will, however, play only a minor role in our present
discussion.

Equations (A.132){(A.134) de�ne the eigenvalues and left and right eigen-

vectors of V . From (A.82) it follows that V and eV have the same eigenvalues
and these are, therefore, associated with the irreducible representations E(k)
and denoted by �`(k), ` = 1; 2; : : : ;w(k). For theM dimensional vectors and
M �M dimensional matrices used in this section there are three ways of
labelling the elements of the rows and columns. This can be done either by a
single index r = 1; 2; : : : ;M , by a pair of indices (k; `), where k = 1; 2; : : : ; �,
` = 1; 2; : : : ;w(k) refer to irreducible representations or by a pair (�;m),
where � = 1; 2; : : : ; 
, m = 1; 2; : : : ; p(�) refer to equivalence classes. The
translation rules from the second and third forms of labelling to the �rst are
respectively

r=

8><>:
` ; if k = 1,
k�1X
k0=1

w(k0) + ` ; if 1 < k � �, (4.90)
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r=

8><>:
m; if � = 1,
��1X
�0=1

p(�0) +m; if 1 < � � 
. (4.91)

Let � be the diagonal matrix with the eigenvalues �`(k) along the diagonal.
Thus8

hk; `j�jk0; `0i = �Kr(k� k0)�Kr(`� `0)�`(k) : (4.92)

Let X and Y be the matrices with the left and right eigenvectors as rows
and columns respectively. That is

hk; `jX = x`(k) ; Y jk; `i = [y`(k)]
(t) : (4.93)

It follows, from (A.132){(A.133), that

XV =�X ; (4.94)

V Y =Y � ; (4.95)

Y �1 =X ; (4.96)

from which

V = Y �X : (4.97)

The partition function Z(N1; N2; T ) of the system is given by

Z(N1; N2; T ) =
X
f�g

B(� (N2 � 1); � (0))

N2�2Y
j=0

V (� (j); � (j+ 1)) ;

=TracefV N2�1Bg ; (4.98)

where B is the matrix with elements B(�m; �m0) = exp[�b̂(�m; �m0)=T ].
From (4.97),

Z(N1; N2; T ) = TracefXBY �N2�1g =
X
fk;`g

�`(k)[�`(k)]
N2�1; (4.99)

where for the sake of brevity `fk; `g' will henceforth denote the double sum-
mation k = 1; 2; : : : ; �, ` = 1; 2; : : : ;w(k) and the coe�cients

�`(k) = hk; `jXBY jk; `i = x`(k)B[y`(k)]
(t): (4.100)

The partition function is dependent on N2 only through the powers of the
eigenvalues. Both the coe�cients �`(k), the eigenvalues themselves and their
number are, of course, dependent on N1.

8 Where convenient we shall, for any matrix Q denote the row and column vectors
formed by its r-th row and j-th column by hrjQ and Qjji respectively and the
(r; j)-th element by hrjQjji. With this notation we shall also use the pairs of
su�ces (k; `) and (�;m).
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4.9.2 Boundary Conditions

Formula (4.99) has a number of special cases of interest. When periodic

toroidal boundary conditions are applied b̂(�m; �m0) = ĥ(�m; �m0) giving
B = V . From (4.96), (4.97) and (4.100) �`(k) = �`(k) and (4.99) becomes

Z(N1; N2; T ) = Tracef�N2g =
X
fk;`g

[�`(k)]
N2 : (4.101)

Cases where the lattice has lines of boundary sites at both ends are given by

b̂(�m; �m0) = b̂(l)(�m0) + b̂(r)(�m) ; (4.102)

with the vectors b(l) and b(r) having elements exp[�b̂(l)(�m)=T ] and

exp[�b̂(r)(�m)=T ] respectively
B = [b(r)](t) 
 b(l): (4.103)

From (4.100),

�`(k) = [x`(k) � b
(r)][y`(k) � b

(l)] : (4.104)

We have shown in Appendix A.3 that any M -dimensional vector which is
invariant under the operations of the matrices of the representation R(Q)
will have zero scalar production with all the left and right eigenvectors of V
except for those in the one-dimensional symmetric representation A (k = 1).
It follows that, if one or both of the boundary vectors b(r) and b(l) have this
invariance property,

�`(k) = 0 ; if k 6= 1, (4.105)

with (4.99) reduced to

Z(N1; N2; T ) =

w(1)X
`=1

�`(1)[�`(1)]
N2�1: (4.106)

4.9.3 The Limit N2 !1

According to Perron's theorem (see Appendix A.3) the largest eigenvalue
�1(1) is real, non-degenerate and greater in magnitude that any other eigen-
value and has left and right eigenvectors with real strictly positive elements.
Since the elements of the boundary matrix B are also strictly positive it
follows from (4.93) and (4.100) that

�1(1) = x1(1)B[y1(1)]
(t) > 0 : (4.107)

We de�ne the scaled eigenvalues


`(k) = �`(k)=�1(1) ; (4.108)

for which
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lim
N2!1

j
`(k)jN2 = 0 ; (k; `) 6= (1; 1) : (4.109)

From (4.99), in the limit N2 !1,

Z(N1; N2; T ) = [�1(1)]
N2�1

X
fk;`g

�`(k)[
`(k)]
N2�1

' �1(1)[�1(1)]
N2�1: (4.110)

In the case of toroidal boundary conditions it follows from (4.101) that

Z(N1; N2; T ) ' [�1(1)]
N2 : (4.111)

It can be seen that both (4.110) and (4.111) yield the result

�(N1) = � lim
N2!1

ln[Z(N1; N2; T )]

N1N2
= � 1

N1
ln[�1(1)] (4.112)

for the dimensionless free energy �(N1) per lattice site in the limit N2 !1,
when the e�ects of the boundaries become negligible.

4.9.4 Correlation Functions

In this section we shall be ultimately concerned with the N2 !1 limit. It is
therefore convenient to assume toroidal boundary conditions. The probability
that the state � (j) of the j-th slice of the lattice is �m(�) is given by

Pr[� (j) = �m(�)] =
TracefV j�1j�;mih�;mjV N2�j+1g

Z(N1; N2; T )

=
TracefY �j�1Xj�;mih�;mjY �N2�j+1Xg

Z(N1; N2; T )

=
Tracef�(m)

� �N2g
Z(N1; N2; T )

; (4.113)

where

�(m)
� =Xj�;mih�;mjY : (4.114)

The elements of the matrix �
(m)
� , parameterized in terms of the irreducible

group representations, are

�(m)
� (k; `; k0; `0) = hk; `jXj�;mih�;mjY jk0; `0i

= [x`(k)j�;mi][y`0(k0)j�;mi] (4.115)

and

Pr[� (j) = �m(�)] =

X
fk;`g

�(m)
� (k; `; k; `)[
`(k)]

N2

X
fk;`g

[
`(k)]
N2

: (4.116)
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As is to be expected this probability is independent of j. In a similar way it
is not di�cult to show that,

Pr

�
� (j0) = �m0(�0)
� (j) = �m(�)

�
=

X
fk;`g

�
(m0m)
�0� (j� j0; k; `; k; `)[
`(k)]

N2+j
0�j

X
fk;`g

[
`(k)]
N2

;

j � j0; (4.117)

where

�
(m0m)
�0� (j; k; `; k0; `0)

= hk; `jXj�;mih�;mjV jj�0;m0ih�0;m0jY jk0; `0i=[�1(1)]
j

=
X

fk00;`00g

�
(m0)
�0 (k; `; k00; `00)[
`00(k

00)]
j
�(m)
� (k00; `00; k0; `0) : (4.118)

From (4.115)

�
(m0;m)
�0;� (0; k; `; k0; `0) = �Kr(m�m0)�Kr(�� �0)�(m)

� (k; `; k0; `0) : (4.119)

Similar results can be obtained for the joint probabilities for the states of
other subsets of the slices. In particular we shall need

Pr

2664
� (j0 � 1) = �m0

1
(�01)

� (j0) = �m0(�0)
� (j� 1) = �m1(�1)

� (j) = �m(�)

3775

=

X
fk;`g

	
(m0

1m
0m1m)

�01�
0�1�

(j� j0; k; `)[
`(k)]
N2+j

0�j�1

X
fk;`g

[
`(k)]
N2

; j � j0; (4.120)

where, for j > 0,

	
(m0

1m
0m1m)

�01�
0�1�

(j; k; `) = hk; `jXj�01;m0
1ih�01;m0

1jV j�0;m0i

� h�0;m0jV j�1j�1;m1i

� h�1;m1jV j�;mih�;mjY jk; `i=[�1(1)]
j+1

=
X
fk0;`0g

�
(m0

1m
0)

�01�
0

(1; k; `; k0; `0)[
`0(k
0)]j�1

��(m1m)
�1� (1; k0; `0; k; `) (4.121)
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and, for j = 0,

	
(m0

1m
0m1m)

�01�
0�1�

(0; k; `) = �Kr(m�m0)�Kr(�� �0)�Kr(m1 �m0
1)

� �Kr(�1 � �01)�(m1m)
�1� (1; k; `; k; `) : (4.122)

The expectation value hcji for any function c(� (j)) = cj of the state of a single
slice Nj is

hcji =

X
�=1

p(�)X
m=1

Pr[�m(�)]c(�m(�)) = C1(N2) ; (4.123)

where

C1(N2) =

X
fk;`g

�(k; `; k; `)[
`(k)]
N2

X
fk;`g

[
`(k)]
N2

; (4.124)

�(k; `; k0; `0) =


X
�=1

p(�)X
m=1

�(m)
� (k; `; k0; `0)c(�m(�)) : (4.125)

It is also clear that

hcj0cji=

X
�=1


X
�0=1

p(�)X
m=1

p(�0)X
m0=1

Pr

�
� (j0) = �m0(�0)
� (j) = �m(�)

�
c(�m0(�0))c(�m(�))

= C2(j� j0;N2); (4.126)

where

C2(j;N2) =

X
fk;`g

X
fk0;`0g

�(k; `; k0; `0)[
`0(k
0)]j�(k0; `0; k; `)[
`(k)]

N2�j

X
fk;`g

[
`(k)]
N2

:

(4.127)

The expectation value hcj0cji is dependent on j and j0 only through the di�er-
ence j� j0. The pair correlation function between the values of c(� ) at slices
Nj0 and Nj is given (see (1.54)) by

�2(cj; cj0) = hcj0cji � hcj0ihcji
= C2(j� j0;N2)� [C1(N2)]

2 : (4.128)

A similar analysis can be used to obtain the pair correlation function of
quantities which are dependent on the states of a pair of neighbouring slices
Nj�1 and Nj. Of particular interest is the case of functions of the form gj =
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g(� (j � 1); � (j)) which are invariant under the operations of the symmetry
group. Then we have

�2(gj; gj0) = G2(j� j0;N2)� [G1(N2)]
2 ; (4.129)

where

G1(N2) =

X
fk;`g

�1(k; `; `)[
`(k)]
N2�1

X
fk;`g

[
`(k)]
N2

; (4.130)

G2(j;N2) =

X
fk;`;`0g

�1(k; `; `
0)[
`0(k)]

j�1�1(k; `
0; `)[
`(k)]

N2�j�1

X
fk;`g

[
`(k)]
N2

;

(4.131)

for j > 0,

G2(0;N2) =

X
fk;`g

�2(k; `; `)[
`(k)]
N2�1

X
fk;`g

[
`(k)]
N2

; (4.132)

and

�q(k; `; `
0) =


X
�=1


X
�0=1

p(�)X
m=1

p(�0)X
m0=1

�
(m;m0)
�;�0 (1; k; `; k; `0)[g(�m(�); �m0(�0))]q :

(4.133)

The fact that (4.133) involves only one irreducible representation follows from
Theorem A.3.13 and the supposed symmetry property of g(�m(�); �m0(�0)).

With g(�m(�); �m0(�0)) = ĥ(�m(�); �m0(�0)) (4.129) gives the energy{
energy correlation function for pairs of neighbouring slices of the lattice.

Consider now the limit as N2 ! 1. From (4.109), (4.111), (4.124),
(4.127), (4.130) and (4.131),

C1(N2)' �(1; 1; 1; 1) ; (4.134)

C2(j;N2)'
X
fk;`g

�(1; 1; k; `)[
`(k)]
j
�(k; `; 1; 1) ; (4.135)

G1(N2)'�1(1; 1; 1) ; (4.136)

G2(j;N2)'

8><>:
w(1)X
`=1

�1(1; 1; `)�1(1; `; 1)[
`(1)]
j�1 ; j > 0,

�2(1; 1; 1) ; j = 0.

(4.137)
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Thus, from (4.128) and (4.129),

�2(cj; cj0)'
[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)[
`(k)]
j�j0

; (4.138)

�2(gj; gj0) =

8>><>>:
w(1)X
`=2

�1(1; 1; `)�1(1; `; 1)[
`(1)]
j�j0�1; j > j0,

�2(1; 1; 1)� [�1(1; 1; 1)]
2; j = j0;

(4.139)

where `[1,1]' indicates that the pair of indices k = 1, ` = 1 is excluded from
the summation. It should be noted that, whereas correlation functions like
(4.138) depends on all the scaled eigenvalues, the energy-energy correlation
which is an example of the type given by (4.139) depends only on the scaled
eigenvalues in the one-dimensional symmetric representation. This result is
important for Wood's method described in Sect. 4.10.

4.9.5 Correlation Lengths and Phase Transitions

Given that the elements of the transfer matrix can be expressed in terms
of some suitable Boltzmann factor X, it follows that the partition function
Z(N1; N2; T ) for �nite N1 and N2 is a polynomial in X with positive co-
e�cients. By the argument used in Sect. 4.1 for the simple lattice 
uid it
follows that the system can have no phase transitions. A modi�ed version of
Theorem 4.2 can then be used to show that no phase transitions occur in
the one-dimensionally in�nite (N1 �nite, N2 ! 1) system. Since, however,
phase transitions do occur in systems more than one-dimensionally in�nite
this must be possible in the double limit when both N1 and N2 become large.
Ree and Chesnut (1966) have argued that a necessary condition for a phase
transition at T = Tc is that, in the double limit when both N2 and N1 become
large,

j
`(k)jN1 ! L(T ) ; for some (k; `) 6= (1; 1), (4.140)

where L(Tc) 6= 0. To achieve a condition of the type (4.140) it is of course
necessary to specify the precise way in which the double limit is taken. In
any event the condition

lim
N1!1

j
`(k)j = 1 ; for some (k; `) 6= (1; 1) (4.141)

is implied by (4.140) and is in turn a necessary condition for a phase transi-
tion. We now consider one-dimensionally in�nite systems in which the limit
N2 ! 1 has already been taken and the partition function and correlation
function are given by (4.111) and (4.138) respectively. Using the latter we
shall obtain an asymptotic formula for the correlation lengths r(c) and r(g).
From (2.6),
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r2(c) =
a2

2

1X
j=0

j2�2(cj; c0)

1X
j=0

�2(cj; c0)

; (4.142)

where a is a length parameter measuring the distance between Nj and Nj+1

for any j and we have used the result c(d) = c(1) = 1
2 obtained in Sect. 3.3.2.

The correlation length for g is given by a similar formula and, from (4.138)
and (4.139),

r2(c) =
a2

2

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)
`(k)[1 +
`(k)]

[1�
`(k)]3
[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)

1�
`(k)

; (4.143)

r2(g) =
a2

2

w(1)X
`=2

�(1; 1; `)�(1; `; 1)[1 +
`(k)]

[1�
`(k)]3

�2(g0; g0) +

w(1)X
`=2

�(1; 1; `)�(1; `; 1)

1�
`(k)

: (4.144)

The scaled eigenvalues 
`(k) are, in general, complex numbers lying within a
disc, centre the origin and radius unity in a complex plane C
 . The number
of scaled eigenvalues M = �N1 increases with increasing N1 and they will
move in the disc as the temperature, or any other thermodynamic variable,
is varied. It is clear from (4.143) that the correlation length becomes large
when a scaled eigenvalue or a number of scaled eigenvalues approach the
point 1 2 C
 . For such a scaled eigenvalue


`(k) = expfln[
`(k)]g ' 1 + ln[
`(k)] : (4.145)

The summations in (4.143) are dominated by the terms to which (4.145)
applies and thus

r2(c) ' a2

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)fln[
`(k)]g�3

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)fln[
`(k)]g�1
: (4.146)

This formula gives a real result since complex eigenvalues will approach
1 2 C
 in conjugate pairs. Since the coe�cients �(1; 1; k; `)�(k; `; 1; 1) are
constructed from the eigenvectors x`(k) and y`(k) of the real matrix V it
follows that they are conjugate complex if the corresponding eigenvalues are
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conjugate complex. If the most singular terms in the summations in (4.146)
correspond to a set of degenerate real eigenvalues then the formula reduces
to

r(c) ' �afln[
`(k)]g�1; (4.147)

for any c(� ), which is a function of the state � of a single slice. We now
understand that a phase transition to an ordered phase in a system with
interactions only between neighbouring slices Nj can occur only in the limit
of an in�nite system, where both N1 and N2 become large. We have also seen,
from (4.143), (4.146) and (4.147), that, for a semi-in�nite system (N2 !
1), the correlation length becomes large when one or more of the scaled
eigenvalues approaches 1 2 C
 . For N1 �nite this can be regarded as an
incipient phase transition, which will become a true phase transition with a
singularity in the correlation length if

lim
N1!1


`(k) = 1 ; for some (k; `) 6= (1; 1). (4.148)

It is now interesting to compare conditions (4.141) and (4.148). The former,
which is a necessary condition, relates the occurrence of a phase transition to
a scaled eigenvalue approaching any point on the unit circle in C
 , whereas
the latter is concerned only with the single point where the unit circle cuts
the real axis. The limit (4.148) leads to a singularity of the correlation length
(4.142). This is constructed using the formula (4.128) for the pair correlation
function and measures the degree of correlation between slices at a separation
j � j0 which tends to align them in the same state. However, not all ordered
phases are related to this type of homogeneous ground state. Suppose that
the phase transition were to an ordered phase with a periodic ground state
of period �. In this case we need a correlation length based on the correlation
between sites at a lattice distance which is an integer multiple of �. The
expressions (4.142), (4.143), (4.145) and (4.146) are replaced by

r2�(c) =
a2

2

1X
j=0

(j�)2�2(cj� ; c0)

1X
j=0

�2(cj� ; c0)

; (4.149)

r2�(c) =
(�a)2

2

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)[
`(k)]
�f1 + [
`(k)]

�g
f1� [
`(k)]

�g3
[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)

1� [
`(k)]
�

;

(4.150)

[
`(k)]
� = exp[lnf[
`(k)]�g] ' 1 + lnf[
`(k)]�g ; (4.151)
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r2(c) ' (�a)2

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)[lnf[
`(k)]�g]�3

[1;1]X
fk;`g

�(1; 1; k; `)�(k; `; 1; 1)[lnf[
`(k)]�g]�1
: (4.152)

The correlation length r�(c) will become large if, for some (`; k), 
`(k) is
close to exp(2�iq=�) for some q = 0; 1; : : : ; �� 1 and a phase transition to an
ordered state with a periodic ground state of period � will occur if

lim
N1!1


`(k) = exp(2�iq=�) ; for some (k; `) 6= (1; 1). (4.153)

This approach to the unit circle in C
 will, of course, occur for a conjugate
complex pair of eigenvalues if 
`(k) is not real. Suppose that the set of
reduced eigenvalues is dominated in magnitude by some subset all of whose
members have magnitude 
Max. For these eigenvalues

[
`(k)]
� = exp [iArgf[
`(k)]�g+ � ln(
Max)] ; (4.154)

and, if

jArgf[
`(k)]�gj � �j ln(
Max)j ; (4.155)

(4.147) generalizes to

r�(c) ' �a[ln(
Max)]
�1
: (4.156)

This is the form for the correlation length used in many investigations which
employ transfer matrices (e.g. the phenomenological renormalization method
of Sect. 6.13). It is, however, predicated on (4.155) being true for cases where
the second largest eigenvalue is not real.

4.10 The Wood Method

In this section we describe the method, developed by Wood and his coworkers
(Wood 1987, Wood et al. 1987, Wood and Turnbull 1988, Wood et al. 1989,
Wood and Ball 1990), for understanding the critical properties of a system
by considering the limit as N1 ! 1 of the locus of the complex zeros of
the partition function of the �nite N1 � N2 system with toroidal boundary
conditions.

In Sect. 1.4 we presented a formulation of thermodynamics in terms of a
set of internal couplings Kj , j = 1; 2; : : : ; ne and external couplings Li, i =
1; 2; : : : nf . Given that there are no independent densities (r = nf�1) and that
all the couplings are expressed in terms of one coupling K by the parameters
aj and bi with Kj = ajK and Li = biK the temperature dependence of the
system, for �xed values of aj and bi, arises from dependence on the variable
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X = exp(K). The characteristic equation for the transfer matrix now takes
the form

DetfV � �IMg = F(N1;X;�) = 0 ; (4.157)

where M = �N1 and

F(N1;X;�) = fM(N1;X)�
M + fM�1(N1;X)�

M�1

+ � � �+ f0(N1;X) : (4.158)

In general the coe�cients fj(N1;X), j = 0; 1; : : : ;M , can be sums of monomi-
als in X with negative and positive exponents. We can however, without loss
of generality, suppose that a constant has been added to all the interaction
energies so that the coe�cients are analytic polynomial functions of X. (For
an example of this see the discussion of the square Ising model below.)

As in the methods of Yang and Lee (Yang and Lee 1952, Lee and
Yang 1952) and Ruelle (1971), described in Sects. 4.5{4.8, the present anal-
ysis investigates the system using a complex plane, which in this case is C X ,
the complex plane of X. For the moment we shall denote the eigenvalues of
the transfer matrix V by �r(N1;X), r = 1; 2; : : : ;M , without distinguishing
their association with the irreducible representations of the symmetry group
of the system. Then, from (4.101), the partition function is given by

Z(N1; N2;X) =

MX
r=1

[�r(N1;X)]
N2 : (4.159)

Equation (4.159) is exact and, for �nite N1 and N2, can be expanded to give
a polynomial in X with positive real coe�cients. Since fM(N1;X) = (�1)M
the eigenvalues will be �nite in C X , except possibly at the point a in�nity.
They may however, have a complicated branch-point structure. This cancels
from the summation in (4.159) to produce an analytic function with a �nite
set of zeros. We denote this set by O(N1 ; N2).

4.10.1 Evolution of Partition Function Zeros

Given any two eigenvalues �r(N1;X) and �r0(N1;X) it is clear that they will
have the same magnitude on the line for which X satis�es the equation

�r(N1;X) = $�r0(N1;X) ; $ = exp(i#) ; 0 � # < 2� : (4.160)

In general the order of the relative magnitudes of the eigenvalues will inter-
change across this line. The set of all curves de�ned by (4.160) for all r and all
r0 6= r is denoted by DN1

. This forms a complicated network in the plane C X .
LetMN1

be the subset of DN1
for which the eigenvalues satisfying (4.160) are

of maximum magnitude. It follows that, for any X =2 MN1 , there is a unique
eigenvalue of maximum magnitude. This we denote by �Max(N1;X):

9 We

9 Bearing in mind that the de�nition is ambiguous on MN1 and implies a change
of analytic form across a curve of MN1 .
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shall now show that in the limit N2 !1 the zeros O(N1 ; N2) converge onto
the curvesMN1

To make this idea precise we prove the following theorem:

Theorem 4.10.1. For every X =2 MN1
and any � satisfying the condition

j�Max(N1;X)j > � > 0, there exists an N0 > 0 such that, for all N2 > N0,
jZ(N1; N2;X)j1=N2 > �.

Proof: From (4.159),

jZ(N1; N2;X)j1=N2 = j�Max(N1;X)j
�����
MX
r=1

[
r(N1;X)]
N2

�����
1=N2

; (4.161)

where now the de�nition (4.108), for the scaled eigenvalues, is generalized to


r(N1;X) = �r(N1;X)=�Max(N1;X) : (4.162)

Since the transfer matrix V is non-singular for any X, not all of its eigenvalues
are zero. In particular it is possible, for the given �, to �nd a B > 0 such
that j�Max(N1;X)j > B > �. Since X =2 MN1

only one scaled eigenvalue has
modulus of unity. Choosing

� =
B � �

B(M � 1)
> 0 ; (4.163)

it is, therefore, possible to �nd an N0 such that

j
r(N1;X)jN2 < � ; (4.164)

for all N2 > N0 and every scaled eigenvalue with modulus less than unity. It
follows, from equations (4.161){(4.164), that

jZ(N1; N2;X)j1=N2 >B[1� (M � 1)�]1=N2

>B[1� (M � 1)�] = � : (4.165)

This theorem establishes the result that no point X =2MN1
can be a member

of O(N1 ; N2) for arbitrarily large N2. Thus that the set

lim
N2!1

O(N1 ; N2) = O(N1 ;1) 2 MN1
: (4.166)

Further insight into this situation can be gained if we consider a curve de�ned
by (4.160), for particular values of r and r0. If this curve belongs to MN1

,
then in the limit N2 !1

Z(N1; N2;X) ' [�r(N1;X)]
N2 [1 + exp(i#N2)] : (4.167)

This asymptotic expression is zero at the values # = (2r + 1)�=N2, r =
0; 1; : : : ; N2�1, which correspond to a set of points on the curve with density
which increases with N2. For M = 2, as would be the case for the one-
dimensional Ising model, this argument establishes the fact that the zeros of
the partition function lie on the single curve given by (4.160) for all N2. For
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M > 2, it adds understanding rather than rigour to the result established by
Theorem. 4.10.1.

On R(+) , the positive real axis of C X , Perron's theorem applies and
�Max(N1;X) denotes (unambiguously) a real positive non-degenerate eigen-
value. Let the eigenvalues be ordered so that �1(N1;X) is identi�ed by the
condition that �1(N1;X) = �Max(N1;X), for X 2 R(+) . Although curves be-
longing to DN1

can cross or touch R(+) , none that do can belong to MN1
.

We now de�ne EN1 as the subset of MN1 consisting of points which can be
reached by a continuous path from some point of R(+) without �rst crossing
some other member ofMN1

. It must be the case that, along the curves of EN1
,

�1(N1;X) is one of the eigenvalues which satis�es (4.160). The dimensionless
free energy per lattice site of the system for �nite N1 and N2 is

�(N1; N2;X) = � 1

N1N2
lnZ(N1; N2;X) : (4.168)

Suppose that W is a region in C X containing a segment of R(+) , but none of
the members of O(N1 ; N2) for all N1 and all N2 greater than some N0. Then,
by a slight modi�cation of Theorem 4.5.1, it follows that the free energy per
lattice site �(L;X), de�ned by

�(L;X) = lim
N1!1

lim
N2!1

�(N1; N2;X) ; (4.169)

for the in�nite system L is a regular function of X in W and no singularity of
�(L;X) can occur at a real value of X 2 W \ R(+) . For any �xed value of N1

it follows from Theorem 4.10.1 that N0 can be chosen so that, if W \EN 1
= ;,

then O(N1 ; N2) \ W = ; for N2 > N0. The �nal conclusion of this argument
is that singularities of the in�nite system L are possible only at real values
of X to which some points of EN1

converge as N1 !1.

4.10.2 Connection Curves and Cross-Block Curves

Suppose, as in Sect. 4.9, that the irreducible representations of the symmetry
group Q are E(k), k = 1; 2; : : : ; �. The transfer matrix can be block diago-
nalized into blocks corresponding to these representations.It is also shown in
Appendix A.3 that, for a representation E(k) of dimension e(k) > 1, a further
reduction is possible into e(k) identical blocks. The characteristic equation
take the form

�Y
k=1

[DetfV 0(k)� �Im(k)g]e(k) = F(N1;X;�) = 0 ; (4.170)

where V 0(k) is the block of the transfer matrix which appears in the direct
sum in (A.127). The factors in the product in equation (4.170) are polyno-
mials of degree m(k) with

DetfV 0(k)� �Im(k)g = G(k;N1;X;�) ; (4.171)
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where

G(k;N1;X;�) = gm(k)(k;N1;X)�
m(k) + gm(k)�1(k;N1;X)�

m(k)�1

+ � � �+ g0(k;N1;X) : (4.172)

Thus we have

F(N1;X;�) =

�Y
k=1

[G(k;N1;X;�)]
e(k): (4.173)

The coe�cients in (4.172) are polynomials in X and, if the factorization
(4.173) were complete in the sense that no further reduction into factors
with polynomial coe�cients were possible, then the eigenvalue solutions
�`(k;N1;X), ` = 1; 2; : : : ;m(k), of

G(k;N1;X;�) = 0 (4.174)

would be the branches of an (irreducible) algebraic function. There are two
reasons why this might not be the case. Firstly, it is sometimes quite di�cult
to determine the complete symmetry group of the system and any further
`hidden' symmetry would lead to a factorization of G(k;N1;X;�). Secondly,
we have no guarantee that the full symmetry group will lead to a complete
factorization of the characteristic equation. A example of this is provided by
the square lattice Ising model which is discussed below. For the moment we
shall suppose that G(k;N1;X;�) is irreducible. The only modi�cation needed
if this were not the case, would be an additional index to distinguish the
separate factors. We have now reverted to the notation of Sect. 4.9, denoting
the eigenvalues by the pair of indices k and ` and (4.159) is re-expressed as

Z(N1; N2;X) =

�X
k=1

m(k)X
`=1

[�`(k;N1;X)]
N2 : (4.175)

The curves in DN1 are now distinguished by their representations. The set
for which X satis�es the equation

�`(k;N1;X) = $�`0(k
0;N1;X) ; $ = exp(i#) ; 0 � # < 2� ; (4.176)

for all ` = 1; 2; : : : ;m(k), `0 = 1; 2; : : : ;m(k0) is denoted by CN1
(k; k0). For

reasons made clear in Appendix A.5, CN1
(k; k) are called connection curves

and CN1
(k; k0), with k 6= k0 are called cross-block curves. The total set[

fk;k0g

CN1
(k; k0) = DN1

: (4.177)

On R(+) , �Max(N1;X) = �1(1;N1;X). So EN1
consists of curves in the set

CN1
(k; 1) for some k.
In principle an investigation of the evolution of the set EN1

for increasing
N1 should provide some indication of the critical point of the system in the
limit N1 ! 1. However, the dimension M = �N1 of the transfer matrix
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will grow very rapidly with N1, with all the resulting computational di�cul-
ties. These can be lessened by using the block diagonalization of the transfer
matrix, particularly if EN1 consisted of connection curves in CN1(1; 1) rather
than cross-block curves in CN1

(k; 1) with k 6= 1. Then it would be necessary
to calculate only the one-dimensional symmetric block of the transfer matrix,
which is straightforward using formula (A.122). Unfortunately this is not nec-
essarily the case, as we shall see below for the square lattice nearest-neighbour
spin- 12 Ising model and as was also shown for the square Ising model with
equal nearest- and second-neighbour interactions by Wood (1987),. The in-
teresting and important feature of Wood's method is the argument that, as
N1 !1, EN1 converges on to that part C�

N1
(1; 1) of CN1(1; 1) which involves

�1(1;N1;X). This means that, for �nite N1, the curves of C�
N1
(1; 1) rather

than EN1
can be used to obtain an approximation to the critical properties of

the in�nite system. Two arguments can be advanced for the truth of Wood's
contention. The �rst of a general nature and the second based on calcula-
tions for particular systems. In the latter category we shall present below a
discussion of the square lattice spin- 12 Ising model.

First, in a general context, consider the two di�erent �nite systems, one
with toroidal boundary conditions and the partition function (4.175) and the
other with the boundary matrix B given by

h�;mjBj�0;m0i = �Kr(�� �0)=p(�) : (4.178)

It then follows from (4.99), (4.100) and (A.145) that

�`(k) = �Kr(k� 1) ; (4.179)

and

Z(N1; N2;X) =

m(1)X
`=1

[�`(1;N1;X)]
N2�1: (4.180)

Both this partition function and (4.175) give the same limit (4.112) for the
free energy per lattice site. This means that the critical properties of the two
systems in the limit N1 ! 1 are identical and are also the same as that of
a reduced system with toroidal boundary conditions, transfer matrix consist-
ing of just the one-dimensional symmetric block of that for the full system
and N2 � 1 rather than N2 slices. A sequence of �nite cases of each of these
three systems can be understood to give a succession of approximations to
the same in�nite system. Support for this argument is given by considering
the pair correlation functions (4.138) and (4.139). Summation of these over
j will yield according to the 
uctuation-response function relation (1.62) re-
sponse functions, which have a maximum on R(+) when a scaled eigenvalue
approaches unity. For the full system this corresponds to the point where
the magnitude of the second largest scaled eigenvalue attains a maximum.
For the reduced system the response function is the heat capacity which at-
tains a maximum where the magnitude of the second largest scaled eigenvalue
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in the one-dimensional symmetric representation attains a maximum. Since
both these points develop into the same singularity at the critical point as
N1 !1, they must converge with increasing N1.

4.10.3 The Spin-1
2
Square Lattice Ising Model

In this case the symmetry group is G = CN1v�S2, where CN1v is the group of
rotations of the lattice and re
ections through planes containing the lattice
axis (see, for example, Leech and Newman 1969 or McWeeny 1963 for further
details) and S2 = fI; Sg corresponds to spin inversion. To ensure that the
coe�cients in the characteristic equation (4.157) are analytic polynomials
in X we add the constant �J to each nearest-neighbour pair interaction,
giving �2J and zero for a pair of parallel and anti-parallel spins, respectively.
The eigenvalues are given in two sets, corresponding to direct products of
the representations of CN1v with the one-dimensional anti-symmetric and
symmetric representations of S2. In our notation, these are respectively

�(e)(�; : : : ;�; N1;X) = exp
n
1

2
[�
0(N1;X) � � � � 
2N1�2(N1;X)]

o
� [X(X2 � 1)]

1
2N1

; (4.181)

�(o)(�; : : : ;�; N1;X) = exp
n
1

2
[�
1(N1;X) � � � � 
2N1�1(N1;X)]

o
� [X(X2 � 1)]

1
2N1

; (4.182)

with the choice of an even number of negative signs (Onsager 1944,
Kaufman 1949, Domb 1960), where the 
r(N1;X), r = 0; 1; : : : ; 2N1 � 1 are
given by

cosh[
r(N1;X)] =
(X2 + 1)2

2X(X2 � 1)
� cos

�
r�

N1

�
: (4.183)

The sign ambiguity of the 
r(N1;X) in (4.183) is resolved by imposing the
condition that, on R(+) , they are all smooth functions of X which are positive
at low temperatures (X large). Using this condition the appropriate root for
exp[
r(N1;X)] in (4.183) is

exp[
r(N1;X)] =
fr(N1;X) + gr(N1;X) + 2

p
fr(N1;X)gr(N1;X)

4X(X2 � 1)
;

(4.184)

where

fr(N1;X) = (X2 + 1)2 � 4 cos2
�
r�

2N1

�
X(X2 � 1) ;

gr(N1;X) = (X2 + 1)2 + 4 sin2
�
r�

2N1

�
X(X2 � 1) :

(4.185)
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These functions are perfect square only for

f0(N1;X) = (X2 � 2X� 1)2 ; g0(N1;X) = (X2 + 1)2 ;

gN1
(N1;X) = (X2 + 2X� 1)2 ; fN1

(N1;X) = (X2 + 1)2 :
(4.186)

In all other cases the zeros of fr(N1;X) and gr(N1;X) give eight branch-points
for exp[
r(N1;X)]. These branch-points will appear in the eigenvalues given
by (4.181) or (4.182), according to the parity of r, unless 
2N1�r(N1;X) and

r(N1;X) have opposite signs. In that case, since 
2N1�r(N1;X) = 
r(N1;X),
the branch-points are eliminated. With ' de�ned in terms of X by

X = exp(i') �
p
exp(2i') + 1 ; (4.187)

the zeros of fr(N1;X) and gr(N1;X) are given by

cos' =

8><>:
cos2

�
r�
2N1

�
;

� sin2
�
r�
2N1

�
:

(4.188)

If the characteristic polynomial of any model is expressed, in the form (4.173),
as a product of irreducible polynomials, then we know that every branch of
an algebraic function must be an eigenvalue in the same irreducible represen-
tation. However, as we shall now see the converse is not necessarily the case.
Not all eigenvalues in the same irreducible representation are branches of the
same algebraic function. For the present model the eigenvalues which are the
branches of a single algebraic function can be identi�ed in the sets (4.181)
and (4.182) from their branch-points. Given any eigenvalue, another branch
of the same algebraic function can be obtained by changing the signs of both
members of a pair 
2N1�r(N1;X) and 
r(N1;X). On R(+) the largest eigen-
value is �(o)(+; : : : ;+; N1;X) and this is, therefore, a branch of an algebraic
function of degree

d(N1) =

8<:2
1
2N1 ; N1 even,

2
1
2 (N1�1); N1 odd.

(4.189)

The multiplicity m(1;N1) of the one-dimensional symmetric representa-
tion is given by the formulae in Example 4.3. From these we see that
m(1;N1) = d(N1) for N1 = 2; 3; : : : ; 6, but m(1; 7) = 9 > d(7) = 8 and
m(1; 8) = 18 > d(8) = 16. For N1 > 6 the one-dimensional symmetric
representation contains eigenvalues, with a di�erent branch-point structure
from �(o)(+; : : : ;+; N1;X). We do, however, know that the eigenvalues of
any representation will be either entirely in the set (4.181) or the set (4.182)
according to whether the representation in question is formed from the one-
dimensional anti-symmetric or one-dimensional symmetric representation of
S2. It follows that all the eigenvalues of the one-dimensional symmetric rep-
resentation are members of (4.182).
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Fig. 4.4. The connection and cross-block curves, in the plane CX , for the Ising
model with N1 = 2. The zeros of Z(2; 16;X) are marked by + and the region in
which �1(k; 2;X is the eigenvalue of largest magnitude is labelled (k).

We now return to (4.187) and (4.188) which de�ne the branch-points
of the eigenvalues. If '0 is a solution of the �rst of the equations (4.188)
in the interval [0; 12�], then '1 in the interval [ 12�; �] satis�es the second
equation when cos'0 � cos'1 = 1. The connection curve in C X described
by (4.187) with the positive sign and ' 2 ['0; '1] has a cusp at ' = 1

2�,
X = i. Another connection curve is given by taking ' 2 [�'1;�'0]. The
two connection curves corresponding to the negative sign in (4.187) can be
obtained by applying the mapping X ! �1=X. It is not di�cult to show
that these four curves form pairs of crossing curves lying on the Fisher circles
(4.7). These connection curves for r = 1, N1 = 2, when '0 =

1
3�, '1 =

2
3�

are shown in Fig. 4.4 as chain lines terminating at the eight branch-points
which are denoted by �. The Fisher circles (4.7) are completed with dotted
lines.

The second largest eigenvalue is �(e)(+; : : : ;+; N1;X) (Kaufman 1949)
which cannot belong to the one-dimensional symmetric representation. EN1

therefore consists of cross-block curves. Although it is possible that the zeros
of Z(N1; N2;X) all lie on the part ofMN1 which is not EN1 it is more plausible
to expect, (as in the case N1 = 2 investigated below), that some of the zeros
O(N1 ; N2) for any N2 will lie on EN1

. It can, however, be shown (Fisher 1965,
Wood 1985) that the limiting locus of partition function zeros for this model
is the pair of Fisher circles (4.7). It must, therefore, be concluded that, in the
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double limit N1 !1, N2 !1, the curve EN1
closes in on the circles (4.7),

which according to Theorem 4.10.1 contain the zeros of the partition function
Z(1)(N1; N2;X), de�ned by (4.180). These zeros lie on the connection curve
C�
N1
(1; 1), de�ned by

�(o)(+;+; : : : ;+;+; N1;X) = $�(o)(�;+; : : : ;+;�; N1;X) ; (4.190)

which has branch-points on the circle X =
p
2 exp(i�)+1 at the pair of points

X= exp

�
�i arccos

�
cos2

�
�

2N1

���

+

s
exp

�
�2i arccos

�
cos2

�
�

2N1

���
+ 1 : (4.191)

As N1 ! 1 X ! 1 +
p
2, which is equivalent to sinh(2J=T ) = 1, the

formula for the critical temperature of the square lattice Ising ferromagnet
(Sect. 5.10 and Volume 1, Chap. 8). All the connection curves form a set of
overlapping arcs on the circles (4.7) and in this limit branch-points of all the
connection curves approach the critical point which becomes for them a point
of accumulation. The critical point can also be seen as a result of analytically
continuing C�

N1
(1; 1) through the branch-points to R(+) .

The remarkable feature of this result is that, although the critical point
is for the system in the thermodynamic limit of in�nite N2 and N1, it applies
to the eigenvalues for any �nite N1. This can be seen by a more detailed
examination of the case N1 = 2. The block diagonalization of the transfer
matrix for this case is the problem posed in Example 4.4. The characteristic
equation for V 0(1) is

�2 � (X2 + 1)2�+X2(X2 � 1)2 = 0 ; (4.192)

which gives

�1(1; 2;X)

�2(1; 2;X)

)
=

1
2

h
(X2 + 1)2 �

p
(X2 + 1)4 � 4X2(X2 � 1)2

i
: (4.193)

From V 0(3) and V 0(4) in Example 4.4

�1(3; 2;X) = X2(X2 � 1);

�1(4; 2;X) = X2 � 1:
(4.194)

The eigenvalues �1(1; 2;X) and �2(1; 2;X) can be obtain from (4.182) ac-
cording to the prescription

�1(1; 2;X) = �(o)(+;+; 2;X);

�2(1; 2;X) = �(o)(�;�; 2;X):
(4.195)
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The question of the derivation of �1(3; 2;X) and �1(4; 2;X) from (4.181) is
discussed below. The connection curves C2(1; 1) are given, either using (4.160)
and (4.193) or the resultant formula (A.179) with the quadratic in (4.192).
They have the structure described above for the general N1 case and are
shown in Fig. 4.4 by chain lines. From (4.194) the cross-block curve C2(3; 4)
is the circle jXj = 1 (represented by a broken line in Fig. 4.4). From (4.193){
(4.194) the cross-block curves C2(1; 3) and C2(1; 4) are both given by the
solutions of

X2(X2 � 1) exp(2i#)� (X2 + 1)2 exp(i#) + X2 � 1 = 0 : (4.196)

These curves are represented by continuous lines in Fig. 4.4. On that part of
the curves for which jXj > 1, j�1(1; 2;X)j = j�1(3; 2;X)j and when jXj < 1,
j�1(1; 2;X)j = j�1(4; 2;X)j. The exterior and interior of the circle jXj = 1
correspond respectively to the ferromagnetic (J > 0) and antiferromagnetic
(J < 0) models. The inversion symmetry of Fig. 4.4 with respect to this
circle corresponds to the invariance of the free energy of the square lattice
Ising model with respect to interchange of the sign of J . It follows from the
topological structure of Fig. 4.4 that, for J > 0, the curve j�1(1; 2;X)j =
j�1(3; 2;X)j forms the subset M2 along which there are two eigenvalues of
maximum magnitude. In a similar way j�1(1; 2;X)j = j�1(4; 2;X)j gives the
subset M2 when J < 0. The eigenvalues of maximum magnitude in each
of the regions formed by the curves M2 are shown in Fig. 4.4. The curves
of E2 consist of that part of M2 to the right of the imaginary axis. The
conclusion for general N1 that EN1

consists of cross-block curves is, therefore,
explicitly con�rmed in this case. According to Theorem 4.10.1 the zeros of
Z(2; N2;X) converge on to M2 as N2 ! 1. The zeros of Z(2; 16;X) are
indicated by crosses in Fig. 4.4. Even with this comparatively small value of
N2 the conclusion of the theorem is supported.

We need at this point to distinguish those features of the behaviour of the
square lattice Ising model which can be expected to appear in a wide class
of lattice models and those which arise because of its special properties. The
characteristic of general validity is the convergence with increasing N1 of EN1

on to C�
N1
(1; 1), with the analytic continuation of C�

N1
(1; 1) to R(+) yielding

an approximation to the critical point. A special feature of the Ising model is
that C�

N1
(1; 1) lies on the same curves (4.7) for all values on N1. This means

that the exact critical temperature can be obtain using any �nite value of
N1. The reason for this can be found in the self-duality of this model. With

S = 1

2
(X�X�1) ; (4.197)

the duality transformation for real X > 1 (and S > 0) is given by

S$ S� =
1

S
; or X$ X� =

X+ 1

X� 1
; (4.198)

(see, for example, Volume 1, Sect. 8.3). The curves given by

1

2
(X�X�1) = exp(i') ; �� � ' < � ; (4.199)
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are invariant under the duality transformation, which takes ' ! �'. Equa-
tions (4.187) give the solutions of (4.199) and it follows that all the branch-
points and all the connection curves lie on the self-dual curves (4.199) for all
N1. The underlying reason for this, as can be seen from equations (4.184){
(4.185), is that, for r = 1; 2; : : : ; 2N1 � 1, the functions exp[
r(N1;X)] are
invariant under the duality transformation. It then follows that all the eigen-
values de�ned by (4.182), which include all those of the one-dimensional
symmetric representation, satisfy the formula

�(N1;X)

[X2S]
1
2N1

=
�(N1;X

�)

[X�2S�]
1
2N1

: (4.200)

The eigenvalues of (4.181) can also be made to satisfy (4.200) if, when de�ning
exp[
0(N1;X)], care is taken in the choice of the sign of the square root in
(4.184). From (4.184) and (4.186),

exp[
0(N1;X)] =

8>><>>:
X(X� 1)
X+ 1 ; S > 1,

X+ 1
X(X� 1)

; S < 1.

(4.201)

Using this de�nition in (4.181) will, from (4.175), gives the usual duality
formula for the partition function (see Volume 1, Sect. 8.3)10 for all values
of N1 and N2. This is, however, at the expense of a change of analytic form
at the self-dual point X = 1 +

p
2. For N1 = 2 this means that the formulae

(4.194) are restricted to S > 1 with

�1(3; 2;X) = X(X+ 1)2;

�1(4; 2;X) = X(X� 1)2;
(4.202)

for S < 1. If Z(2; N2;X) is calculated for some �nite N2 from �rst principles,
simply by counting con�gurations on the lattice, then the result achieved is
that obtained using the eigenvalues (4.193){(4.194), which alone does not
satisfy duality (see Example 4.5).

Duality also leads to the appearance of a curve which contains C�
N1
(1; 1)

for all N1 in the case of the triangular Ising model and the square lattice
�-state Potts model (Wood et al. 1987). The interesting question of using the
method to uncover approximate, or hitherto unsuspected symmetries, leading
to critical points given in terms of algebraic numbers has been discussed by
Wood and Ball (1990).

4.10.4 Critical Points and Exponents

As has been indicated above, the procedure, in the absence of any special sym-
metry properties, is to analytically continue the connection curve C�

N1
(1; 1) to

10 The extra factor XN1 arises from the choice of energies; �2J and zero for parallel
and antiparallel pairs, respectively.
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R(+) to give an approximation to the critical point. Two di�erent approaches
can be taken to this task.

In the �rst it is supposed that the appropriate branch of the connection
curve has been identi�ed by

�1(1;N1;X) = $�2(1;N1;X) ; (4.203)

with known expressions in terms of X for the eigenvalues. With

f(X) =
�1(1;N1;X)

�2(1;N1;X)
; (4.204)

the connection curve is given by jf(X)j = 1, with f(X) = 1 at the branch-
points. The analytic continuation of the connection curve through the branch-
points, called the extension curve, is de�ned by Argff(X)g = 0. Now let

X = r exp(i�) ;

f(X) = F(r; �) exp[i�(r; �)] :
(4.205)

The extension curve is given by

�(r; �) = 0 ; (4.206)

with normal in the direction

n̂(r; �) =

�
@�

@r
;
1

r

@�

@�

�
: (4.207)

Except at the branch-points the Cauchy{Riemann conditions

@F

@r
=

F

r

@�

@�
;

1

r

@F

@�
= �F@�

@r
; (4.208)

are satis�ed. The approximation to the critical point is given by the intersec-
tion of the extension curve and R(+) . If this intersection is orthogonal then,
from (4.207) and (4.208)

@�

@�
= 0 ;

@F

@r
= 0 : (4.209)

The second of these conditions, identi�es Xc as a turning point of jf(Xj along
R(+) .

The second approach, which maps out the whole of CN1
(1; 1) and its ex-

tension curves, is to begin with the de�ning polynomial

G(1;N1;X;�) = gm(1)(1;N1;X)�
m(1) + gm(1)�1(1;N1;X)�

m(1)�1

+ � � �+ g0(1;N1;X) : (4.210)

for the eigenvalues in the one-dimensional symmetric representation. Accord-
ing to the method described in Appendix A.5 we now form the polynomial

H(1;N1;X;�) =
G(1;N1; $X;�)� G(1;N1;X;�)

�($ � 1)
: (4.211)
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1 2 3�1�2�3

2

4

�2

�4
Fig. 4.5. The connection curves C4(1; 1) and their extensions for the hard square
lattice 
uid. The connection curves are shown by continuous lines and their exten-
sions by broken lines.

The connection curves and their extensions are given by solving the equation

ResfG;H;Xg = 0 : (4.212)

As a simple example of the second procedure, we consider the hard-square
lattice 
uid of particles of fugacity Z = exp(�=T ) on the square lattice (see
Sect. 4.8). With N1 = 4 the symmetry group is C4v and it is not di�cult to
show that the eigenvalues of the one-dimensional symmetric representation
satisfy the cubic equation

�3 � �2(Z2 + 3Z+ 1) + �Z(Z2 � Z� 1) + Z3 = 0 : (4.213)

In this case the resultant equation (4.212) gives

0 = Z8 + 4Z7 + 2(9� 2&)(1 + &)Z6 + 8(5 + 5& � &2)Z5
+2(41 + 52& � 4&3)Z4 + 4(24 + 25& + 4&2)Z3

+4(13 + 8& + &2)Z2 + 4(3 + &)Z+ 1 ; (4.214)

where

& = 1

2
($ +$�1) = cos# : (4.215)

The connection curves C4(1; 1) are the roots of (4.214) with j& j � 1. The
extension curves are given by continuing the curves into the region j& j > 1,
where # becomes imaginary. These curves are shown in Fig. 4.5. The exten-
sions of the connection curves through the branch-points at �0:881� i3:473
meet R(+) at Zc = 3:016, with &c = 5:186. These values can be computed from
the condition that Zc is the meeting point of two extension curves approach-
ing from above and below. It, therefore, corresponds to a value of & for which
(4.214) has a repeated root. This can be found by the using the resultant
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with respect to Z of (4.214) and its derivative. The estimate Zc = 3:016 for
the critical fugacity can be compared (rather unfavourably) with the high-
density series result Zc = 3:7962�0:0001 quoted in Sect. 4.8. However, it has
been shown by Wood et al. (1987) that for N1 = 6 the comparison is much
improved with Zc = 3:730.

In the picture of the development of critical behaviour originating in the
work of Yang and Lee the critical point of a one parameter lattice system
corresponds, in the thermodynamic limit, to a point of accumulation of the
zeros of the partition function. We have now shown that the critical point
can also be identi�ed as the limit of some of the branch-points of C�

N1
(1; 1)

as N1 !1. Suppose that there are s of these branch-points each with cycle
number two. They will all be the termination of connection curves involving
�1(1;N1;X) which coalesce at Xc as N1 !1. Wood (1987) has argued that
the result is to form a branch-point of �1(1;1;X) with cycle number p � s.
It follows, from the discussion of algebraic functions in Appendix A.5 and
of scaling at a critical point in Sect. 2.9, that the scaling exponent y2 in a
two-dimensional system is given by

2

y2
=
q

p
: (4.216)

Wood (1987) has suggested that p is likely to take its maximum value s and
that q should be some multiple t of 2(s� 1), giving the result

y2 =
s

t(s� 1)
: (4.217)

This then gives, from (2.167) and (2.198),

� =
2[s� t(s� 1)]

s
; � =

t(s� 1)

s
: (4.218)

The �rst of these formulae can give rise to a singularity in heat capacity only
when t = 1. For this case the hard-hexagon and 3-state Potts models corre-
spond to s = 6, � = 1

3 (see Volume 1, Sect. 10.14) and the K-type (� = 1
2 )

transition exhibited by the dimer model described in Sect. 8.2.2 corresponds
to s = 4. In the case of the three-spin Ising model on the triangular lattice the
polynomial of which �1(1;1;X) is a branch is known (Baxter and Wu 1973,
1974, Baxter 1974, Joyce 1975a, 1975b). This leads directly to the result
(Wood 1987) 2=y2 = 4

3 , � = 2
3 corresponding to t = 1, s = 3 in formulae

(4.217) and (4.218). We have already seen that, for the spin- 12 Ising model
on a square lattice, the critical point corresponds, in the limit N1 !1, to a
point of accumulation of an in�nite number of branch-points. Thus we have
s =1, which together with t = 1 yields � = 0, which is consistent with the
logarithmic singularity in the heat capacity.

A theory of �nite-size scaling of partition function zeros was developed
by Itzykson et al. (1983). For a two-dimensional N1�N1 lattice system they
proposed the scaling form
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jX0 �Xcj � N�y
1 ; (4.219)

for the zero X0 closest to the critical value Xc in the complex plane C X of
some Boltzmann variable X for which the scaling exponent is y. Given that
boundary conditions ensure that EN1

involves only eigenvalues in the one-
dimensional symmetric representation, the points of this set closest to R(+)

will be branch-points of �1(1;N1;X), occurring in conjugate pairs. They cor-
respond to bounds on the asymptotic distribution of partition function zeros.
Using this insight Williams and Lavis (1996) proposed a modi�ed version of
the formula of Itzykson et al. (1983) for aN1�N2 lattice in the limitN2 !1.
With the conjugate pair of branch-points closest to Xc in C X denoted by X�
and X�, the proposed form was

jX� �Xcj � N�y
1 ; (4.220)

for the calculation of y. Support for this method, when X is the thermal
Boltzmann factor, is given by the behaviour of the rounding exponent w
de�ned in (2.313). The quantity N�w

1 is of the order of the size of the neigh-
bourhood in which the correlation length exceeds the lattice width (Fisher
and Barber 1972). This should be of the same order as the radius of con-
vergence of a power-series expansion of the free energy about the critical
point, which will be given by the location of the nearest branch-point of
�1(1;N1;X). The equality (2.314), which in the present notation is equiva-
lent to w = y, is thought to be satis�ed in a wide class of systems, particularly
in the case of a cylinder with free boundary conditions at the ends (Fisher
and Ferdinand 1967).

Examples

4.1 Consider a linear lattice of N sites with the two boundary sites oc-
cupied by particles. The only possible contours are ones for which
q = 2. Such contours can bound clusters with n interior sites for
n = 1; 2; : : : ; N � 2 and a cluster with n interior sites can be placed
on the lattice in N�n�1 ways. Using this information and equation
(4.31) show that it is possible to take Q(2) = 1

6N
2. By substitut-

ing into (4.32) show that t(G1) = 1= ln(N=
p
3). Since t(G1) ! 0

as N ! 1 the method, as is to be expected, fails to establish the
existence of an ordered phase.

4.2 Apply the method of Sect. 4.8 to the hard-hexagon model. Show
that, by choosing half the elementary triangles of the lattice, with
each site belonging to three triangles,

�([r; r0; r00]; T;Z;Z0;Z00) = 1 + Z+ Z0 + Z00 :

Hence, show that,
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X�(T ; r) =
�
Z : <(Z) � �1

3

	
is a possible choice, leading to

Z = � exp(i )

[3 cos( =3)]3
; �� �  � � :

4.3 Consider the spin- 12 Ising model on anN1�N2 square lattice wrapped
on a torus. By counting the number of lattice states left invariant by
the operations of the group Q = CN1v � S2, or otherwise, show that
the multiplicity m(1;N1) of the one-dimensional symmetric repre-
sentation, for N1 � 2, is

m(1;N1) =

8>>>>>><>>>>>>:
2
1
2 (N1�3) +

1

4N1

N1�1X
s=0

2[s;N1]; N1 odd,

2
1
2N1�1 +

1

4N1

N1�1X
s=0

2[s;N1]�(N1; s); N1 even,

where

�(N1; s) = 1 + �

�
N1

[s;N1]
; even

�
;

and [s;N1] is the greatest common divisor of s and N1 and �(x; even)
is one or zero according to whether x is even or odd.

4.4 Consider the special case N1 = 2 of the model described in question
3. The coe�cients in the characteristic equation (4.157) are made
analytic polynomial functions of X by adding the constant �J to
every nearest-neighbour pair interaction, giving interactions�2J and
zero for a pair of parallel or anti-parallel spins, respectively. With the
states of pairs ordered in the equivalence classes f("; "); (#; #)g; f("; #
); (#; ")g and with K = 2J=T , X = exp(2J=T ) show that the transfer
matrix takes the form

V =

0B@
X4 X2 X2 X2

X2 X4 X2 X2

X2 X2 X2 1
X2 X2 1 X2

1CA :

The groups C2v = C2 and S2 are isomorphic with a symmetric ir-
reducible representation E(1) and an antisymmetric irreducible rep-
resentation E(2). The irreducible representations of Q are E(1) =
EC(1) 
 ES(1), E(2) = EC(2) 
 ES(1), E(3) = EC(1) 
 ES(2) and
E(4) = EC(2) 
 ES(2). Construct the character table of Q and
show that the multiplicities of the irreducible representations in the
four-dimensional representation of states are m(1) = 2, m(2) = 0,
m(3) = 1 and m(4) = 1 in the order E(1), E(3), E(1), E(4). Show,
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from (A.116), that the matricesW (1) andW (2) used to reduce the
transfer matrix to block-diagonal form are

W (1) =W (2) =

0@ 1p
2

1p
2

1p
2
� 1p

2

1A :

Hence show that

V 0(1) =

�
X4 +X2 2X2

2X2 X2 + 1

�
;

V 0(3) = (X4 �X2) ;

V 0(4) = (X2 � 1) :

4.5 Using the eigenvalues (4.193){(4.194) show that the partition func-
tions (4.175) and (4.180) yield respectively, show that

Z(2; 3;X) = 2X12 + 18X8 + 26X6 + 12X4 + 6X2 ;

Z(2; 3;X) =X12 + 3X10 + 15X8 + 26X6 + 15X4 + 3X2 + 1 :

Verify the former by counting the con�gurations on the six sites of
the lattice and show that the latter satis�es the duality relationship

Z(2; 3;X)

[X2S]3
=
Z(2; 3;X�)

[X�2S�]3
:

Use (4.202) in place of (4.195) to obtain the partition function

Z 0(2; 3;X) =X12 + 3X10 + 2X9 + 15X8 + 30X7 + 26X6

+30X5 + 15X4 + 2X3 + 3X2 + 1 :

Show that

Z 0(2; 3;X)

[X2S]
3 =

Z 0(2; 3;X�)

[X�2S�]
3 :





5. The Eight-Vertex Model

5.1 Introduction

The name vertex model is used to denote a lattice model in which the mi-
crostates are represented by putting an arrow on each edge (line connecting
a pair of nearest-neighbour sites) of the lattice. Such models can be con-
structed on any lattice, but those for the square lattice have received the
most attention. It is clear that the most general model of this type on the
square lattice is the sixteen-vertex model, where the di�erent vertex types cor-
respond to all 24 possible directions of the arrows on the four edges meeting
at a vertex. This model, which can be shown to be equivalent to an Ising
model with two, three and four site interactions and with an external �eld
(Suzuki and Fisher 1971), is unsolved.1 By applying the ice rule which re-
stricts the vertex types to those with the same number of arrows in as out,
the model becomes the six-vertex model which was solved by Lieb (1967a,
1967b, 1967c). It is discussed in Volume 1, Chap. 10. In the present chapter
we consider the model where the ice rule is replaced by the rule restricting
the vertex type to those with an even number of arrows pointing in and out.
This allows the eight vertex types shown in the �rst line of Fig. 5.1. The �rst
six of these vertex types correspond to those of the six-vertex model. In the
eight-vertex model, vertices with four inward or four outward arrows are also
permitted, The new vertices are labelled 7 and 8. If the model is regarded as
a two-dimensional analogue of a hydrogen bonded network with the arrows
representing the sense of polarization, then vertex types 7 and 8 are ionized
but unpolarized and represent `defects' in the hydrogen-bonded network.

Consider a square lattice ofN sites wound on a torus and de�neN1 andN2

to be the number of sites in each row and column respectively, (N1N2 = N).
Suppose that np of the sites are vertices of type p, (p = 1; : : : ; 8). Now
vertices of types 5 and 7 change the 
ow of arrows along any row of edges
from left to right and types 6 and 8 from right to left. From the application of
periodic boundary conditions it follows that n5 +n7 = n6 +n8. In a similar
way, by considering the 
ow of arrows along any column n5 +n8 = n6 +n7.
Combining these two results, it follows that

1 As may be expected, since the Ising model with just a two-site interaction and
an external �eld is unsolved.
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Fig. 5.1. The eight vertex con�gurations.

n5 = n6 ; n7 = n8 : (5.1)

As in the six-vertex model (Volume 1, Chap. 10) the con�gurational energy is
taken to be the sum of vertex energies ep with the corresponding Boltzmann
factors

Z(p) = exp(�ep=T ) ; p = 1; : : : ; 8 : (5.2)

We shall assume that2

e1 = e2 ; e3 = e4 ; e5 = e6 ; e7 = e8 : (5.3)

Since similar equalities then hold for the corresponding Boltzmann factors,
it is convenient to de�ne

Z(1) = Z(2) = a ; Z(3) = Z(4) = b ;

Z(5) = Z(6) = c ; Z(7) = Z(8) = d :
(5.4)

The six-vertex model can then be recovered by setting e7 = e8 =1 (d = 0).
From (5.1) the last two relations of (5.3) involve no loss of generality, but the
�rst two imply that the energy is invariant under the reversal of all arrows
and hence the absence of any electric �eld.

For the six-vertex model certain exact results can be obtained, by pertur-
bation methods, in the presence of an electric �eld (Volume 1, Sects. 10.12 and
10.13). In the eight-vertex model exact results are available for zero �elds, but
not for the general model with a �eld. For T > 0, it might be expected that
the presence of two extra vertex types in the eight-vertex model, as compared
to the six-vertex model, would have the e�ect of `loosening up' the available
con�gurations. This is con�rmed by the con�guration graphs which, as for
the six-vertex model, are constructed by placing a line on any edge where the

2 Any one of the vertex energies e1, e3, e5 and e7 can be set to zero without loss
of generality. However, this is not advantageous, except in special cases, because
of the symmetry of the eight-vertex free energy transformations.
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arrow points to the left or downwards. Vertex patterns 7 and 8 are shown in
the second line of Fig. 5.1 and supply the top right and bottom left `corners'
missing in six-vertex model patterns. Thus any graph is permissible in which
the number of lines incident at each vertex is zero or even. The con�guration
graphs are thus polygon graphs.3 It follows that small perturbations on the
completely polarized ground states (with all vertices of type 1, 2, 3, or 4)
are possible. For instance, with the ground state with all vertices of type 1,
there can be a perturbation represented by a single elementary square of four
lines. The six-vertex phenomenon of the `frozen in' ground state (Volume 1,
Sect. 10.6) will thus not occur and the behaviour of the eight-vertex model
is likely to be closer to that of the Ising model than that of the six-vertex
model. In fact, equivalence with a modi�ed Ising model will be shown in the
next section.

5.2 Spin Representations

Suppose that an Ising spin is placed at the centre of each face of the eight-
vertex model square lattice. Then the spin sites form another square lattice
which is the dual of the original lattice. For any vertex con�guration on the
original lattice the con�guration graph divides the dual lattice into polygon
regions. If each region is assigned a homogeneous spin state di�erent from
its neighbours then it follows that each polygon graph structure of the eight-
vertex model corresponds to two Ising spin states on the dual lattice. Each
line of the polygon graph separates the spins of an unlike pair. The plus
and minus signs in the second line of Fig. 5.1 show one of the pair of spin
con�gurations at the corners of a spin lattice face which corresponds to each
vertex type at the centre.4

A Hamiltonian will now be constructed for the spin model, which makes
it equivalent to the eight-vertex model, and enables us to construct a rela-
tionship of the form

Zs = 2Z (5.5)

between the partition function Zs of the spin model and Z of the eight-vertex
model. For this equivalence to exist the Hamiltonian must be invariant under
the reversal of all spins and thus can contain no odd-degree spin terms. The
operation of reversing the spins on one of the interpenetrating sublattices of
the square lattice, while leaving those on the other unchanged, interchanges
like and unlike nearest-neighbour spin pairs and corresponds to reversing all
arrows in the eight-vertex model. The Hamiltonian must be invariant under

3 These are the high-temperature zero-�eld graphs of Sect. 7.4.
4 The correspondence between spin con�gurations and polygon graphs on dual
lattices was used in Volume 1, Sects. 8.2 and 8.3, in deriving the Ising model
dual transformation.
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i1 i2

i3i4

i

Fig. 5.2. A face of the dual (spin)
lattice with sites i1; : : : ; i4 and the
original lattice site i at the centre.

this operation and can, therefore, contain no nearest-neighbour terms. Given
that the eight-vertex model has four independent energies e1, e3, e5 and
e7 we must, for consistency, have the same number of independent energy
parameters in the Hamiltonian. The formbH(J0; J21; J22; J4;�) =�

X
fig

(J0 + J21�i1�i3 + J22�i2�i4

+ J4�i1�i2�i3�i4) ; (5.6)

where the sum is over all the faces i = 1; : : : ; N of the spin lattice cor-
responding to the sites i = 1; : : : ; N of the original lattice, was suggested
independently by Wu (1971) and Kadano� and Wegner (1971). The corners
labelled i1; : : : ; i4 are as shown in Fig. 5.2 with spins �i1 and �i3 belonging
to one sublattice and �i2 and �i4 to the other. By equating the spin energy
for a single face of the spin lattice to that of the vertex type at the centre it
follows that

e1 = �J0 � J21 � J22 � J4 ; e3 = �J0 + J21 + J22 � J4 ;

e5 = �J0 � J21 + J22 + J4 ; e7 = �J0 + J21 � J22 + J4 ;
(5.7)

which can be inverted to give

J0 = �1

4
(e1 + e3 + e5 + e7) ; J21 =

1

4
(�e1 + e3 � e5 + e7) ;

J22 = �1

4
(�e1 + e3 + e5 � e7) ; J4 =

1

4
(�e1 � e3 + e5 + e7) :

(5.8)

These relationships de�ne the constant coupling K0 = J0=T , two-spin cou-
plings K21 = J21=T and K22 = J22=T and four-spin coupling K4 = J4=T of a
modi�ed Ising model whose partition function Zs(K0;K21;K22;K4) satis�es
(5.5). If we impose the condition K4 = 0 then, from (5.8), (5.2) and (5.4),

e1 + e3 = e5 + e7 ; ab = cd : (5.9)
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The two sublattices are decoupled and each carries an Ising model with un-
equal two-spin couplings K21 and K22 in the two lattice directions. Equation
(5.5) becomes

2Z(a; b; c; d) =Zs(K0;K21;K22; 0)

= exp(NK0)
h
Z(I:M:)

�
1

2
N;K21;K22

�i2
: (5.10)

Each Ising model becomes isotropic when K21 = K22 = K = J=T . This
condition and (5.9) are satis�ed when

e1 = �J0 � 2J ; e3 = �J0 + 2J ; e5 = e7 = �J0 : (5.11)

To introduce nearest-neighbour interactions on the spin lattice the �rst two
conditions of (5.3) must be dropped (Lieb and Wu 1972 and Example 5.1).
Except in certain special cases this more general model becomes equivalent to
a triangular lattice Ising model with unequal interactions when free-fermion
conditions5 are satis�ed (Example 5.2).

An alternative Ising spin representation of the eight-vertex model was
developed by J�ungling and Obermair (1974) and J�ungling (1975). In this
formulation spins �i0 are situated at the centres of the faces of the dual
lattice (at the same positions as the vertices) and the Hamiltonian is taken
to bebH(J0; J21; J22;W1;W2;W3;W4;�)

= �
X
fig

[J0 + J21�i1�i3 + J22�i2�i4

+�i0(W1�i1 +W2�i2 +W3�i3 +W4�i4)] : (5.12)

The spins at the centres of the faces interact only with the corners of faces
on which they are placed. They are therefore decoration sites (Volume 1,
Chap. 9) and this type of decoration is known as the Union Jack lattice. A
generalization of the star{triangle called the star{square transformation can
now be applied in which the partition function is summed over the states of
the decoration sites. In terms of the couplings Li = Wi=T , i = 1; : : : ; 4, this
yields the formulae

e1;2 = �J0 � J21 � J22 � T ln [2 cosh (L1 � L2 + L3 � L4)] ;
e3;4 = �J0 + J21 + J22 � T ln [2 cosh (L1 � L2 � L3 � L4)] ;
e5;6 = �J0 � J21 + J22 � T ln [2 cosh (L1 � L2 + L3 � L4)] ;
e7;8 = �J0 + J21 � J22 � T ln [2 cosh (L1 � L2 � L3 � L4)]

(5.13)

for the vertex energies, where for each pair denoted by ep;q the �rst and
second indices correspond to the upper and lower signs on the right-hand

5 This terminology is used because of the mathematical equivalence to a system
of non-interacting fermions (Lieb and Wu 1972).
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side. The isotropic case J21 = J22, L1 = L2 = L3 = L4 was considered by
J�ungling and Obermair (1974). This does not satisfy the �rst two relations of
(5.3) and the model is equivalent to a Ising spin model with four-spin, second-
neighbour and nearest-neighbour interactions (Example 5.3). It is easy to
see that, in order for the �rst two of equations (5.3) to be satis�ed, either
L1 = L3 and L2 = �L4 or L1 = �L3 and L2 = L4. The special case considered
by J�ungling (1975) is when L1 = �L, L2 = L3 = L4 = L. From (5.13) this
gives e1 = e2, e3 = e4, e5 = e6, but e7 6= e8. However, in view of the �rst of
conditions (5.1) this is not a problem and e7 and e8 can be replaced by their
arithmetic mean. Once this is done the vertex energies can be expressed in
the form (5.7), where (distinguishing these new values by a tilde)

~J0 = J0 +
1

8
T ln

�
256 cosh4 (2L) cosh (4L)

�
; (5.14)

~J21 = J21 +
1

8
T ln [cosh (4L)] ; (5.15)

~J22 = J22 � 1

8
T ln [cosh (4L)] ; (5.16)

~J4 = �1

8
T ln

�
1� tanh4 (2L)

�
: (5.17)

Again the model consists of two interpenetrating square lattice Ising models
linked by a four-spin coupling, but all the couplings are now temperature
dependent.

5.3 Parameter Space and Ground States

The (a; b; c; d) parameter space can be divided into four regions de�ned by

(i) fe1 < e3, e1 < e5, e1 < e7g ) fa > b, a > c, a > dg,
(ii) fe3 < e1, e3 < e5, e3 < e7g ) fb > a, b > c, b > dg,
(iii) fe5 < e1, e5 < e3, e5 < e7g ) fc > a, c > b, c > dg,
(iv) fe7 < e1, e7 < e3, e7 < e5g ) fd > a, d > b, d > cg.
When d = 0 (e7 = 1), cases (i), (ii) and (iii) reduce to six-vertex models.
The ground states are the same as for the corresponding six-vertex models,
so that (i) and (ii) are ferroelectric and (iii) is antiferroelectric (see Volume 1,
Sect. 10.3). Case (iv) is also antiferroelectric with vertices of types 7 and 8
respectively occupying the two interpenetrating sublattices of the square lat-
tice (see Volume 1, Appendix A.1) in the ground state. Case (iv) is therefore
sublattice ordered and can be obtained from the case (iii) ground state by re-
placing vertices 5 and 6 by 7 and 8 respectively. The antiferroelectric ground
state con�guration graphs are shown in Fig. 5.3. We now consider the corre-
sponding spin ground states, noting that, from the form of the Hamiltonian
in (5.6), the energy is invariant under the reversal of all spins on either or
both of the sublattices. For (i) the ground state vertices are either all of type
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(a) (b)

Fig. 5.3. Con�guration graphs for (a) the case (iii) ground state (vertices of types
5 and 6) and (b) the case (iv) ground state (vertices of types 7 and 8).

1 or all of type 2. For type 1 all the spins have the same sign, but for type 2
the spins on the two sublattices have opposite signs (see Fig. 5.1). In either
case there is complete ferromagnetic order on each sublattice. This is the sit-
uation when (5.11) applies with J > 0. For (ii), the ground state vertices are
of type 3 or type 4 and the corresponding spin lattice ground states consist
either of alternate columns or alternate rows of + and � spins. The reader
can verify, with the aid of a sketch, that this gives complete antiferromag-
netic order on each sublattice. This is the situation when (5.11) applies with
J < 0. For (iii), the spin ground state is shown in Fig. 5.4(a). The corners of
each face of the spin lattice are occupied by three spins of one sign and one
of the other. Fig. 5.4(b) is the same as Fig. 5.4(a) except that the sites of one
sublattice are circled; it can be seen that there are alternate rows of + and
� spins in each sublattice. From (5.7) and the inequalities (iii), this ground
state is obtained for J21 > 0, J22 < 0 J4 < J21 and J4 < jJ22j. The ground
state spin con�guration for case (iv) can be obtained from Fig. 5.4(a) by a
rotation of 180� about a row or column of sites.

+ � � + +

� � + + �

� + + � �

+ + � � +

+ � � + +

++��+

�++��

��++�

+��++

++��+

(a) (b)

Fig. 5.4. (a) Equivalent spin state for case (iii) ground state. (b) As for (a) with
the sites of one sublattice circled.
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It is easy to derive the entropy of eight-vertex ice. Putting ep = 0,
p = 1; : : : ; 8 gives J0 = J21 = J22 = J4 = 0 from (5.8) and the spins in the
equivalent Ising model are uncoupled. It then follows, from (5.10), that

Z(a; b; c; d) = Z(1; 1; 1; 1) = 1

2
Zs(0; 0; 0; 0) = 2N�1: (5.18)

For large N , in the absence of interactions, the reduced entropy per site s,
de�ned by equations (1.2) and (1.19) (with Qnf = N), is thus given by

s = N�1 lnZ(1; 1; 1; 1) = ln(2) = N�1 ln(
) ; (5.19)

where 
 is the number of possible con�gurations with the eight vertex types
shown in Fig. 5.1. From (5.19), 
 = 2N = 8N=4N . The denominator of this
expression 8N would be the value of 
 if the eight vertex types could be
freely distributed over the N lattice sites. The restriction that any nearest-
neighbour pair of vertices must consist of types with compatible arrows along
the connecting bond therefore has the e�ect of reducing the number of vertex
con�gurations by a factor 4N . The Pauling method for computing
 described
in Volume 1, Sect. 10.1 gives the correct result 
 = 22N(8=16)

N
= 2N for the

eight-vertex model.

5.4 Some Transformations

Analysis of the eight-vertex model is considerably simpli�ed by the use of
transformations which map between the four regions of parameter space de-
�ned in Sect. 5.3. In this section the transformations will be described. They
are not applicable to the six-vertex model since they interchange other vertex
types with types 7 and 8 (Fan and Wu 1970).

Suppose that, in some con�guration of the eight-vertex model, all hor-
izontal arrows are reversed. This transformation T1 corresponds, accord-
ing to Fig. 5.1, to the interchange of vertex types (1; 2; 3; 4; 5; 6; 7; 8) !
(4; 3; 2; 1; 8; 7; 6; 5). The transformation can be characterized as

T1 : (a; b; c; d)! (b; a; d; c) : (5.20)

When the horizontal arrow operation is applied to all eight-vertex model
con�gurations it reproduces them in a di�erent order and hence, from (5.20)

Z(a; b; c; d) = Z(b; a; d; c) : (5.21)

The partition function is thus invariant under T1. It can also be seen that the
transformation T1 can be achieved by reversing all vertical arrows. The trans-
formation J ! �J (J > 0) in (5.11) converts the ferromagnet on each of the
decoupled sublattices to an antiferromagnet. It also, from (5.4), interchanges
a and b. Since in this case c = d the zero-�eld ferromagnet-antiferromagnet
equivalence in the Ising model is a special case of (5.21). The mapping T1
maps between regions with (i) $ (ii) and (iii) $ (iv). It therefore maps
ferroelectric to ferroelectric and antiferroelectric to antiferroelectric. We now
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consider transformations which relate ferroelectric models to antiferroelectric
models.

Suppose that, for some con�guration of the eight-vertex model, the ar-
rows on the edges corresponding to the full lines in the case (iii) dia-
gram of Fig. 5.3 are reversed. Since two lines are incident at each ver-
tex the `even in, even out' rule is preserved. This transformation T2 has
the e�ect (1; 2; 3; 4; 5; 6; 7; 8) ! (5; 6; 7; 8; 1; 2; 3; 4) on one sublattice and
(1; 2; 3; 4; 5; 6; 7; 8) ! (6; 5; 8; 7; 2; 1; 4; 3) on the other. The transformation
can thus be characterized by

T2 : (a; b; c; d)! (c; d; a; b) ; (5.22)

under which the partition function is invariant giving

Z(a; b; c; d) = Z(c; d; a; b) : (5.23)

It will be noted that T�11 = T1 and T
�1
2 = T2 and, if we de�ne the transfor-

mation

T3 : (a; b; c; d)! (d; c; b; a) ; (5.24)

which corresponds to the reversal of the arrows on the lines in the case (iv)
diagram of Fig. 5.3, then T�13 = T3 and T1T2 = T3.

6 It follows that

Z(a; b; c; d) = Z(d; c; b; a) ; (5.25)

and the set fI;T1;T2;T3g, where I is the identity, forms a commutative sub-
group of the permutation group of four objects. It will be seen that T2 maps
between regions with (i) $ (iii) and (ii) $ (iv). It follows that the e�ect of
T3 is (i) $ (iv) and (ii) $ (iii). Thus an expression for the partition function
in one region immediately yields an expression for the partition function in
the whole parameter space. Equations (5.23) and (5.25) give an equivalence,
at any temperature T , between free energies of eight-vertex zero-�eld ferro-
electrics and antiferroelectrics. They imply that, for any ferroelectric, there
is an antiferroelectric with the same critical properties and vice-versa. This
is in contrast to the properties of six-vertex models.

In Volume 1, Sect. 10.2 a transformation was introduced in which all
vertex con�gurations were rotated 90� in the anticlockwise direction. In the
form

T : (a; b; c; d)! (b; a; c; d) ; (5.26)

this can also be applied to the eight-vertex model and we have

Z(a; b; c; d) = Z(b; a; c; d) : (5.27)

Equation (5.27) reduces to (10.4) of Volume 1 when c = 1, d = 0 (e5 = 0,
e7 =1). The transformation TT1 gives Z(a; b; c; d) = Z(a; b; d; c) and setting
d = 0 gives

6 In all products of transformations we adopt the convention that the order of
application is from right to left.
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Z(a; b; c; 0) = Z(a; b; 0; c) : (5.28)

The free energy of the six-vertex model is thus equal to that of an alternative
model in which vertex types 7 and 8 take the place of 5 and 6.

From (5.1) only even powers of c and d occur in any term of Z(a; b; c; d).
From (5.23) and (5.25) the same must be true for a and b. Thus the math-
ematical form of Z(a; b; c; d) is invariant under any combination of the non-
physical transformations

Ta : a! �a ; Tb : b! �b;

Tc : c! �c ; Td : d! �d ;
(5.29)

and we have

Z(a; b; c; d) = Z(�a;�b;�c;�d) : (5.30)

5.5 The Weak-Graph Transformation

The transformations of the previous section are equivalent to permutations of
the vertex energies ep, applicable at any value of T . The weak-graph trans-
formation (Wu 1969) is more akin to the Ising model dual transformation
(Volume 1, Sect. 8.3) and indeed it can be shown that the dual transforma-
tion is a special case (Example 5.5).

Vertex weights Z(p) are de�ned in (A.239) for the sixteen-vertex model.
The special case of the eight-vertex model has vertex weights given by (5.4),
for p = 1; : : : ; 8 and

Z(p) = 0 ; p = 9; : : : 16 (5.31)

(cf. Figs. 5.1 and A.3). According to the discussion in Sect. 5.1 the con�gura-
tion graphs for the eight-vertex model are polygon graphs and the partition
function (A.239) in this case becomes

Z(a; b; c; d) =
X
fgg

NY
i=1

Z(pi) ; (5.32)

where fgg is the set of polygon subgraphs of the lattice graph N . In Ap-
pendix A.8 it is shown that the partition function is invariant under a weak-
graph transformation from the set of vertex weights fZ(p)g to a new set
fN(p)g. This linear transformation is given by (A.247) and (A.248). In the
case of the eight-vertex model with vertex weights given by (5.4) and (5.31)
it is straightforward to con�rm that the new set of vertex weights also satisfy
the eight-vertex conditions. With
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N(1) = N(2) = a0 ; N(3) = N(4) = b0 ;

N(5) = N(6) = c0 ; N(7) = N(8) = d0 ;
(5.33)

N(p) = 0 ; p = 9; : : : ; 16 ; (5.34)

the transformation reduces to

a0 = 1

2
(a+ b+ c+ d) ; b0 = 1

2
(a+ b� c� d) ;

c0 = 1

2
(a� b+ c� d) ; d0 = 1

2
(a� b� c+ d)

(5.35)

and, from (A.249),

Z(a0; b0; c0; d0) = Z(a; b; c; d) : (5.36)

The partition function is, therefore, invariant under the transformation

T
0 : (a; b; c; d)! (a0; b0; c0; d0) ; (5.37)

de�ned by (5.35). The inverse transformation T0
�1

= T
0 since, from (5.35),

a = 1

2
(a0 + b0 + c0 + d0) ; b = 1

2
(a0 + b0 � c0 � d0) ;

c = 1

2
(a0 � b0 + c0 � d0) ; d = 1

2
(a0 � b0 � c0 + d0) :

(5.38)

For regions (ii), (iii) and (iv) the transformation T0 is replaced by T1T
0
T1,

T2T
0
T2 and T3T

0
T3, respectively. These transformations have the form (Ex-

ample 5.5)

T1T
0
T1 : (a; b; c; d) ! (b0; a0;�d0;�c0) ; (5.39)

T2T
0
T2 : (a; b; c; d) ! (c0;�d0; a0;�b0) ; (5.40)

T3T
0
T3 : (a; b; c; d) ! (d0;�c0;�b0; a0); (5.41)

where a0, b0, c0 and d0 are again given by (5.35). The partition function is, of
course, invariant under these transformations.

5.6 Transition Surfaces

From (5.35) it follows that a0 = a, b0 = b, c0 = c and d0 = d if, and only if,

a = b+ c+ d : (5.42)

Equation (5.42) de�nes a surface C1 of �xed points of the transformation
T
0, de�ned by (5.37). In Fig. 5.5 region (i) corresponds to the interior of the

unit cube OBCDB0C0D0A. This cube is divided into two regions by the shaded
planar triangle BCD, which corresponds to the surface C1. These regions are
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b=a

c=a

d=a

O

B

C
0

D

D
0

C

A

B
0

Fig. 5.5. The unit cube cor-
responding to region (i) in the
space (b=a; c=a; d=a). The sur-
face C1 de�ned by a = b+c+d

is hatched.

Rl : a> b+ c+ d ; (5.43)

Rh : a< b+ c+ d ; (5.44)

corresponding respectively to the tetrahedron OBCD and the remaining part
of the cube.

Now consider the trajectory traced out by the point (a; b; c; d), represent-
ing a model with values of the ep satisfying conditions (i) of Sect. 5.3. This
trajectory remains in the unit cube and, as the temperature is decreased, it
passes from A, where T = 1 and a = b = c = d = 1 to O, where T = 0
and b=a = c=a = d=a = 0. Thus, as T decreases from in�nity to zero, the
trajectory for any type (i) model passes from the high-T zone Rh of region
(i) to the low-T zone Rl of region (i). It must, therefore, intersect the surface
C1.

Take a point in Rl and perform the weak-graph transformation T0. From
(5.35) and (5.43) a0 > b0 > 0, a0 > c0 > 0 and a0 > d0 > 0 with

(b0 + c0 + d0)� a0 = a� (b+ c+ d) : (5.45)

It follows that T0 maps a point in Rl into a point in Rh. In general the
points are not on the same trajectory (i.e. they do not correspond to the
same values of the ep). An exception to this is the case where the vertex
energies are given by (5.11) and the weak-graph transformation T0 becomes
the duality transformation (Example 5.4). The image of Rl under T0 is not
the whole of Rh. Since a, b, c and d are positive

a0 + b0 > c0 + d0 ; a0 + c0 > b0 + d0 ; a0 + d0 > b0 + c0 : (5.46)
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The inequalities (5.46) de�ne the tetrahedron ABCD of Fig. 5.5, which will
be denoted by Ro. From (5.38), an application of T0 to a point (a0; b0; c0; d0)
in Ro takes it back to a point (a; b; c; d) in Rl. However, this is the case only
for points in Ro. Since a

0 > b0, a0 > c0 and a0 > d0, not more than one of
the three inequalities (5.46) can be violated at any one point. The zone Rh
can thus be divided into four subzones. Referring to Fig. 5.5 these are the
tetrahedra:

ABCD; denoted by Ro, where (5.46) applies,

AB0CD; denoted by Rb, where a0 + b0 < c0 + d0,

ABC0D; denoted by Rc, where a0 + c0 < b0 + d0,

ABCD0; denoted by Rd, where a0 + d0 < b0 + c0.

It can easily be veri�ed that the entire high-T part of the trajectory of the
isotropic Ising model, whose vertex energies are given by (5.11), lies in Ro.
As an example of a trajectory which passes outside Ro consider a type (i)
model where e1 + e3 > e5 + e7. By expanding a, b, c and d in inverse powers
of T , it can be shown that, after leaving the T = 1 point A, it follows a
trajectory which traverses Rb before entering Ro and crossing the surface
C1. From (5.38), a point in Rb is mapped by T0 into a `non-physical' point
(a; b�; c; d), with a, c and d positive, but b� negative. The transformation Tb
de�ned in (5.29) maps this point into (a; b; c; d), with b = �b�, so that all
the coordinates are positive. Using (5.38), (5.29) and the conditions a0 > b0,
a0 > c0, a0 > d0 it can be shown that the transformation TbT

0 takes a point in
the subzone Rb of Rh into a point in Rl where b < c and b < d. The inverse
process is e�ected by the transformation T0Tb and the high-T subzones Rc

and Rd are similarly connected to Rl by the transformations TcT
0 and TdT

0

respectively. It follows, from (5.30) and (5.36), that the partition function
Z(a; b; c; d) can be deduced for the entire region (i) if it is known for the
low-T zone.

Suppose that, on some trajectory, a transition occurs at a point in Rl.
Making reasonable continuity assumptions, variation of the trajectory (pro-
duced by changing the ep) generates a transition surface in Rl. Since this is
a surface of singularities in the free energy, it follows, from the discussion of
the transformation T0 in the earlier part of this section, that there is a cor-
responding surface of singularities in Ro. However, the boundary surface C1
between Rl and Rh, given by (5.42), is transformed into itself by T0. That is
to say, C1 is the invariant surface of the transformation T0. So, if it is assumed
that there is a unique transition surface in region (i) (Sutherland 1970) then
this surface may coincide with C1. However, we know that the transforma-
tions T0Tb, T

0
Tc and T

0
Td also take points from Rl to Rh and it is necessary

to examine whether the corresponding invariant surfaces are possible surfaces
of transitions. The invariant points for T0Tb are obtained by replacing b by
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�b on the right-hand sides of (5.35) and a0, b0, c0 and d0 by a, b, c and d

on the left-hand sides. This yields a = c + d, b = 0, which speci�es the line
CD on Fig. 5.5, which is the intersection of the invariant surface C1 of T0,
given by (5.42), and the invariant surface b=a = 0 of Tb. Now a trajectory
cannot cross the plane b = 0, since this would involve entering a region with
b < 0. In fact, for T > 0, no trajectory can touch this plane except in the
limiting case e3 = 1, when it lies entirely in the plane. It can similarly be
shown that the transformations T0Tc and T

0
Td do not generate any possible

transition surfaces. Hence, if there is only one transition surface in region
(i) it must be the plane surface C1, which implies that there is exactly one
transition point on any trajectory in region (i), occurring at its intersection
with C1. It also implies the existence of ferroelectric type (i) order through-
out Rl, while Rh is a zone of disorder. The assumption that there is only
one transition surface in region (i) is con�rmed from the exact expression for
the zero-�eld free energy of the eight-vertex model derived in Sect. 5.8. It is
also in agreement with two special cases. For the Ising model, substituting
from (5.11) into (5.42) gives sinh(2J=T ) = 1, which is the formula for the
critical temperature (see Volume 1, Sect. 8.3 and Sect. 5.10 below). For the
six-vertex model (e7 = e8 =1) d = 0 and (5.42) reduces to a = b+ c, which
is equivalent to the b = a� 1 of Volume 1, Sect. 10.6.

From the invariance of the free energy under the transformations T1, T2
and T3 it follows that the hypothesis that C1, given by a = b+ c + d, is the
unique transition surface in region (i) implies that

C2 : b= a+ c+ d ; (5.47)

C3 : c= a+ b+ d ; (5.48)

C4 : d= a+ b+ c (5.49)

are respectively the unique transition surfaces for regions (ii), (iii) and (iv). In
region (iii), for example, there is type (iii) antiferroelectric sublattice order
in the low-T zone, where c > a + b + d, and disorder in the high-T zone,
where c < a + b + d. When the least two values in the set (e1; e2; e3; e4)
are degenerate the trajectory lies on the boundary between two regions. For
example, suppose that e1 = e3. Then a = b, c < a and d < a at all points
on the trajectory, which lies in the boundary between regions (i) and (ii). In
such cases none of the transition conditions can be satis�ed and hence no
transition occurs for T > 0. This behaviour is similar to that of the IKDP
and IF models, (see Volume 1, Table 10.3 and Example 10.3).

In the high-T (disordered) zoneRh it is of interest to look at the properties
of the model on the boundaries between subzone Ro, where all the conditions
of (5.46) apply, and the other subzones. For the subzone Rd the boundary in
question is the triangle ABC, where

a0 + d0 = b0 + c0 (5.50)
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and, from (5.38), the transformation T0 maps a point on ABC into a point
(a; b; c; d) of the triangle OBC, for which d = 0 and a > b+ c. This represents
a subcritical temperature state in a six-vertex ferroelectric of type (i). Such
a state is perfectly ordered with all vertices identical. In the frozen low-
temperature ferroelectric state the dimensionless free energy per site of the
six-vertex model is

�(a; b; c; d) = � ln(a) (5.51)

(see Volume 1, Sect. 10.6). Thus, from (5.38) and (5.51) the free energy per
site for a point on ABC is

�(a0; b0; c0; d0) = � ln
h
1

2
(a0 + b0 + c0 + d0)

i
: (5.52)

It can be shown, using (5.28), that (5.52) also applies on the triangle ABD
where

a0 + c0 = b0 + d0: (5.53)

For large N , (5.52) is equivalent to

Z(a0; b0; c0; d0) =
1

4N
(2a0 + 2b0 + 2c0 + 2d0)

N
: (5.54)

Comparison with the eight-vertex ice results given in Sect. 5.3 shows that
(5.54) corresponds to an equilibrium state in which the vertex types are
distributed as randomly as possible without breaking the compatibility rules
for nearest-neighbour vertices. Hence (5.50) and (5.53) appear to be surfaces
of disorder points. A disorder point in a system is de�ned to be one, for �nite
temperature, at which all correlation functions between the states on pairs
of sites are zero, as they would be at in�nite temperature (see Volume 1,
Sect. 9.10). That this is indeed the case in the circumstances described here
was con�rmed by correlation function calculations of Baxter (1982a). Thus
trajectories starting in Rc or Rd pass through a point of disorder in the
range between T = 1 and the critical temperature. For the Ising model
the energy relations (5.7) with J4 = 0 are compatible with (5.50) only when
J22 = 0 and the entire trajectory then lies in the surface (5.50). Since J21 6= 0
there are correlations between spins on any line of sites in the J21-direction,
but with J22 = 0 the spins on di�erent lines of this kind are uncorrelated.
The system is thus essentially one-dimensional and substitution of (5.7) with
J0 = J22 = J4 = 0 into (5.4) and (5.52) gives

�(K21) = � ln[2 cosh(K21)] ; (5.55)

which is equivalent to the formula for the free energy of the one-dimensional
zero-�eld Ising model (Volume 1, Sect. 2.4). There is no transition for T > 0,
which is to be expected since (5.50) has no points in common with (5.42). The
situation on the surface (5.53) is similar, with J21 = 0 in the Ising model case.
Points on the triangle ACD, where a0 + b0 = c0 + d0, have di�erent properties
from those on ABC and ABD since the transformation T0 maps them into
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points (a; b; c; d) where b = 0 and a > c + d. From (5.22) the free energy is
equal to that of a six-vertex antiferroelectric below its critical temperature.
However the six-vertex antiferroelectric state is not one of perfect order and
no equation like (5.52) can be deduced.

5.7 The Transfer Matrix

An exact expression for the free energy of the zero-�eld eight-vertex model
was derived by Baxter (1972) from the largest eigenvalue of the appropriate
transfer matrix. For the six-vertex model the number n of downward pointing
arrows in each row of vertical edges is conserved (Volume 1, Sect. 10.3). This
is no longer the case for the eight-vertex model, although the odd or even
parity is conserved. This is one of the factors which makes the solution of
the eight-vertex model rather complicated. In this and the following section
we shall present only a basic outline of the analysis referring the reader to
Baxter (1972) or Baxter (1982a) for further details.

In Sect. 5.1N1 and N2 were de�ned as the number of sites in each row and
column respectively, it being assumed that the lattice is wound on a torus.
Starting at some arbitrary site, the sites of the lattice can be labelled by the
cartesian coordinates (i; j), i = 1; : : : ; N1, j = 1; : : : ; N2. For convenience we
adopt the convention of labelling the vertical edge below the site (i; j) as (i; j)
and the horizontal edge to the left of the site (i; j) as (i; j). Then the states of
the vertical edges are given by

�i(j) =

�
+1 ; if the arrow on (i; j) points upwards,
�1 ; if the arrow on (i; j) points downwards.

(5.56)

In a similar way the states of the horizontal edges are given by

�j(i) =

�
+1 ; if the arrow on (i; j) points to the right,
�1 ; if the arrow on (i; j) points to the left.

(5.57)

The state of the j-th row of vertical edges is speci�ed by the vector

�(j) = (�1(j); �2(j); : : : ; �N1
(j)) (5.58)

and let

V (�(j);�(j+ 1)) =
X

exp(�Ej=T ) ; (5.59)

where Ej is the sum of the vertex energies of row j, the summation being over
all the states of these vertices compatible with �(j) and �(j+1). V (�;�0) is
an element of the 2N1�2N1 dimensional transfer matrix V and as in the case
of the one-dimensional Ising model (see Volume 1, Sect. 2.4) and for the more
general analysis of Sect. 4.9, since toroidal boundary conditions are applied,
the partition function can be expressed in the form

Z(a; b; c; d) = TracefV N2g : (5.60)
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The type of vertex at site (i; j) is speci�ed by the four numbers �i(j), �i(j+1),
�j(i) and �j(i+ 1). Let

R(�i(j); �i(j+ 1);�j(i); �j(i+ 1)) = Zij ; (5.61)

where Zij is the Boltzmann factor for site (i; j). For the eight-vertex model
these are given by (5.4), but we shall include the possibility that the values
of the �s and �s give a con�guration incompatible with the eight-vertex
restriction, when the Boltzmann factor is zero according to equation (5.31).
For �xed �i(j) and �i(j+1) (5.61) de�nes four 2� 2 matrices with �j(i) and
�j(i+ 1) as the row and column indices respectively. From (5.4) and (5.31),

R(1; 1) =

 
a 0

0 b

!
; R(1;�1) =

 
0 d

c 0

!
;

R(�1; 1) =

 
0 c

d 0

!
; R(�1;�1) =

 
b 0

0 a

!
:

(5.62)

From (5.59)

V (�;�0) = TracefR(�1; �01)R(�2; �02) � � �R(�N1
; �0

N1
)g : (5.63)

The �rst step of Baxter's analysis is to obtain conditions under which transfer
matrices with di�erent values of a, b, c and d commute. This procedure is
most easily described in terms of a set of new variables w1, w2, w3 and w4,
which satisfy the conditions

w1 � w2 � w3 � jw4j : (5.64)

These new variables are given in terms of a, b, c and d, but their de�nitions
di�er according to the region of parameter space under consideration and
according to whether we are concerned with the part of the region above or
below the critical surface.

For the low-T zone of region (i) in which a > b+ c+ d we de�ne

w1 =
1

2
(a+ b) ; w2 =

1

2
(a� b) ;

w3 =
1

2
(c+ d) ; w4 =

1

2
(c� d)

(5.65)

and conditions (5.64) are satis�ed.
To obtain the appropriate de�nitions for the low-T zones of the remaining

regions we use the transformations T1, T2 and T3 of Sect. 5.4. Thus
for region (ii)

w1 =
1

2
(b+ a) ; w2 =

1

2
(b� a) ;

w3 =
1

2
(d+ c) ; w4 =

1

2
(d � c) ;

(5.66)

for region (iii)
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w1 =
1

2
(c+ d) ; w2 =

1

2
(c� d) ;

w3 =
1

2
(a+ b) ; w4 =

1

2
(a� b) ;

(5.67)

for region (iv)

w1 =
1

2
(d+ c) ; w2 =

1

2
(d� c) ;

w3 =
1

2
(b+ a) ; w4 =

1

2
(b� a):

(5.68)

For the high-T zones of the regions the appropriate forms for w1, w2, w3 and
w4 are obtained by transforming equations (5.65){(5.68). The basic map-
pings are given by the weak-graph transformation (5.37) for (5.65) and the
transformations (5.39){(5.41) for (5.66){(5.68) respectively. However, an ini-
tial use of one of the transformations (5.29) may be necessary to ensure that
conditions (5.64) are satis�ed. For future reference two special cases should
be considered.

The spin representation to be discussed in Sect. 5.10, lies in region (i) and
the inequalities (5.46) are satis�ed. The transformation T0 can therefore be
applied to (5.65) to give

w1 =
1

2
(a+ b) ; w2 =

1

2
(c+ d) ;

w3 =
1

2
(a� b) ; w4 =

1

2
(c� d)

(5.69)

for the Ising model at high temperatures. Comparison of (5.65) and (5.69)
shows that the de�nitions of w2 and w3 `cross over' at w2 = w3, which is
the de�nition (5.42) of the critical surface C1.

The six-vertex model to be discussed in Sect. 5.11 is the limiting case of
the eight-vertex model as e7 ! 1. It can lie in any of the regions (i){(iii).
In region (i) at high temperatures it violates the last inequality of (5.46). It
is, therefore, necessary to apply the transformation T0Td to (5.65) giving

w1 =
1

2
(a+ b) ; w2 =

1

2
(c+ d) ;

w3 =
1

2
(c� d) ; w4 =

1

2
(a� b) :

(5.70)

In a similar way, for regions (ii) and (iii), the necessary transformations are
T1T

0
T1Td and T2T

0
T2Td. The resulting formulae are identical to (5.70).

By expressing R(�; �0) in terms of Pauli matrices it can now be shown
(Baxter 1982a) that two transfer matrices, corresponding to two di�erent
sets of wi values, commute when the ratios (w2

j � w2
k)=(w

2
l � w2

m), where
(j; k; l;m) is any permutation of (1; 2; 3; 4), are the same for both sets of wi.
In fact it is not di�cult to see that only two ratios of this form can be chosen
independently. We de�ne
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w2
1 �w2

4

w2
3 �w2

2

=
1 +�

1�� ; (5.71)

w2
1 �w2

2

w2
3 �w2

4

=
1 + �

1� � ; (5.72)

and from (5.64), (5.71) and (5.72)

� � 1 ; �1 � � � 1 : (5.73)

Transfer matrices with the same values of � and � commute and, for �xed
values of � and � , there remains one degree of freedom in the ratios of the
values of w1; : : : ;w4. Let

w1 : w2 : w3 : w4 =
cn(Uj`)
cn(�j`) :

dn(Uj`)
dn(�j`) : 1 :

sn(Uj`)
sn(�j`) ; (5.74)

using the Jacobian elliptic functions de�ned in Appendix A.6 (see also Vol-
ume 1, Appendix A.2) with �, U and ` real numbers and 0 � ` � 1. It can
now be shown, using (A.196), that all the ratios (w2

j �w2
k)=(w

2
l �w2

m) are
functions of � and `, but not of U and that

� =
1

dn(2�j`) ; � = � cn(2�j`)
dn(2�j`) (5.75)

with the inverse relations

sn2(�j`) = �+ �

�+ 1
; `2 =

�2 � 1

�2 � � 2
: (5.76)

So when � and ` are �xed, transfer matrices with di�erent values of U com-
mute. It follows, from (A.197), that the formulae (5.75) for � and � satisfy
(5.73) and

1

2
K(`) � � � K(`) ; � � 0 ;

0 � � � 1

2
K(`) ; � � 0 ;

(5.77)

where K(`) is the complete elliptic integral de�ned in Appendix A.6. It re-
mains necessary to examine the conditions under which (5.74) satis�es the
inequalities (5.64). For this a more detailed use of the properties of the ellip-
tic functions is necessary (see Gradshteyn and Ryzhik 1980 or Abramowitz
and Segun 1965). It may be shown that consistency is achieved if

0 � U � � ; w4 � 0 ;

�� � U � 0 ; w4 � 0 :
(5.78)
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5.8 The Free Energy and Magnetization

We introduce a new modulus `1 given by

`1 =
2
p
`

1 + `
; `01 =

1� `
1 + `

; (5.79)

which are equivalent to (A.213), and the new variables

u =
iU

1 + `01
; � =

i�

1 + `01
: (5.80)

For �xed values of `1 and � transfer matrices V (u) and V (u0), for u 6=
u0 commute. Let the eigenvalues of V (u) be �j(u), j = 1; : : : ; 2N1 . Then,
according to the analysis of Sect. 4.9,

Trace fV N2g =
2N1X
j=1

[�j(u)]
N2 : (5.81)

Just as in the case of the six-vertex model (Volume 1, Sect. 10.4) the largest
eigenvalue of V is real, positive and of magnitude larger than any other
eigenvalue. It follows, from (5.60) and (5.81) that, in the limit of large N2,
the dimensionless free energy per site is given by

�(w1;w2;w3;w4) = � lim
N1!1

ln [�j(u)]max

N1
: (5.82)

The problem is to �nd expressions for the eigenvalues �j(u) and then to
determine the maximum member of the set. Baxter's strategy (suggested by
a similar approach to the six-vertex case) is to �nd a matrix Q(u) and a
scalar function  (u) such that

V (u)Q(u) =  (u� �)Q(u+ 2�) + (u+ �)Q(u � 2�) ;

V (u)Q(u) = Q(u)V (u) ;

Q(u)Q(u0) = Q(u0)Q(u) :

(5.83)

It follows from (5.83) that V (u), Q(u) and Q(u0) are simultaneously diag-
onalizable and that, if 
j(u), j = 1; : : : ; 2N1 are the eigenvalues of Q(u),
then

�j(u) =
 (u� �)
j(u+ 2�) + (u+ �)
j(u� 2�)


j(u)
: (5.84)

By a considerable amount of analysis (Baxter 1982a) the forms of  (u) and

j(u) can be found and an expression for �(w1;w2;w3;w4) deduced. This
is

�(w1;w2;w3;w4) =� ln(w1 +w2)

�
1X
n=1

(x2n � qn)2(xn + x�n � zn � z�n)
nxn(1� q2n)(1 + x2n)

; (5.85)
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where

x = exp[�i��=K(`01)] = exp[���=K(`0)] ;

q = exp[��K(`1)=K(`01)] = exp[�2�K(`)=K(`0)] ;

z = exp[�iu=K(`01)] = exp[��U=K(`0)] :

(5.86)

From (A.205) it will be observed that q is the nome of `0. The spontaneous
relative magnetizationms in the spin interpretation of the eight-vertex model
can be derived using `corner' transfer matrices (Baxter 1982a) instead of `row'
transfer matrices like those de�ned in Sect. 5.7. It is found that

ms =

1Y
n=1

1� x4n�2
1 + x4n�2

: (5.87)

If km is de�ned by the relation

K(k0m)

K(km)
=

2�

K(`0)
; (5.88)

then it follows from (5.86) and (A.205) that x2 is the nome corresponding to
km and, from (A.209), that

ms = (k0m)
1
4 = (1� k2m)

1
8 : (5.89)

5.9 Critical Behaviour

From (5.85) the dimensionless free energy density is, through its dependence
onw1; : : : ;w4, an entire function of T on any trajectory in the domain de�ned
by (5.64).7 Thus the singularities associated with transition points can occur
only on the boundary of the domain, which corresponds to two successive wi
in the sequence of inequalities in (5.64) becoming equal. From (5.65){(5.68)
it can be seen that the cases w1 = w2 and w3 = �w4 correspond to special
models with one or other of the energies e1, e3, e5 or e7 being in�nite. On
the other hand

w2 = w3 (5.90)

corresponds in each case to the transition surface Ci, i = 1; : : : ; 4, given
respectively by (5.42) and (5.47){(5.49). Since there are no singularities of
the free energy inside the domain (5.64) the arguments of Sect. 5.6 indicate
that the surface (5.90) is the only possible surface of singularities. This does
not, however, prove that singularities exist. Let

� =
��

K(`)
; ' =

�U

K(`)
; $ =

K(`)

K(`0)
: (5.91)

7 In contravention of the notation for the coupling-density representation intro-
duced in Sect. 1.4 we shall here denote the dependence of � on T by using �(T ).
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Then (5.85) can be re-expressed in the form

�(T ) = � ln(w1 +w2)�$
1X
n=1

F (n$) ; (5.92)

where

F (y) =
2 sinh2[y(� � �)][cosh(�y)� cosh('y)]

y sinh(2�y) cosh(�y)
: (5.93)

Using the Poisson summation formula (A.15), and noting that F (y) is an
even function with F (0) = 0, we have

�(T ) = � ln(w1 +w2)� 1

2
G(0)�

1X
n=1

G(2�n=$) ; (5.94)

where

G(s) =

Z 1

�1
exp(iys)F (y)dy (5.95)

is also an even function. F (y) has simple poles at y = im=2 and y = i�(2m�
1)=(2�) form = 1; 2; : : : in the upper half of the complex y plane. The integral
(5.95) can, therefore, be evaluated using the residue method to give

G(s) = 2

1X
m=1

exp(�ms)[cos(m�)� (�1)m] �cos �m�2 �� cos
�
m'
2

��
m cos

�
m�
2

�
+2

1X
m=1

(�1)m exp
h
� (2m�1)�s

2�

in
cos
h
(2m�1)�2

�

i
+ 1
o
cos
h
(2m�1)�'

2�

i
�
m� 1

2

�
sin
h
(2m�1)�2

�

i :

(5.96)

On the critical surface (5.90) it follows from (5.74) and (A.199) that ` = 0.
Then, from (5.91) and (A.190), � = 2� and ' = 2U, giving, from (5.74) and
(A.199),

w1 : w2 : w3 : w4 =
cos
�
1
2'
�

cos
�
1
2�
� : 1 : 1 :

sin
�
1
2'
�

sin
�
1
2�
� : (5.97)

From (A.190) and (A.191), $ ! 0 as ` ! 0 and G(2�n=$) ! 0. On the
critical surface, therefore, from (5.93){(5.95),

�(T ) = [�(T )]c

=� ln(w1 +w2)� 1

2
G(0)

=� ln(w1 +w2)

�
Z 1

�1

sinh2[y(� � �)][cosh(�y)� cosh('y)]

y sinh(2�y) cosh(�y)
dy ; (5.98)

with � and ' taking the critical values �c and 'c, obtained by solving (5.97)
for some �xed values of e1, e3, e5 and e7. For such a set of �xed values, as
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the temperature is increased, the system describes a trajectory in parameter
space which crosses the critical surface as some critical temperature Tc. From
(5.71) and (5.73) � � 1, with � = 1 on the critical surface. It also follows,
from (5.72) and (5.97), that on the critical surface

�c = � cos(�c) : (5.99)

At a temperature T = Tc � �T we have, therefore,

� ' 1 +�0j�T j ; � ' � cos(�c) + �0�T ; (5.100)

where �0 and �0 are some functions of e1, e3, e5 and e7 with �0 � 0. From
these equations and (5.76),

`2 ' 2�0j�T j
sin2(�c)

(5.101)

and, from (5.91) and (A.191),

exp
�
� �
$

�
' exp[�2K(`0)] '

�
`

4

�2

: (5.102)

Combining these results with (5.94) and (5.96) we see that, at the tempera-
ture T = Tc��T , near to the critical surface, �(T ) can, as in (2.8), be divided
into a sum of smooth and singular parts with

�smth(T )' [�(T )]c � 4

�
�0j�T j
8 sin2(�c)

�2
cos
��c
2

�h
cos
��c
2

�
+ cos

�'c

2

�i
;

(5.103)

�sing(T )' 4

�
�0j�T j
8 sin2(�c)

��=�c
cot

�
�2

2�c

�
cos

�
�'c

2�c

�
: (5.104)

Unless �=�c is an integer

�sing(T ) � j�T j�=�c : (5.105)

Exceptional cases occur if �c = �=p, where p is an integer. If p is an even
integer the factor cot(�2=2�c) in (5.104) is in�nite. This is due to the coin-
cidence of two poles of F (y). If the residue of the resulting double pole is
calculated, (5.105) is replaced by

�sing(T ) � j�T j�=�c ln j�T j : (5.106)

If p is an odd integer cot(�2=2�c) = 0 and it is necessary to consider the
dependence of � on T .

When �=�c is non-integer (5.105) implies that the heat capacity exponents
� and �0 de�ned in (2.117) are given by

� = �0 = 2� �

�c
: (5.107)
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The critical value �c of � is �nite and non-zero and, from (5.91), �c = �c=2.
It follows from (5.88) that, as `! 0, km ! 1 and, using (A.191),

k0m ' 4

�
`

4

��=2�c
: (5.108)

From (5.89), (5.101) and (5.108) the magnetic exponent �, de�ned in (2.118)
(with � = ms, �c = 0) is given by

� =
�

16�c
: (5.109)

If the Widom and Essam{Fisher scaling laws, given by (2.169) and (2.170)
respectively, are assumed then it follows from (5.108) and (5.109) that


 =
7�

8�c
; � = 15 : (5.110)

To complete the picture of the critical properties of the eight-vertex model it
should be noted that the correlation length r can be shown to take the form

r =
2

ln(1=km)
; (5.111)

(Baxter 1982a). From (5.101) and (5.108) it then follows that the critical
exponents � and �0, de�ned in (2.197), are given by

� = �0 =
�

2�c
: (5.112)

From (5.107) and (5.112) the Josephson hyper-scaling law (2.199), with d = 2
is satis�ed. If the Fisher scaling law (2.203) is assumed then, from (5.110)
and (5.112), the exponent �, de�ned in (2.200), is given by

� = 1

4
: (5.113)

Since �c is given by (5.99) and (5.72) it varies continuously as a function of
e1, e3, e5 and e7. We, therefore, have a situation where the critical exponents,
except � and �, vary as continuous functions of the energy parameters of the
model. The implication of this for the concept of universality is discussed in
Sect. 5.12.

5.10 The Spin Representation

and the Ising Model Limit

We consider the spin representation of the eight-vertex model given by (5.7).
Let K21 = K +K

0 and K22 = K �K0. From (5.2), (5.4) and (5.7),

a = exp (K0 + 2K +K4) ; b = exp (K0 � 2K +K4) ;

c = exp (K0 + 2K0 �K4) ; d = exp (K0 � 2K0 � K4) :
(5.114)



5.10 The Spin Representation and the Ising Model Limit 191

When K4 = 0 the model reduces to two identical non-interacting Ising mod-
els, each with coupling K + K

0 along one axis direction and K � K
0 along

the other axis direction. With K4 6= 0 the two Ising models are linked by a
four-spin coupling K4. When K > K

0 and K4 � 0 the model is ferromagnetic
and in region (i) of the eight-vertex model and the inequalities (5.46) are
satis�ed. For T < Tc, w1; : : : ;w4 are de�ned by (5.65) and for T > Tc by
(5.69). It follows from (5.71) and (5.72) that

�=

(
�(K;K0;K4) ; T < Tc ,

1=�(K;K0;K4) ; T > Tc ,
(5.115)

� =

(
tanh(2K4) ; T < Tc ,

tanh(2K4)=�(K;K
0;K4) ; T > Tc ,

(5.116)

where

�(K;K0;K4) = tanh(2K4) cosh
2(2K)

+ sinh2(2K) + sinh2(2K0)[tanh(2K4)� 1] : (5.117)

In the three-dimensional phase space of the independent couplings the critical
surface C is given by � = 1 which is equivalent to

�(K;K0;K4) = 1 : (5.118)

On this surface the critical exponents vary as functions of �c, which from,
(5.99) and (5.116), is given by

�c = � � arccos[tanh(2K4)] : (5.119)

It has been shown by Kadano� and Wegner (1971) that the four-spin inter-
action in the eight-vertex model scales as 1=r2. This means, in terms of our
discussion in Sect. 2.6.2, that K4 is a marginal coupling, and the variation
of the critical exponents �, � and 
, given by (5.107), (5.109) and (5.110)
respectively, as functions of K4 does not con
ict with scaling theory. We now
consider three special cases of this analysis.

5.10.1 The Isotropic Ising Model With a Four-Spin Coupling

When K
0 = 0 the system is isotropic. The critical surface C cuts the plane

K
0 = 0 in a curve C0 given by �(K; 0;K4) = 1. This curve is shown in Fig. 5.6.

It meets the K4 = 0 axis at K = Kc given by

sinh(2Kc) = 1; (5.120)

which is the standard formula for the critical temperature of the square lattice
Ising model (Volume 1, Sect. 8.3). We also note that, as K ! 0 on C0,
K4 !1, which shows that there is no phase transition in a spin- 12 model on
a square lattice with a purely four-spin interaction.
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5.10.2 The J�ungling Spin Representation

The J�ungling spin representation is given by (5.14){(5.17) where J21 = J22 =
J , and K0 and K4 are expressed in terms of the coupling L by

tanh(4K0) = tanh2(2L) ; tanh(4K4) =
tanh4(2L)

2� tanh4(2L)
: (5.121)

Substituting into (5.118) gives the formula

tanh4(2L) = 1� [2 sinh2(2K)� 1]
2
; (5.122)

for the critical surface. The critical exponents are functions of L through
(5.119) and the second of equations (5.121).

5.10.3 The Isotropic Ising Model Without a Four-Spin Coupling

Now K
0 = K4 = 0 and, from (5.114), (5.65), (5.69) and (5.74), U = 0 for all

temperatures. From (5.116), � = 0 and thus, from (5.75) and (A.198),

� = 1

2
K(`) ; (5.123)

or, from (5.91),

� = 1

2
� : (5.124)

From (5.76), (5.115) and (5.117),

`0 =

(
sinh2(2K) ; T < Tc ,

sinh�2(2K) ; T > Tc .
(5.125)

K

K4

0.4
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bC

Fig. 5.6. The critical curve
C0 for the eight-vertex
model, when J21 = J22 = J ,
in the space of the couplings
K = J=T and K4 = J4=T .
The critical point C of the
isotropic Ising model lies on
the K4 = 0 axis at K =
0:4407.
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At the critical temperature ` = `c = 0, which agrees with the result of
Sect. 5.9, and yields the formula (5.120) for the critical temperature. From
(5.124), (5.107), (5.109), (5.110), (5.112) and (5.113)

� = 0 ; � = 1

8
; 
 = 7

4
;

� = 15 ; � = 1 ; � = 1

4
;

(5.126)

which are the well-known results for the two-dimensional Ising model. (Vol-
ume 1, Sect. 8.9). The fact that �=�c = 2 shows, from the discussion of
Sect. 5.9, that the heat capacity has a logarithmic singularity at the critical
point. From (5.88) and (5.123),

K(k0m)

K(km)
=
K(`)

K(`0)
; (5.127)

from which it follows that km = `0. Then, from (5.89) and (5.125), the spon-
taneous magnetization of the d = 2 Ising model

ms = [1� sinh�4(2K)]
1
8 ; T < Tc (5.128)

is recovered.
The series expansion (5.85) will now be used to obtain an expression for

the internal energy of the Ising model following the procedure of Lavis (1996).
Since U = 0 and � is given by (5.123), equations (5.86) reduce to

z = 1 ; x = q
1
4 = exp[��K(`)=2K(`0)] : (5.129)

Using the transformation

k1 =
2
p
`0

1 + `0
; k01 =

1� `0
1 + `0

; (5.130)

it follows, from (A.213) and (A.214) (with m = `, m1 = k01), that

K(k1) = (1 + `0)K(`0) ; K(k01) =
1

2
(1 + `0)K(`) : (5.131)

From (5.129) and (A.205),

x = exp[��K(k01)=K(k1)] (5.132)

is the nome of k1. From (5.70), (5.85), (5.114), (5.129) and (5.132),

�(K) =

8>>>><>>>>:
�2K �

1X
n=1

hn(x) ; T < Tc ,

� ln[cosh(2K) + 1]�
1X
n=1

hn(x) ; T > Tc ,

(5.133)

where

hn(x) =
x2n(1� x2n)2(1� xn)2
n(1� x8n)(1 + x2n)

: (5.134)
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Since

u

J
=
@�

@K
; (5.135)

it follows, from (5.125), (5.133) and (A.206), that

u

J
=

8>>>><>>>>:
�2 + B(K)

K2(k1)

1X
n=1

x
dhn(x)

dx
; T < Tc ,

� 2 sinh(2K)

1 + cosh(2K)
+

B(K)

K
2(k1)

1X
n=1

x
dhn(x)

dx
; T > Tc ,

(5.136)

where

B(K) =
�2 cosh3(2K)

sinh(2K)[sinh2(2K)� 1]
: (5.137)

From (5.134)

x
dhn(x)

dx
=

xn

1 + x2n
+

2x2n

(1 + x2n)
2 �

8x3n

(1 + x2n)
3

� x
n(1 + x2n)

1 + x4n
� 4x4n

(1 + x4n)
2 +

4x3n(1 + x2n)

(1 + x2n)
3 ; (5.138)

and hence, from equations (A.210){(A.212), (A.215){(A.217),

1X
n=1

x
dhn(x)

dx
=
k01K

2(k1)

�2

�q
2(1 + k01)� 1

�
� 2k01

2
K

3(k1)

�3
: (5.139)

Since, from (5.125) and (5.130),

k1 =2 sinh(2K)sech2(2K) ; (5.140)

k01 =�
�
1� sinh2(2K)

cosh2(2K)

�
; T 7 Tc ; (5.141)

by substituting from (5.140) and (5.141) into (5.139) and then into (5.136)
we obtain

u = �J coth(2K)
�
1 +

2

�
K(k1)[2 tanh

2(2K)� 1]

�
; (5.142)

which is the formula for the internal energy of the Ising model on the square
lattice at all temperatures (Volume 1, Sect. 8.10).
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5.11 The Six-Vertex Model as a Special Case

The six-vertex model corresponds to the limiting case e7 ! 1 (d ! 0) of
the eight-vertex model. It therefore falls on the boundaries of regions (i), (ii)
or (iii), but, not of (iv). At low temperatures in these regions the param-
eters w1; : : : ;w4 are given by (5.65){(5.67) respectively. At high tempera-
tures, in the part of parameter space corresponding to the six-vertex model,
w1; : : : ;w4 are given by (5.70) for all regions. Let

�� =
a2 + b2 � c2 � d2

2(ab+ cd)
; � � =

ab� cd

ab+ cd
: (5.143)

From (5.65){(5.67), (5.70), (5.71) and (5.72)

� =

8>>><>>>:
��; low-T , regions (i) and (ii),

���; low-T , region (iii),

1=� �; high-T ,

(5.144)

� =

8>>><>>>:
� �; low-T , regions (i) and (ii),

�� �; low-T , region (iii),

��=� �; high-T .

(5.145)

The variables � and � satisfy the conditions (5.73) and since, for the six-
vertex model, when d = 0, � � = 1, we have three cases to consider:8

5.11.1 Low-Temperature Regions (i) and (ii)

In these regions

� = 1 ; �� � 1 ; (� = ��) ; (5.146)

and, from (5.77) and (5.146), K(`) � 2� � 2K(`). De�ning

� = 2K(`)� 2� ; with 0 � � � K(`) ; (5.147)

it follows, from (5.75), (A.198), (A.200) and (A.201), that

� =
1

dn(�j`) ; � =
cn(�j`)
dn(�j`) : (5.148)

The result � = 1 is achieved in the limit `! 1, when, from (A.199), (5.146)
and (5.148),

�� = cosh(�) : (5.149)

8 The � de�ned in Volume 1, Chap. 10, is the present �� with d = 0.
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From (5.65) and (5.66), for small d, w4 is positive in region (i) and negative
in region (ii). So, from (5.78), U is positive in region (i) and negative in region
(ii) with jUj � �. Let

# = 2K(`)� 2jUj ; with 0 � � � # � 1

2
K(`) : (5.150)

In the limit `! 1, from (5.65), (5.66), (5.74) and (A.199),

a+ b : ja� bj : c+ d : c� d =
sinh

�
1

2
#
�

sinh
�
1

2
�
� :

cosh
�
1

2
#
�

cosh
�
1

2
�
� : 1 : 1; (5.151)

giving d = 0 and

max(a; b) =
c sinh

h
1

2
(#+ �)

i
sinh

�
1

2
�
� ; min(a; b) =

c sinh
h
1

2
(#� �)

i
sinh

�
1

2
�
� :(5.152)

From (5.86), (5.147) and (5.150) in the limit `! 1,

x = exp
n
�
h
K(`)� 1

2
�
i
=K(`0)

o
! 0 ;

q = expf�2�K(`)=K(`0)g ! x2 ! 0 ;

z =

8><>:
exp

n
��
h
K(`)� 1

2
#
i
=K(`0)

o
! x2 ! 0 ; region (i) ,

exp
n
�
h
K(`)� 1

2
#
i
=K(`0)

o
! x�2 ;!1 region (ii) .

(5.153)

From (5.85) we have, therefore,

�(a; b; c) =� ln(w1 +w2)

=� ln
h
1

2
(a+ b) + 1

2
ja� bj

i
; (5.154)

which is equivalent to Volume 1, (10.49), in region (i) (a > b).
From (5.99) and (5.146) �c = � in this case and, from (5.107), � = �0 = 1.

It thus follows that the scaling exponent y2 of (2.167) is equal to d = 2,
indicative of a �rst-order transition. This is of course as it should be since
the transition is to the frozen completely ordered ferroelectric state.

5.11.2 Low-Temperature Region (iii)

In this region

� = �1 ; �� � �1 ; (� = ��) (5.155)

and from (5.77) and (5.155), 0 � 2� � K(`). In this case we set

� = 2� ; # = 2U ; with 0 � # � � � K(`) : (5.156)
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From (5.75) the result � = �1 is achieved in the limit ` ! 1, when, from
(A.199),

�� = � cosh(�) : (5.157)

From (5.67) and (5.74), in the limit `! 1,

a

c
=

sinh
h
1

2
(�+ #)

i
sinh(�)

;
b

c
=

sinh
h
1

2
(�� #)

i
sinh(�)

(5.158)

and in the same limit, from (5.86),

x = exp(��) ; q = 0 ; z = exp(#) : (5.159)

Substituting into (5.85) gives

�(a; b; c) = � ln(c)�
1X
n=1

exp(�2n�)[cosh(n�)� cosh(n#)]

n cosh(n�)
: (5.160)

Substituting for c from the �rst of equations (5.158) and expanding the result-
ing logarithmic series gives the formula obtained from (10.120) and (10.123)
of Volume 1.

5.11.3 High-Temperature Regions (i), (ii) and (iii)

In these regions

� = 1 ; �1 � �� � 1 ; (� = ��) (5.161)

and in this case we use the variables � and ' de�ned in (5.91). The parameters
w1; : : : ;w4 are given by (5.70) and the limit d ! 0 is equivalent to ` ! 0.
This then gives, from (5.74), (5.91) and (5.143),

�� =� cos(�) ; (5.162)

a

c
=
sin
h
1

2
(�+')

i
sin(�)

;
b

c
=

sin
h
1

2
(��')

i
sin(�)

: (5.163)

Equations (5.70) with d = 0 give w2 = w3, which is the expression (5.90) for
the critical surface. So the form for the free energy is that given by (5.98) for
the critical surface of the eight-vertex model. With d = 0 this becomes

�(a; b; c) =� ln
h
1

2
(a+ b+ c)

i

�
Z 1

�1

sinh2[y(� � �)][cosh(�y)� cosh('y)]

y sinh(2�y) cosh(�y)
dy : (5.164)

The fact that points on the critical surface are related by the transformations
T
0
Tb, T

0
Tc and T

0
Td to points on the surfaces b = 0, c = 0 and d = 0
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respectively has been noted in Sect. 5.6. Equation (5.164) is the form for the
free energy given by Baxter (1972). To show the equivalence between it and
the forms given by Lieb and Wu (1972) and Volume 1, equations (10.76) and
(10.80), it is necessary to establish that

ln
h
1

2
(a+ b+ c)

i
= ln(a)

�
Z 1

�1

sinh[y(� � �)]fsinh[y(� � �)]� sinh[y(� �')]g
y sinh(2�y)

dy : (5.165)

This is achieved by substituting on the left from (5.163), expanding the loga-
rithmic series and evaluating the integral as a series using the residue theorem.

5.12 The Eight-Vertex Model and Universality

The concept of universality classes was discussed in Sect. 2.3, where we listed
Kadano�'s three criteria for the division of phases transitions into classes.
It was also pointed out that any particular model may well exhibit phase
transitions in di�erent universality classes within di�erent parts of its phase
space. We saw in Sect. 3.4 that the symmetry group of the zero-�eld spin-
1 Ising model is in general S2, the same as that of the standard zero-�eld
spin- 12 Ising model and thus, for any particular value of the dimension d, it
will exhibit a phase transition in the universality class of the latter. However,
when the interaction energy parameters attain certain special values there is
a change of symmetry group to S3, that of the 3-state Potts model (Sect. 3.5),
for which the transition lies in a di�erent universality class. Examples can
also be given when a change in the energy parameters will lead to a change
in universality class by means of an e�ective change in the dimension of the
system rather than the symmetry group. We could, for example, consider an
anisotropic lattice model on a d-dimensional hypercubic lattice. If the energy
parameters connecting microsystems in the direction of one axis tend to zero
there will, from the point of view of cooperative phenomena, be an e�ective
change of dimension of the system from d to d � 1, with a resulting change
of universality class for the phase transition.

At this point it is useful to distinguish between the universality hypothe-
sis, in whatever form it is represented, and the scaling hypothesis, introduced
in Sect. 2.4. It is a consequence of the latter and the corresponding hypothesis
for correlations of Sect. 2.11 that the critical exponents satisfy the four scaling
laws (2.169), (2.170), (2.199) and (2.203). It is sometimes asserted that the
eight-vertex model contradicts the universality hypothesis because its critical
exponents vary as a function of a parameter. We have shown in Sect. 2.6.2
that the scaling hypothesis encompasses the possibility of exponents vary-
ing as functions of a marginal coupling and in Sect. 5.10 it was shown that
the four-spin coupling in the spin representation of the eight-vertex model is
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of this type. The interesting question in relation to universality is whether
the variation of the four-spin coupling corresponds to a change of symmetry
and thus a change of universal class according to Kadano�'s criterion (b),
or whether the symmetry group remains the same. As was pointed out by
Kadano� and Wegner (1971) and Baxter (1982a) there is certainly a change
of symmetry when the conditions e1 = e2 and e3 = e4 are applied. These con-
ditions, are equivalent to setting L1 = �L3, L2 = L4 or L1 = L3, L2 = �L4 in
equations (5.13), or Jh = Jv = 0 in Example 5.1. Without them the symme-
try group is simply the spin-reversal symmetry group S2 of the Ising model.
With them the group becomes the direct product S2�S2, where the reversal
symmetry applies to the two interpenetrating sublattices independently. Al-
though the general eight-vertex model, without the conditions e1 = e2 and
e3 = e4, has not been solved, the solution of the special free-fermion case
by Fan and Wu (1970) give a strong indication that the critical exponents
are those of the Ising model. According to Kadano�'s criteria (a) and (b) for
universality classes this is to be expected, since the dimensions and symmetry
groups of the models are the same. By the same token we expect the expo-
nents of the eight-vertex model with conditions (5.3) to be di�erent. That
they vary is understandable in terms of scaling. To set them in the context
of Kadano�'s criteria of universality classes two approaches are possible:

(i) The model with varying exponents can be taken as one universality class.

(ii) Criterion (c) can be invoked with the marginal coupling taken as another
criterion di�erentiating between classes.

The latter has some advantages since the concept of constant exponents
within classes is preserved. Also since, in renormalization group theory (see
Chap. 6) a marginal exponent is associated with a line of �xed points and a
�xed point is usually associated with a universality class, to associate each
value of K4 with a di�erent class has some value.

Finally, the proposal of weak universality by Suzuki (1974) should be
mentioned. He observed that the exponents in the eight-vertex model which
vary are �, �, 
 and � (see equations (5.107), (5.109), (5.110) and (5.112)
respectively). These are precisely those which represent asymptotic behaviour
in terms of jT � Tcj (see equations (2.117){(2.119) and (2.197)). If, however,
asymptotic behaviour is measured in terms of the inverse correlation length
r�1 then this leads to the use of the exponents

'̂ = (2� �)=� ; �̂ = �=� ; 
̂ = 
=� : (5.166)

The four scaling laws (2.169), (2.170), (2.199) and (2.203) are replaced by


̂ = �̂(�� 1) ; 2�̂+ 
̂ = '̂ ;

d = '̂ ; 2� � = 
̂ :
(5.167)

For the eight-vertex model the complete set of exponents is now



200 5. The Eight-Vertex Model

'̂ = 2 ; �̂ = 1

8
; 
̂ = 7

4
; � = 15 ; � = 1

4
: (5.168)

These are, of course, the same for the two-dimensional Ising model which
unfortunately obscures the important symmetry di�erence between the two
models.

Examples

5.1 If the �rst two relations of (5.3) are dropped, a term

�1

2
Jh(�i1�i2 + �i3�i4)� 1

2
Jv(�i1�i4 + �i2�i3)

can be added to each term over faces in (5.6), Jh and Jv being nearest-
neighbour horizontal and vertical energy interaction parameters. The
factor 1

2 arises because each edge is on the boundary of two faces.)
Using Fig. 5.2 show that

e1 = �J0 � Jh � Jv � J21 � J22 � J4 ;

e2 = �J0 + Jh + Jv � J21 � J22 � J4 ;

e3 = �J0 + Jh � Jv + J21 + J22 � J4 ;

e4 = �J0 � Jh + Jv + J21 + J22 � J4 ;

e5 = e6 = �J0 � J21 + J22 + J4 ;

e7 = e8 = �J0 + J21 � J22 + J4 :

Invert these relations and verify that e1 = e2 and e3 = e4 imply that
Jh = Jv = 0.

5.2 For the model of question (1) show that, when the free-fermion con-
ditions

e1 + e2 = 2e5 ; e3 + e4 = 2e7

apply then J22 = J4 = 0. Evaluate J0, Jh, Jv and J21 in terms of the
ep. Illustrate by a sketch that, when e5 6= e7 and e3�e4 6= �(e1�e2),
the model is equivalent to the triangular lattice Ising model with
unequal interactions in three lattice directions. Show that

e1 + e2 = 2e7 ; e3 + e4 = 2e5

are also free-fermion conditions producing equivalence to a triangular
lattice Ising model.

5.3 Show that spin representation of J�ungling and Obermair (1974),
which corresponds to equations (5.13) with L1 = L2 = L3 = L4 = L

is a model of the type given in question (1) with
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~J0 = J0 +
1

8
T ln

�
256 cosh4 (2L) cosh (4L)

�
;

~Jh = ~Jv =
1

4
T ln [cosh (4L)] ;

~J21 = J21 ;

~J22 = J22 ;

~J4 = �1

8
T ln

�
1� tanh4 (2L)

�
;

where, as in (5.14){(5.17), a tilde is used to distinguish the new set
of values.

5.4 Take a, b, c and d as given by (5.2), (5.4) and (5.7) with J4 = K4 = 0
and apply the transformation (5.35) to show that

a0 = B(K0;K21;K22) exp(K
0
21 +K

0
22) ;

b0 = B(K0;K21;K22) exp(�K021 �K022) ;

c0 = B(K0;K21;K22) exp(K
0
21 �K022) ;

d0 = B(K0;K21;K22) exp(�K021 + K
0
22) ;

where

B(K0;K21;K22) = exp(K0)
p
sinh(2K21) sinh(2K22) ;

sinh(2K21) sinh(2K
0
22) = 1 ;

sinh(2K021) sinh(2K22) = 1 :

Show that a = a0, b = b0, c = c0 and d = d0 when

sinh(2K21) sinh(2K22) = 1

and that this last equation can also be obtained by substituting the
expressions for a, b, c and d in terms of K21 and K22 into the formula
a = b+ c+ d. Obtain the dual transformation formulae

sinh(2K) sinh(2K0) = 1 ;

Z(K)

[sinh(2K)]
1
2N

=
Z(K0)

[sinh(2K0)]
1
2N

for the case K21 = K22 = K.

5.5 Express the transformations T, T0, T1, T2 and T as permutation ma-
trices operating on the vector (a; b; c; d). Show that fI;T1;T2;T2g
form a commutative group. Obtain the matrix TT1 and show that
it has the e�ect (a; b; c; d) ! (a; b; d; c). Obtain the matrices TiT

0
Ti,

i = 1; 2; 3 and show that they yield the transformations (5.39){(5.41).
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5.6 The modi�ed F model (Wu 1969) is a zero-�eld eight-vertex model
with e1 = e3 = " > 0, e5 = 0 and e7 = 2". Show that this is
equivalent to an Ising model ferromagnet with J = 1

2" and that the

critical temperature in Tc = "=[ln(
p
2 + 1)].

5.7 Show that just inside the low-temperature zone of region (iii), when
T = Tc � �T , �T > 0 and Tc satis�es (5.48),

c� (a+ b+ d) � �T ; as �T ! 0 :



6. Real-Space Renormalization Group Theory

6.1 Introduction

The approach to the renormalization group in this chapter is usually referred
to as the use of the real-space renormalization group. This is in contrast to
renormalization group methods for continuous spin distributions, using, for
example, the Landau{Ginzburg local free energy density of Sect. 3.3. These
latter methods, in which renormalization is performed in wave-vector space,
were initiated by Wilson (1975) and owe much to the in
uence of quantum
�eld theory. Real-space methods, which are conceptually rather simpler, are
based, in many cases, on the block-spin method of Kadano� (1966) described
in Sect. 2.3.1

The essential feature of all renormalization group methods is the real-
ization that critical phenomena are associated with long wave length (small
wave vector) 
uctuations in wave-vector space or long-range correlations in
real space. This means that an integration out of large wave vectors or a block
averaging of short-range interactions in real space will leave the essential crit-
ical features of the system unchanged. It was this perception which lead to a
remarkable development of critical phenomena in the last two decades.

As in Sect. 2.3 we consider a d-dimensional lattice N , although in this
case we do not assume that the lattice type is necessarily hypercubic. With
periodic boundary conditions applied, a lattice site is given, in terms of a set
of independent unit vectors r̂1; r̂2; : : : ; r̂d, by

r = a1m1r̂1 + a2m2r̂2 + : : :+ admdr̂d ; (6.1)

where m` is an integer modulo N` and

N =

dY
`=1

N` (6.2)

1 A comprehensive collection of articles on both types of renormalization group
methods is contained in the volume edited by Domb and Green (1976) and on
real-space methods in the volume edited by Burkhardt and van Leeuwen (1982).
For a description of renormalization methods in wave-vector space the reader is
referred to Ma (1976a) and Amit (1978). Accounts of both approaches are given
by Binney et al. (1993) and Cardy (1996).
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is the total number of sites in the lattice. The constant a` is the lattice spac-
ing in the direction of the unit vector r̂`. At each lattice site r there is a
microsystem with state speci�ed by the variable �(r). For ease of presenta-
tion we shall suppose that the state variable at each lattice site is the same
and can take � discrete values, although this can be modi�ed in particular
applications. As in Sect. 2.4 we assume that the system has n independent
(non-trivial) couplings. Here we need not distinguish between internal and ex-
ternal couplings and they will be denoted by �1; �2; : : : ; �n, with the so-called
`trivial coupling' denoted by �0. The dimensionless Hamiltonian bH = bH=T is
given by

bH(N; �i;�(r)) = �N�0 � nX
i=1

bQi(�(r))�i ; (6.3)

where each bQi is some function of the microstates �(r). The extensive variable
corresponding to the trivial coupling is N . Although this coupling can be
neglected in the usual formulation of statistical mechanical probabilities in
equation (1.12), it plays an important role in renormalization group methods.
The partition function Z(N; �i) is now given (see equation (1.13)) by

Z(N; �i) =
X
f�(r)g

exp[�bH(N; �i;�(r))] : (6.4)

The trivial coupling �0 e�ectively sets the zero-point of the Hamiltonian and
consequently of the dimensionless free energy � = F=T . We de�ne � for the
Hamiltonian with �0 set equal to zero. This then gives

�(N; �i) = � ln[exp(�N�0)Z(N; �i)] ; (6.5)

or equivalently,

�(N; �i) = N�0 � ln[Z(N; �i)] : (6.6)

An important point about renormalization group theory is that it is an im-
plementation of the scaling procedure described in Chap. 2. However, while
scaling theory is able to predict only relations between critical exponents,
renormalization group methods are able to give values for these exponents.
This procedure can be carried out in a variety of ways. Even within the con-
text of real-space methods it would be very di�cult to present a formulation
which applies to all possible schemes for all possible systems. We have not
attempted this. Instead a block-spin procedure is described, which includes
most simple applications of the theory. Although it will need modi�cation in
some cases, these changes will not radically a�ect the development which is
presented.

6.2 The Basic Elements of the Renormalization Group

The steps in the development of a real-space renormalization group procedure
are as follows:
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(i) The lattice N is divided into blocks of the form of d-dimensional paral-
lelepipeds whose edges are given by the vectors �a`r̂` for some integer
� > 1 and such that in each block there are �d sites. A lattice eN is
formed of the same structure as N by associating a lattice site ~r 2 eN
with every block of N . We denote the block of sites in N associated with
~r by B(~r). The number eN of sites in eN is given byeN = ��dN ; (6.7)

and the lattice spacings are

~a` = �a` ; ` = 1; 2; : : : ; d : (6.8)

(ii) The size of the lattice eN is reduced by a length scaling

j~rj = ��1jrj : (6.9)

This means that eN now di�ers from N only in number of lattice sites.

(iii) The conditional probability

p(�(~r)j�(r); r 2 B(~r)) � 0 ; (6.10)

that the microstate at ~r is �(~r), given a particular con�guration of
microstates in the block B(~r), is called the weight function and it satis�es
the usual formulaX

f�(~r)g

p(�(~r)j�(r); r 2 B(~r)) = 1 ; (6.11)

where the summation is over all the microstates of ~r. The probability
p(�i;�(r)) that there is a particular con�guration of microstates on N
is, from (1.12),

p(�i;�(r)) =
exp[�bH(N; �i;�(r))]

Z(N; �i)
: (6.12)

Since the mapping is between two lattices which di�er only in the number
of lattice sites, the Hamiltonian function bH and partition function Z will
be the same in each case and the probability p(~�i;�(~r)) that there is a

particular con�guration of microstates on eN , with coupling constants
~�i, is

p(~�i;�(~r)) =
exp[�bH( eN; ~�i;�(~r))]

Z( eN; ~�i) : (6.13)

(iv) The probabilities given by (6.12) and (6.13) can be related by a con-
ditional probability of the form (6.10) using the standard formula of
probability theory. In general this means that the conditional probabil-
ity will be a function of both sets of couplings �i and ~�i with no speci�ed
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relationship between the two. In renormalization group theory, however,
the probability formula is used to impose the relationship

p(~�i;�(~r)) =
X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
p(�i;�(r)) ;

(6.14)

between the two sets of couplings, where the conditional probability is
independent of the values of the members of both sets.

(v) Although the probabilities p(�i;�(r)) and p(~�i;�(~r)), as they are de�ned
in (6.12) and (6.13), involve the trivial couplings �0 and ~�0 respectively,
this dependence is purely formal. The factor exp(�N�0) can be can-
celled from the numerator and denominator of (6.12) and similarly for

exp(� eN ~�0) in (6.13). We, therefore, have two arbitrary parameters in
(6.14). Imposing that condition

Z( eN; ~�i) = Z(N; �i) (6.15)

�xes the di�erence eN ~�0 �N�0 and, from (6.12){(6.15),

exp[�bH( eN; ~�i;�(~r))] = X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i

� exp[�bH(N; �i;�(r))] : (6.16)

6.3 Renormalization Transformations

and Weight Functions

Equation (6.16) is the starting point for the development of a renormalization

transformation. Ideally, by allowing the microstates of eN to range over all
their possible values and performing the summation on the right-hand side,
we hope to obtain formulae of the form

~�0 = �d�0 +K0(�j) ; (6.17)

~�i =Ki(�j) ; i = 1; 2; : : : ; n : (6.18)

These are known as recurrence relationships. Equation (6.17) can be neglected
from present consideration as it serves only to obtain thermodynamic prop-
erties (see Sect. 6.5). If the relationships (6.18) can be obtained they are used
to perform a sequence of iterations indexed by s = 0; 1; 2; : : : in the space S
of non-trivial couplings. This produces a trajectory P0 ! P1 ! P2 ! � � � in
S. It satis�es the property

�
(s+s0)
i = K

s0

i (�
(s)
j ) (6.19)
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and is therefore a semi-group.2 As in the case of general dynamic systems
(see, for example, Devaney 1989) the behaviour of renormalization group
trajectories in S could be very complicated, exhibiting �xed points, periodic
points and even chaos. However, in most simple examples, it might be an-
ticipated that the behaviour is governed by a relatively small set of �xed
points. A point P� 2 S with coupling values ��1 ; �

�
2 ; : : : ; is a �xed point of the

transformation if it satis�es

��i = Ki(�
�
j ) ; i = 1; 2; : : : ; n : (6.20)

If it exists, the set B(P�) of all points P0 which on iteration converge to P
� is

called the basin of attraction of P�. If an n-dimensional neighbourhood of P�

contains only points of B(P�) then P� is called a sink. In general �xed points
can have neighbourhoods containing points for which they are attractive,
points for which they are repulsive and points for which trajectories iterated
neither towards nor away from the �xed point. This last type of �xed point is
called marginal and this characteristic is often associated with the existence
of a region (line or surface) of �xed points.

In Sect. 6.2 we referred to the lattice N having N sites with the number
of sites of eN being eN = ��dN < N . However, it is clear that development of
trajectories in S, leading to �xed points, implicitly assumes that a large num-
ber (potentially in�nite) number of iterations can be applied to the system.
This could be the case only if the thermodynamic limit N !1 is assumed.
The method described in Sect. 6.11, whereby the form of the transformation
derived for �nite N is applied an inde�nite number of times, is in these terms
by its very structure an approximation method, even though the calculation
of (6.16) for �nite N may be exact. It is clear that the form of an transfor-
mation will be in part determined by the choice of weight function. Three
commonly used forms are:

(a) The decimation weight function

Choose a particular site �r 2 B(~r) so that the set �N of all sites �r for all
the blocks of N forms a lattice of the same type as N . Then de�ne

p(�(~r)j�(r); r 2 B(~r)) = �Kr(�(~r)� �(�r)) : (6.21)

It is clear that the e�ect of choosing this weight function is that the
summation on the right-hand side of (6.16) is a partial sum over all the
sites of the lattice N except those of �N . The e�ect is to `thin out' the
sites of N leaving �N which is now identi�ed as eN :3 For the spin- 12 model
(� = 2, �(r) = �1) equation (6.21) takes the simple form

p(�(~r)j�(r); r 2 B(~r)) = 1

2
[1 + �(~r)�(�r)] : (6.22)

2 Not a full group since no inverse transformation is de�ned.
3 Strictly speaking the term `decimation' is more properly used when one tenth of
the sites is removed but here it is used more loosely to denote any proportion.
In the case where half the sites are removed the more accurate term `deimation'
is sometimes used.
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(b) The majority-rule weight function

This weight function was introduced by Niemeijer and van Leeuwen
(1973, 1974). The �rst step in assigning �(~r) for the block B(~r) can
be described in terms of the `winner takes all' voting procedure used in
some democracies. Given that among the sites of B(~r) one of the � mi-
crostates occurs more that any other then �(~r) is assigned to this value.
Unless � = 2 and the number of sites �d in a block is odd it is clear
that this is not su�cient to determine �(~r) for every con�guration of the
block. A `tie' can occur in the voting procedure and a strategy must be
adopted to deal with such cases. One possibility is to assign to �(~r) one
of these predominating values on the basis of equal probabilities. In the
special case of a spin- 12 model this weight function would take the form

p(�(~r)j�(r); r 2 B(~r)) = 1
2

"
1 + �(~r)S

� X
fr2B(~r)g

�(r)
�#

; (6.23)

where

S(m) =

8<:�1 ; if m < 0 ,
0 ; if m = 0 ,
1 ; if m > 0 .

(6.24)

In some cases this may not, however, be the most appropriate choice.
In their work on the Ising model using square nearest-neighbour blocks
Nauenberg and Nienhuis (1974a, 1974b) divided the con�gurations with
equal numbers of up and down spins between block spins up and down
with probability one. The rule (one of four) which they chose ensured
that the reversal of all the spins in the block reversed the block spin.

(c) The Kadano�{Houghton weight function

For the spin- 12 model the weight function

p(�(~r)j�(r); r 2 B(~r)) =
exp

"
� �(~r)

X
fr2X (~r)]

�(r)

#

2 cosh

"
�

X
fr2X (~r)]

�(r)

# (6.25)

was introduced by Kadano� and Houghton (1975). In this formula � is a
real number and X (~r) is some subset of B(~r). It can be shown (Example
6.1) that, in the limit � !1, we recover the majority-rule weight func-
tion (6.23), if X (~r) = B(~r), and the decimation weight function (6.22),
if X (~r) is the single site �r 2 B(~r).

In itself the weight function chosen does not lead to any approximation as
long as the summation on the left-hand side of (6.16) can be evaluated exactly.
This means that the calculation of thermodynamic functions (see Sect. 6.5)
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would be exact. What can be lost are �xed points associated with particular
parts of phase space. This leads to the inability to map the part of the phase
space associated with these �xed points. The usual rule employed is to choose
a weight function, which, when applied to the ground state in N associated
with a phase of interest, leads to the same ground state in the lattice eN .
This idea will be illustrated by reference to the one-dimensional Ising model
in Sect. 6.6.

Beginning in the early 1970s the general pattern of development described
here was used to construct approximate renormalization group transforma-
tions (see Niemeijer and van Leeuwen 1976) and to gain a new perspective
on the known solutions of some exactly solvable models (see Nelson and
Fisher 1975). One problem associated with this development was recognized
at an early stage. This was the di�culty of obtaining a consistent set of
equations of the form of (6.17) and (6.18) from (6.16). The number of equa-

tions generated by choosing all possible states of the microsystems on eN is
� ~N . Because of the symmetries of the system many of these equations will
be identical. However, within this set, there must be exactly n+ 1 indepen-
dent equations which express the new set of couplings as functions of old
set. It is not guaranteed that this can be achieved. In fact, as we shall see
in Sect. 6.7, for the two-dimensional Ising model on a square lattice with
nearest-neighbour couplings alone using a decimation weight function, this is
impossible. Consistent equations can be obtained by adding second-neighbour
and four-site interactions in eN . These, however, would in their turn demand
the inclusion of further couplings at the next iteration. This proliferation
of couplings led to the development of a number of approximation methods
(Sects. 6.7, 6.9, 6.10) designed to `cut-o�' the proliferation in a more or less
ad hoc manner.

Equations (6.17) and (6.18) must not only be consistent, but the func-
tions Ki, i = 0; 1; : : : ; n must be smooth functions of the couplings �j ,
j = 1; 2; : : : ; n. For explicit approximation methods for �nite systems this
is not normally a problem. However, as was �rst recognized by Gri�ths and
Pearce (1978, 1979) (see also Gri�ths 1981), this condition is not obviously
true in the thermodynamic limit. The fundamental point is that, whereas
we need, for the existence of phase transitions, non-smooth behaviour in the
partition function (6.4), we require smooth behaviour from the summation
on the left-hand side of (6.16), which di�ers from Z(N; �i) only by the pres-
ence of the weight function. It is by no means assured that the weight func-
tion is able to suppress all non-smooth behaviour. As an example Gri�ths
and Pearce (1979) considered the case, for a spin- 12 model, of the Kadano�{
Houghton weight function where X (~r) =�r 2 B(~r) yielding

p(�(~r)j�(r); r 2 B(~r)) = exp [� �(~r)�(�r)]

2 cosh(�)
: (6.26)

This gives, apart from a multiplicative constant, for the right-hand side of
(6.16) the partition function of the model with the addition of an external
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�eld-type coupling � �(~r) on the subset of sites �N . Given that the model ex-
hibits phase transitions it is not necessarily the case that the extra external
�eld is su�cient to lead to their suppression. In particular if the decimation
limit � ! 1 is chosen it is possible by a judicious choice of the signs of
the states on �N (Gri�ths 1981) to cancel out the additional �eld leading
to zero-�eld models know to have phase transitions. Transformations which
give unwelcome phase transitions in the modi�ed partition function on the
right-hand side of (6.16) are said by Gri�ths and Pearce (1979) to exhibit
peculiarities. Examples are given by these authors of schemes with and with-
out such behaviour. One simple observation with respect to the decimation
weight function can be made. This is that if, as in Sects. 6.6{6.7, the sites
of N � �N form disconnected clusters then no peculiarities will occur. This
is clear from the fact that each cluster constitutes an e�ective �nite lattice
system, which cannot have a phase transition.

A number of authors (Wilson 1975, Kadano� and Houghton 1975,
van Leeuwen 1975) have drawn attention to another problem with the dec-
imation weight function. Consider any subset fr1; r2; : : :g of �N � N .

These sites will remain as sites of eN . It is clear that the expectation value
h�(r1)�(r2) � � �i will have the same value in both N and eN . In particular
the pair correlation function, de�ned as in (2.5), for the states at r1 and r2
satis�es the scaling form

�2(�1; : : : ; �n;�(r2 � r1)) = �2(�
y1�1; : : : ; �

yn�n;�(�
�1[r2 � r1])) :

(6.27)

It follows from (2.194) that the scaling exponent associated with the coupling
conjugate to the spin variable is equal to d, the physical dimension of the
system. This means that everywhere on a critical surface the pair correlation
function is equal to its value at the �xed point controlling the surface and,
from (2.162) and (2.201), � = 0, � =1 and � = 2�d. While these results are
true for the one-dimensional Ising model, where the phase transition occurs at
T = 0 with a discontinuity in �eld (see Sect. 6.6), they are certainly untrue
for the two-dimensional Ising model (see (5.126)) and con
ict with series
estimates for the three-dimensional Ising model according to which � ' 0:33,
� ' 4:8 and � ' 0:04. Although it may be argued that this failure of an
exact decimation transformation is hardly relevant to real situations, where
in most cases decimation is used in conjunction with further approximation,
it is of some interest to understand why it occurs. The basis of scaling and
of the use of the renormalization group is, as has already been remarked,
the perception that critical behaviour arises from long-range correlations.
The application of the renormalization group in most cases averages over
the short-range structure of the system leaving the long-range behaviour and
thus the critical properties una�ected. As has been observed by Sneddon and
Barber (1977), this is not the case with the decimation weight function which
sums over some short and some long-range e�ects. This may be understand
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as a loss of information about critical behaviour leading to the absence of
asymptotic decay of correlations.

6.4 Fixed Points and the Linear Renormalization Group

To analyze the nature of the �xed point given by (6.20) we linearize the
recurrence relationships (6.18) about P�. With

4�(s) = (�
(s)
1 � ��1 ; �(s)2 � ��2 ; : : : ; �(s)n � ��n) ; (6.28)

we have

[4�(s+1)]
(t) ' L�[4�(s)](t); (6.29)

where `(t)' denotes the column vector transpose of a row vector and L� is
the �xed point value of

L =

0BBBBBBBBBBB@

@K1

@�1

@K1

@�2
: : :

@K1

@�n
@K2

@�1

@K2

@�2
: : :

@K2

@�n
...

...
. . .

...

@Kn
@�1

@Kn
@�2

: : :
@Kn
@�n

1CCCCCCCCCCCA
: (6.30)

In general L� is not symmetric and thus we have the left and right eigenvalue
equations,

wjL
� =�jwj ; (6.31)

L�x
(t)
j =x

(t)
j �j ; (6.32)

respectively, where wj and xj denote the left and right eigenvectors, for the
eigenvalue �j . It is simple to show that wj and xj0 are orthogonal when �j 6=
�j0 . We shall assume that, within subspaces of eigenvectors for degenerate
eigenvalues, a choice of basis vectors can be made for which this condition
also holds, and thus we have

wj � xj0 = �Kr(j � j0) : (6.33)

From (6.29) and (6.31),

wj �4�
(s+1) ' �jwj �4�

(s) : (6.34)

We now suppose, as we did for scaling in Sect. 2.4, that there exist a set of
scaling �elds

�j = �j(4�i) ; (6.35)
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which are smooth functions of the couplings (and thus of4�j , j = 1; 2; : : : ; n)
and such that

�j(0) = 0 ; (6.36)

�
(s+1)
j =�j�

(s)
j : (6.37)

From (6.33), (6.34) and (6.37) it follows that

�j 'wj �4� ; (6.38)

4� '
nX
j=1

xj�j : (6.39)

Iterating (6.37)

�
(s)
j = �sj�

(0)
j (6.40)

and thus, from (6.39),

4�(s) '
nX
j=1

�sjxj�
(0)
j : (6.41)

Given that the scaling �elds exist, they are a set of curvilinear coordinates
in a region surrounding P�. They have the following properties:

(i) �j = 0 is an (n � 1)-dimensional subspace in S, which, from (6.37), is
invariant under the transformation. From (6.38) the left eigenvector wj

is normal to this subspace at P�.

(ii) f�i = 0;8 i 6= jg is an invariant line in S, which, from (6.39), is tangential
to xj at P

�.

(iii) Suppose that all the eigenvalues �j , j = 1; 2; : : : ; n are real and positive.
Then
(a) If �j > 1 and �

(0)
j 6= 0 then �

(s)
j increases as s increases. The tra-

jectory iterates away from P� with a component in the direction of
xj . The eigenvalue is called relevant.

(b) If �j < 1 and �
(0)
j 6= 0 then �

(s)
j decreases as s increases. The trajec-

tory approaches the subspace �j = 0. It will, however, approach P�

only if there is no relevant scaling �i with �
(0)
i 6= 0. The eigenvalue

�j is called irrelevant.

(c) If �j = 1 it is called marginal and �j remains unchanged under
iteration.

The exponents yj for P
� are de�ned by the formulae

�j = �yj ; j = 1; 2; : : : ; n : (6.42)
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P
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�2 = 0

�3 = 0

�1 = 0
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�)

w3

w1 w2

Fig. 6.1. The region around
a �xed point P

� for n = 3,
with one relevant and two ir-
relevant eigenvalues.

Exponents are named in the same way as their respective eigenvalues.
Since � > 1, an exponent is relevant if it is positive, zero if it is marginal
and negative if it is irrelevant (see Sect. 2.4). The region around P� with
tangent space spanned by the set of right eigenvectors corresponding
to irrelevant eigenvalues is the basin of attraction B(P�). A sink has
only irrelevant eigenvalues. A �xed point which has a neighbourhood
containing no other �xed point is called isolated. As indicated above
this usually means that it has no marginal eigenvalues.

We shall now illustrate this analysis by considering two examples for the case
n = 3.

(1) �1 > 1, �2 < 1, �3 < 1. The region around P� for this case is shown in
Fig. 6.1. The local part of B(P�) is the surface �1 = 0. Trajectories on
this surface will converge on P�. Any trajectory near to the �xed point,
but not on �1 = 0 will iterate away from the �xed point, tending towards
the curve �2 = �3 = 0.

(2) �2 > �1 > 1, �3 < 1. �2 and �1 are called respectively the strong and
weak relevant eigenvalues. This is the case shown in Fig. 6.2. The local
part of B(P�) is the curve �1 = �2 = 0. Any trajectory beginning on this
curve will converge on P�. Any other trajectory will be repelled by P�.
If it begins at a point where �2 6= 0 then it will tend towards the strong
direction �1 = �3 = 0. Otherwise it will tend towards the weak direction
�2 = �3 = 0.
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6.5 Free Energy and Densities

From (6.6) and (6.15)

�( eN; ~�i)� eN ~�0 = �(N; �i)�N�0 : (6.43)

If we now de�ne the free energy per lattice site

�(�i) = �(N; �i)=N ; (6.44)

assuming this to be, at least for large N , independent of N (see Sect. 1.4),
then

�(~�i)� ~�0 = �d�(�i)� �d�0 ; (6.45)

which, from (6.17), becomes

�(~�i) = �d�(�i) +K0(�i) : (6.46)

Given that the couplings in a neighbourhood of a �xed point can, as we
have described them in Sect. 6.4, be given in terms of smooth scaling �elds,
equation (6.46) can be written in the form

�(�y1�1; : : : ; �
yn�n) = �d�(�1; : : : ; �n) +K0(�1; : : : ; �n) : (6.47)

This equation is of the form of the Nightingale{'T Hooft scaling hypothesis
(2.48). The only di�erence is that here � > 1 is an integer, whereas in scaling
theory it is assumed to have any real value in this range. This di�erence can
be resolved if it is assumed that (6.47) can be analytically continued into non-
integer values of �. We have assumed above that K0 is a smooth function and
the Kadano� scaling hypothesis (2.17) now follows if, as in (2.8), we divide
� into smooth and singular parts.

Iterating equation (6.46) along a trajectory from a point with couplings

�
(0)
i , i = 1; 2; : : : ; n gives

P
�
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�3 = 0

�1 = 0

B(P�)

W
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ec
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Strongdirection

Fig. 6.2. The region around
a �xed point P

� for n = 3,
with one irrelevant and two
relevant eigenvalues.
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�(�
(0)
i ) =

1

�kd
�(�

(k)
i )� 1

�d

k�1X
s=0

1

�sd
K0(�

(s)
i ) : (6.48)

If we now assume that

lim
k!1

1

�kd
�(�

(k)
i ) = 0 ; (6.49)

then it follows from (6.48) that the free energy per lattice site, at the initial

point �
(0)
i , is given by

�(�
(0)
i ) = � 1

�d

1X
s=0

1

�sd
K0(�

(s)
i ) : (6.50)

In practice, it is usually found that this series converges after a very few iter-
ations (see, for example, Southern and Lavis 1980). From (2.90) the densities
at the initial point on the trajectory are given by

�
(0)
i = �

�
@�

@�i

�(0)
: (6.51)

To obtain these functions a chain di�erentiation must be performed along
the trajectory. Let

�`m =
@Km
@�`

; (6.52)

�
(0)
im = �im(�

(0)
j ) ; (6.53)

�
(k)
im =

nX
`=1

�
(k�1)
i` �`m(�

(k)
j ) ; k = 1; 2; : : : ; s : (6.54)

Then

�
(0)
i = � 1

�d

1X
s=0

1

�sd
�
(s)
i0 : (6.55)

The response functions, which correspond to the second-order partial deriva-
tives of the free energy density with respect to the couplings, can be obtained
in a similar way.

6.6 Decimation of the One-Dimensional Ising Model

The one-dimensional Ising model can be solved quite simply using the transfer
matrix method described in Sect. 4.9 (see Volume 1, Sect. 2.4). We shall now
present an real-space renormalization group treatment of the same problem
using a decimation weight function. Suppose that N is a ring of N sites
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labelled j = 0; 1; : : : ; N�1, with the �rst and last sites as nearest neighbours.
Let the spin state at site j be �j = �1. The partition function is

Z(N;C;L;K) =
X
f�jg

N�1X
j=0

exp
h
C + 1

2
L(�j + �j+1) +K�j�j+1

i
; (6.56)

where C is the trivial coupling, L = H=T and K = J=T . The lattice N is
divided into blocks of � neighbouring sites. The application of the decimation
weight function corresponds to �xing the spin state on one site of each block
(the �rst, say) and performing a partial sum over the remaining spin states.
The cases � = 2 and � = 3 have been considered in detail by Nelson and
Fisher (1975). The general case can be most conveniently formulated in terms
of the transfer matrix.

It has been shown in Sect. 4.9 that the partition function (6.56) can be
expressed in the form

Z(N;C;L;K) = TracefV Ng ; (6.57)

in terms of the transfer matrix

V = Z0

0@ Z1Z2 Z�12

Z�12 Z�11 Z2

1A ; (6.58)

where

Z0 = exp(C) ; Z1 = exp(L) ; Z2 = exp(K) : (6.59)

The partition function for eN is now given by

Z( eN; eC; eL; eK) = Tracef eV eNg ; (6.60)

whereeV = V �: (6.61)

Computing the elements of this formula for any � yields the recurrence rela-
tionships.

We �rst investigate in detail the case � = 2. It is not di�cult to see that
(6.61) yields the three relationships

~Z0~Z1~Z2 = Z20(Z
2
1Z

2
2 + Z�22 ) ; (6.62)

~Z0~Z
�1
1

~Z2 = Z20(Z
�2
1 Z22 + Z�22 ) ; (6.63)

~Z0~Z
�1
2 = Z20(Z1 + Z�11 ) ; (6.64)

which give
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~Z40 = Z80(Z
2
1Z

2
2 + Z�22 )(Z�21 Z22 + Z�22 )(Z1 + Z�11 )

2
; (6.65)

~Z41 =
Z21Z

2
2 + Z�22

Z�21 Z22 + Z�22

; (6.66)

~Z42 =
(Z21Z

2
2 + Z�22 )(Z�21 Z22 + Z�22 )

(Z1 + Z�11 )
2 : (6.67)

It will be observed that the formulae (6.65){(6.67) are invariant under the
transformation Z1 ! 1=Z1, which corresponds to reversing the direction of
the magnetic �eld. In order to obtain recurrence relationships in a form ap-
propriate to the one-dimensional Ising model we must bear in mind that,
according to analysis of Volume 1, Sect. 2.4, the Curie point lies at zero tem-
perature. This means that we must expect a �xed point on the zero-�eld axis
at T = 0. The appropriate variables to choose are ones which are �nite at
zero temperature. If we concentrate on the region H � 0 and J � 0 (L � 0,
K � 0) then the variables

u= Z�21 = exp(�2L) ; (6.68)

t=
Z22Z1 � 1

Z22Z1 + 1
= tanh

�
1

2
L+K

�
(6.69)

lie in the interval [0; 1]. From (6.66) and (6.67),

~u=
u2(1 + t)

2
+ (1� t)

2

2(1 + t2)
; (6.70)

~t=
4t2 � (1� u)(t2 � 1)

4 + (1� u)(t2 � 1)
: (6.71)

The �rst step in the analysis of the recurrence relationships (6.70) and (6.71)
is to determine the invariant lines. There are three of these:

(a) The line u = 1, corresponding to H = 0. On this line there is the one
recurrence relationship

~t = t2 (6.72)

with �xed points t = 1, u = 1 and t = 0, u = 1.

(b) The line t = 1, corresponding to T = 0. On this line there is the one
recurrence relationship

~u = u2 (6.73)

with the �xed points t = 1, u = 1 and t = 1, u = 0.

(c) Every point on the line
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u

t

b

bb

0.0

0.5

0.00.5

Fixed line (J = 0)

(H = 0)

(T = 0)

Fig. 6.3. The trajectory 
ows for
the renormalization group transfor-
mation of the one-dimensional Ising
model. The origin corresponds to
u = t = 1 and �xed points are de-
noted by �.

u =

�
1� t

1 + t

�2

(6.74)

satis�es (6.70) and (6.71). This is a line of �xed points corresponding to
J = 0.

The invariant lines, �xed points and the �xed line are shown in Fig. 6.3,
together with examples of trajectory 
ows. We now consider the linearized
recurrence relationships in the neighbourhood of each �xed point.

� t = 1, u = 1 is the ferromagnetic �xed point at T = 0, H = 0. For this�4~u
4~t
�
=

�
2 0
0 2

��4u
4t
�
: (6.75)

The eigenvalues and eigenvectors and the exponents for this �xed point are
given in Table 6.1(a). That the magnetic �eld exponent y1 = yH = d has
already been seen in Sect. 6.3 to be a result of the use of the decimation weight
function. In this particular case it can also be interpreted as a consequence
of the �rst-order transition at T = 0 (see Sect. 2.4) when the magnetization
reverses direction as the magnetic �eld passes through zero.

� t = 0, u = 1 is the in�nite temperature �xed point on H = 0. For this we
have 4~u

4~t

!
=

 
1 0

� 1
4 2

! 4u
4t

!
: (6.76)

The eigenvalues and eigenvectors and the exponents for this �xed point are
given in Table 6.1(b). The �xed point is in�nitely attractive along the zero-
�eld axis. The marginal exponent y1 = 0 corresponds to the fact that this
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Table 6.1. The eigenvalues �j , exponents yj , and left
and right eigenvectors wj and xj for (a) the ferromag-
netic �xed point t = 1,u = 1, (b) the in�nite tempera-
ture �xed point t = 0, u = 1, (c) the in�nite �eld �xed
point t = 1, u = 0, (d) the line of �xed points (6.74).

�j yj wj xj

2

2

1

1

(1,0)

(0,1)

(1,0)

(0,1)

)
(a)

1

0

0

�1
(1,0)

( 1
4
,1)

(1,� 1
4
)

(0,1)

)
(b)

0

1

�1
0

(1,0)

(0,1)

(1,0)

(0,1)

)
(c)

0

1

�1
0

h(t)(1;x(t))

h(t)(�y(t); 1)
h(t)(1;y(t))

h(t)(�x(t); 1)

)
(d)

�xed point in on the line of �xed points (6.74). The right eigenvector x1 is
tangential to the line of �xed points at this �xed point, where du=dt = �4.

� t = 1, u = 0 is the in�nite �eld �xed point on T = 0. For this we have�4~u
4~t
�
=

�
0 0
0 1

��4u
4t
�
: (6.77)

The eigenvalues and eigenvectors and the exponents for this �xed point are
given in Table 6.1(c). The �xed point is in�nitely attractive along the zero-
temperature axis. The marginal exponent y2 = 0 again corresponds to the fact
that this �xed point is on the line of �xed points (6.74). The right eigenvector
x2 is tangential to the �xed line at the �xed point where du=dt = 0.

� The line of �xed points (6.74) at some 0 � t � 1 has linearized recurrence
relationships

0@ 4~u
4~t

1A =

0BBB@
(1� t)

2

1 + t2
�8t(1� t)

(1 + t2)(1 + t)
3

(t2 � 1)(1 + t)2

4(1 + t2)

2t

1 + t2

1CCCA
0@ 4u
4t

1A : (6.78)

The eigenvalues and eigenvectors and the exponents as functions of t are
given in Table 6.1(d), where
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h(t) =

r
2t

1 + t2
; x(t) =

4(1� t)

(1 + t)
3 ; y(t) =

(1� t)(1 + t)3

8t
:

(6.79)

The line of �xed points is in�nitely attractive to trajectories which approach
it. The marginal exponent y2 = 0 has a corresponding right eigenvector x2
which is tangential to the �xed line, where du=dt = �4(1� t)=(1 + t)

3
.

We now calculate the free energy per lattice site. From (6.17), (6.59), (6.65),
(6.68) and (6.69)

K0(u; t) =
1
4 ln

�
2(1 + u�1)2(1 + t2)[u2(1 + t)2 + (1� t)2]

(1� t2)2

�
: (6.80)

The free energy per lattice site at some initial point(u(0); t(0)) is now ob-
tained by inserting this expression into the series (6.50), with � = 2, d = 1.
An interesting problem is to show that this series converges to the closed
form expression obtained by more conventional methods. The calculations of
Volume 1, Sect. 2.4, when translated into the present notation, yield

�(u; t) =� ln

8<: 1

2u3=4

�
1 + t

1� t

�1=2
241 + u+

s
(1� u)2 + 4

�
1� t

1 + t

�2
359=; :

(6.81)

It is quite simple to write a computer program, using the recurrence rela-
tionships (6.70) and (6.71) to compute �(u(0); t(0)), from (6.80) and (6.50).
This will give convincing evidence that the series converges to the value given
by (6.81). In general it would appear to be rather di�cult to sum the series
analytically. In the case H = 0, (u = 1), however, the problem has been
solved by Nauenberg (1975). His argument, translated into our notation, is
as follows. From (6.80),

K0(1; t) =
1
2 ln

�
4

�
1 + t2

1� t2

��
(6.82)

and hence, from (6.71) and (6.50),

�(1; t) =�
1X
s=1

1

2s

�
ln(2) +

1
2 ln

�
1 + t2

s

1� t2
s

��
;

=� ln(2)� ln

24 1Y
s=1

�
1 + t2

s

1� t2
s

�1=2s+1
35 : (6.83)

Using the identity
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1p
1� q2 =

1Y
s=1

�
1 + q2

s

1� q2s
�1=2s+1

; (6.84)

gives

�(1; t) = � ln(2) + 1

2
ln(1� t2) ; (6.85)

which also follows from (6.81).
For the ferromagnetic �xed point the exponents given in Table 6.1 can be

used together with formulae (2.162) and (2.167), to give the critical exponents

� = 1 ; � = 0 ; 
 = 1 ; � =1 : (6.86)

The values of � and � both arise from the �rst-order phase transition condi-
tion y1 = d. Because the matrix in (6.75) is diagonal the scaling �elds can be
identi�ed as

�1 =�4u ' 2L ; (6.87)

�2 =�4t ' 2 exp(�2K) : (6.88)

From the general analysis of scaling at a critical point described in Sect. 2.9
�1 � 4L and �2 � 4K. It follows from (6.87) that the �rst of these two
formulae still holds in this case since Lc = 0. However, the fact that the
critical temperature is Tc = 0 implies that Kc = 1, leading to the di�erent
choice of scaling �eld �2 given by (6.88). The formula

@m

@H
=

1

T
exp

�
2J

T

�
; (6.89)

given in Volume 1, Sect. 2.4 for the response of the magnetizationm to change
of magnetic �eld, is now consistent with that derived from scaling using the
value of 
 in (6.86) and (6.88).

A similar analysis is applicable to other one-dimensional models and in
Example 6.2 the reader is encouraged to apply the method to the 3-state
Potts model. For the case � = 2 we have considered only the ferromagnetic
situation J > 0. This is because application of this weight function to the
lattice, by removing alternate sites, maps the antiferromagnetic ground state
of alternating spins into the ferromagnetic ground state of aligned spins. In
general, from (6.67), a point in phase space with Z2 < 1 is mapped in one
step into a point with Z2 > 1. Although this does not a�ect the evaluation of
the free energy which must be correct for either sign of J , (since the method
is exact), it does mean that this method does not give �xed points associated
with the antiferromagnetic model. In particular it is not possible to obtain
the �xed point on the zero-temperature axis associated with the critical �eld
(Volume 1, Sect. 4.1). On way of achieving this (Nelson and Fisher 1975) is
to take � = 3. In fact it is obvious that any odd value of � would su�ce. In
the special case of zero magnetic �eld, it is not di�cult to show that
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V = Z0

�
1 1
1 �1

��
c 0
0 s

��
1 1
1 �1

�
; (6.90)

where c = cosh(J=T ) and s = sinh(J=T ). Then (6.61) gives

2~Z0~c= (2Z0c)
�; (6.91)

2~Z0~s= (2Z0s)
� (6.92)

and thus the generalization

~t = t� (6.93)

of (6.72). For � odd this equation has the ferromagnetic �xed point t = 1 and
the antiferromagnetic �xed point t = �1.

6.7 Decimation in Two Dimensions

Before describing some of the approximation methods which have been used
to construct renormalization group transformations it is worthwhile exploring
the possibility of using the decimation procedure described in the previous
section for a two-dimensional lattice. Suppose we make an attempt to do this
for the nearest-neighbour Ising model on a square lattice with zero magnetic
�eld. The lattice is divided into black and white sites as shown in Fig. 6.4
and the summation in (6.16) is over the states on all the white sites, leaving
the spins on the black sites �xed. Summing the spin states on site G at the
centre of the square ABCD gives

2 exp(2C) cosh[K1(�A + �B + �C + �D)] ; (6.94)

where C and K1 = J=T are the trivial and nearest-neighbour couplings re-
spectively. The left-hand side of (6.16) consists of a product of N=2 terms of
this form, one for each of the squares of type ABCD as shown in Fig. 6.4. It
was pointed out by Wilson (1975) that this expression can be rewritten in
the form

exp
h
2C0 +K0(K1) +

1

2
K1(K1)(�A�B + �B�C + �C�D + �D�A)

+K2(K1)(�A�C + �B�D) +K3(K1)�A�B�C�D

i
; (6.95)

where

K0(K1) = ln(2) + 1

8
ln cosh(4K1) +

1

2
ln cosh(2K1) ; (6.96)

K1(K1) =
1

4
ln cosh(4K1) ; (6.97)

K2(K1) =
1

8
ln cosh(4K1) ; (6.98)

K3(K1) =
1

8
ln cosh(4K1)� 1

2
ln cosh(2K1) : (6.99)
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By settingeC = 2C +K0(K1) ; (6.100)eKi = Ki(K1) ; i = 1; 2; 3 ; (6.101)

we have recurrence relationships of the form of (6.17) and (6.18), with d = 2
and � =

p
2, where eK1 is the nearest-neighbour coupling on the lattice of

black sites and eK2 and eK3 are respectively a second-neighbour coupling and
a four-site coupling on this new lattice. The e�ect of decimation has been
to generate new couplings. We can consider the strategy of going back to
the original lattice and including second-neighbour and four-site couplings at
this stage. These, however, have the e�ect of coupling white sites together
and it is not di�cult to see that this will lead to further couplings. This
is the beginning of the proliferation of couplings referred to in Sect. 6.3.
One possible approximation is to include a second-neighbour interaction only
between black sites in the original lattice and to neglect the four-site coupling.
This leads to the modi�cationeK1 =K2 +

1

4
ln cosh(4K1) ; (6.102)

eK2 =
1

8
ln cosh(4K1) (6.103)

of (6.96){(6.99). We now follow Wilson (1975) and approximate (6.102) and
(6.103) by expanding to quadratic terms to giveeK1 =K2 + 2K2

1 ; (6.104)

E

D

A

G

F

C

B

Fig. 6.4. Two site blocks for the nearest-neighbour Ising model on a square lattice.
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Fig. 6.5. The phase di-
agram for the approxi-
mate treatment of the two-
dimensional Ising model
using the recurrence rela-
tions (6.104) and (6.105).

eK2 =K
2
1 : (6.105)

These approximate recurrence relations for an Ising model with nearest-
and second-neighbour interactions have the �xed points K1 = K2 = 0 and
K1 = K2 = 1, which are both sinks and the �xed point K�1 = 1

3 , K
�
2 = 1

9 .
Linearizing (6.104) and (6.105) about this �xed point we have 4eK1

4eK2

!
=

 4
3 1

2
3 0

! 4K1

4K2

!
: (6.106)

The eigenvalues of the matrix are �1 = 1
3 (2 +

p
10) = 1:721 and �2 =

1
3 (2�

p
10) = �0:387. With � =

p
2 it follows from (6.42) that �1 gives the

relevant (thermal) exponent y1 = yT = 1:566. The �xed point (K�1;K
�
2) lies

on a critical curve, which cuts the axes in the plane of couplings at (0; 0:392)
and (0:392; 0) (see Fig. 6.5). We expected these two values to be the same,
since an Ising model with only second-neighbour couplings is equivalent to
two disconnected Ising models with nearest-neighbour couplings. Trajectories
which begin at points enclosed within the region bounded by the axes and
the critical curve iterate ultimately to the sink at the origin. Trajectories
not beginning on the critical curve and outside this region iterate to the
sink at in�nity. The �xed point (K�1;K

�
2) on the critical curve is attractive to

trajectories which begin on the curve. The irrelevant eigenvalue �2 controls
the attraction to the �xed point for such trajectories. That it is negative,
giving an imaginary exponent y2, con
icts with the assumption we have made
in Sect. 6.4. However, this is not a serious problem. It simply means that the
iteration process will jump back forth from one side of the �xed point to the
other as shown in Fig. 6.5. The crossing points of the critical curve with the
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axes give an approximation to the critical temperature of the two-dimensional
Ising model. We have Tc=J = 1=0:392 = 2:550. This should be compared
with the exact value of Tc=J = 2=arcsinh(1) = 2:269 (Sect. 5.10). Also, from
(2.198) and the value for the exponent given above, we have the approximate
value for � = 1=yT = 0:639, which should be compared with the exact value of
unity (see Sect. 5.10). Given the crudeness of the approximation the estimate
of the critical temperature is surprisingly good although the value of � is
poor. It is interesting to see that if (6.102) and (6.103) are used rather than
(6.104) and (6.105) the estimates for the critical temperature and � are worse.
The phase diagram again has the same structure but now Tc=J = 1:582 and
� = 0:556. In Example 6.3 alternatives to (6.102) and (6.103) are given,
which again produce (6.104) and (6.105) on expansion to quadratic terms.
In this case the full equations register a slight improvement. These examples
of ad hoc approximations applied to a model for which exact results are
known serve to illustrate the rather arbitrary nature of the improvements
and deterioration in results which can occur. They stand as a warning, when
such methods are applied to models for which exact results are not available.

The problem with proliferating interactions which we have encountered
in this section arises also for the other standard two and three-dimensional
lattices, although it can be avoided in hierarchical lattices, where decimation
amounts to a reversal of the procedure by which the hierarchical lattice was
created (Kaufman and Gri�ths 1981). A type of exact decimation procedure
for the Ising model on a triangular lattice has been developed by Hilhorst et
al. (1978, 1979). This is based on the star{triangle transformation. It avoids
the problem of proliferation of interactions, but leads to spatially dependent
couplings. Nevertheless the �xed point can be located analytically and the
thermal exponent determined exactly. With these exceptions most real-space
renormalization group work has concentrated on approximation methods.

6.8 Lower-Bound and Upper-Bound Approximations

The programme for real-space renormalization group methods is to use the
formula (6.16) to obtain the recurrence relationships (6.17) and (6.18) and
then to use the methods described in Sects. 6.4 and 6.5 to obtain the critical
exponents and free energy respectively. As we have seen in Sect. 6.6, this
scheme can be carried out exactly for some one-dimensional models, but
Sect. 6.7 describes the problems encountered when a similar approach is
attempted in two dimensions. The approximation methods which will be
described in the remainder of this chapter are of two broad types. In the
methods of Sects. 6.11 and 6.13 the lattice for the system is replaced by
a �nite subset of sites or a lattice of lower dimensionality. In the methods
described in Sects. 6.9, 6.10 and 6.12 an approximation is made to the right-
hand side of (6.16) so that the summation can be performed. In these latter
methods the modi�ed form of (6.16), when summed over the microstates
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on eN , will not necessarily reproduce the invariance condition (6.15) for the
partition function. There are, however, a number of methods for which this
equality can be replaced by an inequality which remains valid throughout
the iteration process. Suppose that the approximate recurrence relationships
replacing (6.17) and (6.18) are

~� 00 = �d�0 + U0(�j) ; (6.107)

~� 0i =Ui(�j) ; i = 1; 2; : : : ; n ; (6.108)

with (6.15) replaced by

Z( eN; ~� 0i) � Z(N; �i) : (6.109)

Then, in place of (6.43) and (6.46), we have, respectively,

�( eN; ~� 0i)� eN ~� 00 ��(N; �i)�N�0 ; (6.110)

�(~� 0i)� �d�(�i) + U0(�i) : (6.111)

Now suppose that (6.107) and (6.108) are used to generate a trajectory �
(0)
i !

�
(1)0
i ! �

(2)0
i � � � in phase space. By an procedure similar to that of Sect. 6.5

it follows that

�(�
(0)
i ) � �(U)(�(0)i ) = � 1

�d

1X
s=0

1

�sd
U0(�

(s)0
i ) : (6.112)

The transformation generates an upper-bound to the free energy. By a similar
argument a set of recurrence relationships

~� 00 = �d�0 + L0(�j) ; (6.113)

~� 0i =Li(�j) ; i = 1; 2; : : : ; n ; (6.114)

with

Z( eN; ~� 0i) � Z(N; �i) ; (6.115)

will generate a lower bound

�(L)(�
(0)
i ) = � 1

�d

1X
s=0

1

�sd
L0(�

(s)0
i ) (6.116)

to the free energy.

6.8.1 An Upper-Bound Method

An approach which leads to an upper bound to the free energy was in-
troduced by Niemeijer and van Leeuwen (1974) (see also Niemeijer and
van Leeuwen 1976). It is based on a splitting of the Hamiltonian on the
right-hand side of (6.16) into two parts
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bH(N; �i;�(r)) = bH0(N; �i;�(r)) +4bH(N; �i;�(r)) ; (6.117)

where bH0 is referred to as the zeroth-order part, compared to which 4bH is
considered to be small. A zeroth-order transformation is now de�ned by

exp[�bH0( eN; ~�i;�(~r))]
Z0( eN; ~�i)

=

X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
exp[�bH0(N; �i;�(r))]

Z0(N; �i)
; (6.118)

where Z0 is the zeroth-order partition function obtained by replacing bH bybH0 in (6.4). From (6.13) and (6.14) we see that this transformation is of the
form of (6.16) except that it is not assumed that the partition function Z0 is
invariant under the transformation. De�ning the zeroth-order average hAi0
for any function A(�(r)) of the spin states by

hAi0 =X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
A(�(r)) exp[�bH0(N; �i;�(r))]X

f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
exp[�bH0(N; �i;�(r))]

;

(6.119)

the recurrence relations (6.16) can now be expressed in the form

exp[�bH( eN; ~�i;�(~r))] = hexp[�4bH(N; �i;�(r))]i0
�
X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
exp[�bH0(N; �i;�(r))] :

(6.120)

Summing over all the spin states �(~r) gives

Z( eN; ~�i) = Z(N; �i) = Z0(N; �i)hexp[�4bH(N; �i;�(r))]i0 : (6.121)

These expressions are, of course, exact. The approximation arises when the
�nal factor on the left is replaced by a �nite number of terms of the cumulant
expansion
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hexpf�4bH(N; �i;�(r))gi0 = expf�h4bH(N; �i;�(r))i0
+

1

2!
h[4bH(N; �i;�(r))� h4bH(N; �i;�(r))i0]2i0

� 1

3!
h[4bH(N; �i;�(r))� h4bH(N; �i;�(r))i0]3i0 + � � �g :

(6.122)

The �rst-order cumulant approximation consists in retaining only the �rst
term in the exponential on the right-hand side of equation (6.122). Substi-
tuting into (6.120) and replacing ~�i by ~� 0i gives

exp[�bH( eN; ~� 0i ; ;�(~r))] = h�4bH(N; �i;�(r))i0
�
X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i
exp[�bH0(N; �i;�(r))] :

(6.123)

The corresponding partition function is again obtained by summing over the
spin states �(~r) to give

Z( eN; ~� 0i) = Z0(N; �i) exp h�4bH(N; �i;�(r))i0 : (6.124)

For any A(�(r))

hexp(A)i0 = exphAi0hexp(A� hAi0)i0

= exphAi0h1 + (A� hAi0) + 1
2(A� hAi0)

2 + � � �i0

� exphAi0h1 + (A� hAi0)i0

= exphAi0 : (6.125)

The upper-bound condition (6.109) then follows from (6.121) and (6.124).

6.8.2 A Lower-Bound Method

A starting point for developing a class of lower-bound transformations can be
achieved if the right-hand side of (6.16) is modi�ed by replacing bH(N; �i;�(r))
by bH(N; �i;�(r)) + bV(N; �i;�(r)). Then we have

exp[�bH( eN; ~� 0i ;�(~r))] = X
f�(r)g

hY
f~rg

p(�(~r)j�(r); r 2 B(~r))
i

� exp[�bH(N; �i;�(r))� bV(N; �i;�(r))] ; (6.126)
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where the functional form of the Hamiltonian on the left-hand side is the
same as that in (6.16), but the renormalized couplings take di�erent values

denoted by ~� 0i . Summing (6.126) over the microstates on eN gives

Z( eN; ~� 0i) =Z(N; �i)hexp[�bV(N; �i;�(r))]i
�Z(N; �i)� hbV(N; �i;�(r))i : (6.127)

If bV(N; �i;�(r)) is chosen so that

hbV(N; �i;�(r))i = 0 ; (6.128)

the transformation satis�es the lower-bound condition (6.115).

6.9 The Cumulant Approximation

We now return to the problem, discussed in Sect. 6.7, of using decimation for
the two-dimensional Ising model In this case we adopt the more systematic
�rst-order cumulant approximation described in Sect. 6.8.1 to construct an
upper-bound transformation. The zeroth-order Hamiltonian bH0 is taken to
include the trivial coupling C and the nearest-neighbour coupling K1. Terms
corresponding to a second-neighbour coupling K2 and a four-site coupling
K3 are included in 4bH. Because the four-site term links together pairs of
white sites in Fig. 6.4 the method must be based on pairs of neighbouring
squares like ABCD and CDEF. If the Hamiltonian is taken to be made up
of overlapping pairs of squares, each square is counted four times and thus
factors arising from a single square should be reduced by a factor of four.
Denoting the contribution to any factor from the pair of squares by the
symbol [::]��24 X

f�(r)g

nY
f~rg

p(�(~r)j�(r); r 2 B(~r))
o
exp[�bH0(N;C;Ki;�(r))]

35
��

= exp(C)f4 cosh[K1(�A + �B + �C + �D)]g1=4

�fcosh[K1(�E + �F + �C + �D)]g1=4 ; (6.129)
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[exp h�4bH(N;C;Ki;�(r))i0]�� = exp
n
K
(1)
2 (�A�B + �E�F)

+K
(2)
2 �C�D +K

(3)
2 (�A�D + �B�C + �E�D + �F�C)

+ (K2 + �C�DK3) tanh[K1(�A + �B + �C + �D)]

� tanh[K1(�E + �F + �C + �D)]
o
; (6.130)

where

2K
(1)
2 +K

(2)
2 + 4K

(3)
2 = K2 : (6.131)

As in the simpler situation described in Sect. 6.7 the product of the right-hand
sides of (6.129) and (6.130) can be re-expressed in the form

exp
�
C + 1

2
K0 +K

(1)
1 (�A�B + �E�F) +K

(2)
1 �C�D

+K
(3)
1 (�A�D + �B�C + �E�D + �F�C)

+ 1

4
K2(�A�C + �B�D + �C�E + �D�F)

+1

4
K3�C�D(�A�B + �E�F)

+K4(�A�F + �B�E) +K5(�A�E + �B�F) +K6�A�B�E�F

+K7�C�D(�A�E + �B�F) +K8�C�D(�A�F + �B�E)

+K9[�A�B(�C�F + �D�E) + �E�F(�A�D + �B�C)]

+K10[�A�B(�D�F + �C�E) + �E�F(�A�C + �B�D)]

+K11�A�B�C�D�E�F
	
;

(6.132)

where

K0 =
1

16
(K2 +K3)[tanh(4K1) + 2 tanh(2K1)]

2

+ ln(2) + 1

8
ln cosh(4K1) +

1

2
ln cosh(2K1) ; (6.133)

K
(1)
1 = 1

32
(K2 +K3)[tanh

2(4K1)� 4 tanh2(2K1)]

+K
(1)
2 + 1

32
ln cosh(4K1) ; (6.134)

K
(2)
1 = 1

32
(K2 +K3)[tanh(4K1) + 2 tanh(2K1)]

2

+K
(2)
2 + 1

16
ln cosh(4K1) ; (6.135)
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K
(3)
1 = 1

32
(K2 +K3) tanh(4K1)[tanh(4K1) + 2 tanh(2K1)]

+K
(3)
2 + 1

32
ln cosh(4K1) ; (6.136)

K2 =
1

8
(K2 +K3) tanh(4K1)[tanh(4K1) + 2 tanh(2K1)]

+ 1

8
ln cosh(4K1) ; (6.137)

K3 =
1

8
[tanh2(4K1)� 4 tanh2(2K1)]

+ 1

8
ln cosh(4K1)� 1

2
ln cosh(2K1) ; (6.138)

K4 =
1

32
[(K2 +K3) tanh(4K1) + 4(K2 � K3) tanh(2K1)] ; (6.139)

K5 =
1

32
[(K2 +K3) tanh(4K1) + 4(K2 � K3) tanh(2K1)] ; (6.140)

K6 =
1

32
(K2 +K3)[tanh(4K1)� 2 tanh(2K1)]

2 ; (6.141)

K7 =
1

32
[(K2 +K3) tanh(4K1)� 4(K2 � K3) tanh(2K1)] ; (6.142)

K8 =
1

32
[(K2 +K3) tanh(4K1)� 4(K2 � K3) tanh(2K1)] ; (6.143)

K9 =
1

32
(K2 +K3) tanh(4K1)[tanh(4K1)� 2 tanh(2K1)] ; (6.144)

K10 =
1

32
(K2 +K3) tanh(4K1)[tanh(4K1)� 2 tanh(2K1)] ; (6.145)

K11 =
1

32
(K2 +K3)[tanh(4K1)� 2 tanh(2K1)]

2 : (6.146)

With

K1(K1;K2;K3) = 2K
(1)
1 (K1;K

(1)
2 ;K2;K3) +K

(2)
1 (K1;K

(2)
2 ;K2;K3)

+ 4K
(3)
1 (K1;K

(3)
2 ;K2;K3) ; (6.147)

recurrence relationships of the form (6.17) and (6.18) with d = 2, � =
p
2

and n = 10 can now be constructed. They reduce to the recurrence rela-
tionships given by (6.96){(6.101), when K2 = K3 = 0. eK1 and eK2 are the
nearest- and second-neighbour couplings on a square like ABCD and eK3 is
a four-site coupling on such a square. The couplings eKi, i = 4; 5; : : : ; 10
have been generated by the transformation and link sites. Sneddon and
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Barber (1977) have investigated the approximation where these proliferat-
ing couplings are neglected and only nearest-neighbour, second-neighbour
and the four-site coupling on the square are retained. They show that the
only �xed point not corresponding to either zero or in�nite values of the cou-
plings is K�1 = 0:3683, K�2 = 0:1275, K�3 = �0:0303. Linearizing about this
�xed point yields the one relevant eigenvalue �1 = 1:4287, giving the thermal
exponent y1 = yT = 1:029 with � = 1=yT = 0:9714. This represent a consider-
able improvement over the results of the simpler approximation described in
Sect. 6.7. It is tempting to suppose that cumulant approximations to higher
orders would yield further improvement. However this does not seem to be
the case. Kadano� (1976b) reports that unpublished results by Houghton
and himself yielded respectively yT = 1:002 and yT = 1:7, for the second-
and third-order extension to the method described here. This problem with
the cumulant approximation does not appear to be related to the di�culties
associated with the decimation weight function. Hsu and Gunton (1977) have
used the Kadano� weight function (6.25) to investigate second- and third-
order cumulant expansions for the Ising model on the square and simple cubic
lattice. They �nd that the best results are achieved in the decimation limit
� ! 1 and that, although reasonable results are achieved for the critical
temperature and magnetic �eld exponent, the results for the thermal expo-
nent are poor.

6.10 Bond Moving Approximations

The possibility of achieving a lower-bound transformation in the way de-
scribed in Sect. 6.8 by de�ning a function bV(N; �i;�(r)) which moved the
interaction between the microsystems of one pair of sites to another pair
was �rst discussed by Kadano� (1975) (see also, Kadano� et al. 1976). To
illustrate this idea consider the zero-�eld nearest-neighbour Ising model on a
hypercubic lattice with Hamiltonian

bH(N;C;K;�(r)) = �NC �K (n:n:)X
fr;r0g

�(r)�(r0) ; (6.148)

where K = J=T . Now choose any two nearest-neighbour pairs of sites r1,r
0
1

and r2,r
0
2. Remove the interaction (or bond) from the �rst pair and add it to

the bond on the second pair. ThusbV(N;K;�(r)) = K[�(r1)�(r
0
1)� �(r2)�(r02)] (6.149)

and

hbV(N;K;�(r))i = K[h�(r1)�(r01)i � h�(r2)�(r02)i] = 0 : (6.150)

Of course, this result does not in itself lead to a tractable renormalization
scheme. It is necessary to move bonds in a systematic way throughout the
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eK
eK

�K

�K

�K

K

K

K

Fig. 6.6. Bond moving and decimation operations on a block of 3� 3 sites for the
Migdal{Kadano� transformation applied to the zero-�eld nearest-neighbour Ising
model on a square lattice.

lattice so that the summation on the right-hand side of (6.126) can be per-

formed, leading to a Hamiltonian bH( eN; eC; eK;�(~r)) of the same form (6.148) asbH(N;C;K;�(r)). This can be achieved using the Migdal{Kadano� transfor-
mation, �rst invented by Migdal (1975) and reinterpreted using bond moving
ideas by Kadano� (1976b). In Kadano�'s formulation of this method bonds
are moved so that sites can be eliminated by decimation.

As an example of the use of the Migdal{Kadano� transformation consider
the zero-�eld nearest-neighbour Ising model on a square lattice. Taking a
block of ��� squares, as shown in Fig. 6.6 (for the case � = 3) and move the
horizontal interior bonds to the upper edge and the vertical interior bonds to
the left edge. The interior sites do not now interact with their neighbours, so
they will simply each contribute a factor `2' to summation on the left-hand
side of (6.126). The coupling on each segment of the boundary will be �K.
These sites form a one-dimensional chain connecting the corners to which we
can apply the decimation formula (6.93), which together with (6.69) giveseK = arctanhf[tanh(�K)]�g : (6.151)

The recurrence relationeK = arctanhf[tanh(�d�1K)]�g ; (6.152)

obtained by Migdal (1975) for the d-dimensional hypercubic lattice is a simple
generalization of (6.151). Equation (6.151) with � = 2 can be re-expressed in
the formeK = 1

2
ln[cosh(4K)] ; (6.153)
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giving the critical �xed point K� = Kc = 0:304689 with Tc=J = 3:282 and
� = 1=yT = ln(2)= ln[2 tanh(4Kc)] = 1:3383. Neither the critical coupling nor
the exponent compare well with the exact values for the two-dimensional Ising
model (Kc = 0:4407, � = 1, see Sect. 5.10) and the comparison deteriorates
with increasing � giving for Kc the values 0:2406 and 0:2018 for � = 3 and 4
respectively.

An interesting a modi�cation of the method has been proposed by
Kadano� (1976b). He considered the anisotropic Ising model on the d-
dimensional hypercubic lattice with di�erent couplings in each axis direction.
In the Migdal formulation this would simply lead to the result that each cou-
pling satis�ed (6.152) and the �xed points for di�erent values of � would
have all the couplings equal. In the modi�ed method of Kadano�, instead
of the bond moving for all the axes preceding decimation, bond moving and
decimation are performed alternately. We illustrate this method for the case
d = 2 with Kh and Kv denoting horizontal and vertical couplings. First all
the internal horizontal bonds are moved to the edges of the � � � square
as shown in the �rst line of Fig. 6.6. Decimation is then performed in the
vertical direction after which the vertical bonds are moved to the edges of
the square. Finally decimation is carried out in the horizontal direction. The
recurrence relations achieved by this procedure areeKh = arctanhf[tanh(�Kh)]

�g ;
eKv = �arctanhf[tanh(Kv)]

�g :
(6.154)

It is clear that, for any �, the critical �xed point is now given by

K
�
h = ��1K�v = K

� ; (6.155)

where K� is the �xed point value given by (6.151). Substituting for � from
(6.155) into one of the equations (6.154) gives

K
�
v ln[tanh(K

�
v)] = K

�
h ln[tanh(K

�
h)] : (6.156)

Equation (6.156) has branches4

K
�
v = K

�
h (6.157)

and

sinh(2K�v) sinh(2K
�
h) = 1 : (6.158)

The formula (6.157), which is satis�ed by the Migdal critical �xed point,
disagrees with (6.155), except when � = 1, when (6.158) gives the exact
critical temperature for the isotropic Ising model (Sect. 5.10). In general
(6.158) gives the critical curve for the anisotropic Ising model (Baxter 1982a).
It is, however, a curious property of the method that the individual points on

4 Equation (6.157) is obvious. Equation (6.158), which is equivalent to K
�

v =
� 1

2
ln[tanh(K�

h)], follows from the fact that this latter equation is invariant under
interchange of K�

v and K�

h.
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this curve are achieved by choosing di�erent (including non-integer) values
of �. This is because, for any chosen value of �, the couplings renormalize
independently and thus can yield only a �nite number of discrete points, not
a continuous curve. It can be shown that both the Migdal method and the
Kadano� modi�cation lead to the same values for the exponent �, with the
`best' value being achieve in the limit �! 1 when � = 1:326.

6.11 Finite-Lattice Approximations

The methods of this type all consist of taking a lattice with a relatively small
number of sites and then applying the procedure of Sect. 6.2. In order for
the renormalization group transformation to be able to be applied once it
must be the case that eN � �d and thus N � �2d. Within this framework
there is still the choice of weight function and of whether to apply periodic
boundary conditions to the lattice. Having made these choices the recurrence
relationships can be computed exactly. As has been remarked in Sect. 6.3 the
approximation here consists of obtaining the �xed points and phase diagram
by iterating the recurrence relationships a large number of times. Early ap-
plications of this method to the Ising model were by Nauenberg and Nienhuis
(1974a, 1974b) who applied the method to four-site blocks on a square lattice
and Tjon (1974), who used four three-site blocks on a triangular lattice. The
former authors used periodic boundary conditions and the latter did not.
Rather than present these calculations, which are described in Niemeijer and
van Leeuwen (1976), we shall use as an example the work of Schick et al.
(1976, 1977). They used a nine site triangular lattice with periodic boundary
conditions to study the antiferromagnetic Ising model in a magnetic �eld.
Given that antiferromagnetism leads to sublattice ordering, in this case on
the three sublattices A, B and C shown in Fig. 6.7, the blocks are chosen to
re
ect this phenomenon. As is shown in Fig. 6.7 the three sites A1, A2 and A3
of sublattice A form a block with block-spin site located at eA, with a similar
scheme applying to sublattices B and C. The Hamiltonian for this model has
the formbH(N;C;L;K;M ;�) =�NC �

X
4

n
1

6
L(�A + �B + �C) +M�A�B�C

+ 1

2
K(�A�B + �B�C + �C�A)

o
; (6.159)

where C, L and K are, as in Sect. 6.6, the trivial, magnetic �eld and nearest-
neighbour couplings and M is a three-spin coupling. For the lattice N , N = 9
and the summation is over all twenty-four triangles of the lattice. This yields
a lattice eN with eN = 3 and the only triangle in the summation is eAeBeC, which
must be counted six times because of the periodic boundary conditions. Thus,
in this transformation, � =

p
3. De�ning
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Fig. 6.7. The sublattice and block structure for the triangular lattice showing the
form of the periodic boundary conditions.

Z0 = exp(C) ; Z1 = exp(L) ;

Z2 = exp(K) ; Z3 = exp(M) ;
(6.160)

(6.16) yields the four independent equations

[~Z0]
3
[~Z1]

3
[~Z2]

9
[~Z3]

6
= Z90Z(+1;+1;+1) ; (6.161)

[~Z0]
3
[~Z1]

�3
[~Z2]

9
[~Z3]

�6
= Z90Z(�1;�1;�1) ; (6.162)

[~Z0]
3
[~Z1][~Z2]

3
[~Z3]

�6
= Z90Z(+1;+1;�1) ; (6.163)

[~Z0]
3
[~Z1]

�1
[~Z2]

�3
[~Z3]

6
= Z90Z(�1;�1;+1) ; (6.164)

where Z(�~A; �~B; �~C) is the expression for the right-hand side of (6.16), exclud-
ing the trivial coupling, for the designated values of the block spins. These
are given (Schick et al. 1977) by

Z(+1;+1;+1)= Z91Z
27
2 Z183 + 9Z71Z

15
2 Z63 + 27Z51Z

7
2Z

2
3

+18Z31Z
3
2Z
�2
3 + 9Z31Z

3
2Z

6
3 ; (6.165)

Z(�1;�1;�1)= Z�91 Z272 Z�183 + 9Z�71 Z152 Z�63 + 27Z�51 Z72Z
�2
3

+18Z�31 Z32Z
2
3 + 9Z�31 Z32Z

�6
3 ; (6.166)

Z(+1;+1;�1)= Z31Z
�9
2 Z�183 + 6Z1Z

�9
2 Z�63 + 3Z51Z

3
2Z
�6
3

+9Z�11 Z�52 Z�23 + 18Z31Z
�1
2 Z�23

+18Z1Z
�1
2 Z23 + 9Z1Z

�1
2 Z�63 ; (6.167)
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Z(�1;�1;+1)= Z�31 Z�92 Z183 + 6Z�11 Z�92 Z63 + 3Z�51 Z32Z
6
3

+9Z11Z
�5
2 Z23 + 18Z�31 Z�12 Z23

+18Z�11 Z�12 Z�23 + 9Z�11 Z�12 Z63 : (6.168)

From (6.161){(6.168),

~Z0 = Z30 [Z(+1;+1;+1)Z(�1;�1;�1)]1=24

� [Z(+1;+1;�1)Z(�1;�1;+1)]1=8 ; (6.169)

~Z1 =

�
Z(+1;+1;+1)Z(+1;+1;�1)
Z(�1;�1;�1)Z(�1;�1;+1)

�1=8
; (6.170)

~Z2 =

�
Z(+1;+1;+1)Z(�1;�1;�1)
Z(+1;+1;�1)Z(�1;�1;+1)

�1=24
; (6.171)

~Z3 =

�
Z(+1;+1;+1)

Z(�1;�1;�1)
�1=48 �

Z(�1;�1;+1)
Z(+1;+1;�1)

�1=16
: (6.172)

These are the recurrence relationships for the model. It can be seen that there
is not a consistent solution given simply by setting Z3 = 1, (M = 0). However,
there is a solution for Z2 alone when Z1 = Z3 = 1. This is because of the
symmetry of the terms of the Hamiltonian. For this type of transformation,
once a basic set of sites (a triangle in this case) is chosen, all or none of the
possible terms in the Hamiltonian corresponding to a particular symmetry
must be included. The term corresponding to K is invariant under spin re-
versal and it is the only possible function of the spins on a triangle (apart
from the trivial coupling C) with this property. The terms corresponding to
L and M are the only possible combinations of spins which change sign with
spin reversal and either both or neither must be included in the Hamiltonian.
When they are present the recurrence relationships are invariant under the
simultaneous application of Z1 $ 1=Z1, Z3 $ 1=Z3.

The results derived for this model for the antiferromagnetic case (K < 0)in
the plane M = 0 are presented by Schick et al. (1976) and shown in Fig. 6.8.
The transition for L > 0 is to the antiferromagnetic phase with ground state
(+1;+1;�1) and that for L < 0 to the antiferromagnetic phase with ground
state (�1;�1;+1). The results show good agreement with the Monte Carlo
results of Metcalf (1973). As is well-known there is no non-zero N�eel temper-
ature on the zero-�eld axis and the outer termination points of the curves
are at the critical �eld values Hc = �6jJ j. The factor six arises as the coor-
dination number of the lattice (see, for example, Volume 1, Sect. 4.2). The
zero-point entropy per lattice site at H = 0 is obtained by the method de-
scribed in Sect. 6.5 and yields the value 0:324, which is very close to the exact
value 0.32306 (see Volume 1, Sect. 8.12). The transitions for L >;< 0 are con-
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Fig. 6.8. Phase diagram for
the continuous phase transi-
tion in the plane M = 0.
The data points are the Monte
Carlo results of Metcalf (1973).
(Reprinted from Schick
et al. (1976), by permission of
the publisher Elsevier Science.)

trolled respectively by the �xed points L� = �1, K� = �1, M� = �0:113,
jL�j + 6K� + 6jM�j � �0:91. The two antiferromagnetic phases are each
three-fold degenerate corresponding to the three choices for the alignment of
spins on the sublattices. This set of six ground states is the same as that
of the 3-state antiferromagnetic Potts model (Schick and Gri�ths 1977).
Alexander (1975) has shown that this leads to a cubic invariant in the Landau
theory formulation of exactly the form exhibited by the 3-state Potts model.
This implies a �rst-order transition, a result which for the Potts model is
con�rmed by other methods (see the discussion in Sect. 3.5).

The physical motivation for the work of Schick et al. (1977) is to formulate
a model for the order-disorder transition which occurs for gases adsorbed on
monolayer �lms; in particular the case of helium adsorbed on graphite. While
the general �t of the curves in Fig. 6.8 with experimental data for this model
is good the work by Bretz (1977) for this system yielded a value � = 0:34. The
thermal exponent derived from these model calculations has the value 0:956,
which from equation (2.167) gives the value � = �0:093 for the heat capacity
exponent. One might speculate that the exponent �0:26 for this �xed point
is associated with a dangerous irrelevant variable (see Sect. 2.14). To achieve
the value � = 0:34 it follows from (2.167) that the e�ective dimension of the
system would need to be �d = 1:587. This in turn would imply from equations
(2.267) and (2.270) that the divergence associated with the correction to
scaling has exponent 1:5885. This, however, is mere speculation and further
calculations would be needed to settle this point. The global phase diagrams
for M 6= 0 for both signs of K are described in detail by Schick et al. (1977).
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They show that a very rich phase structure is exhibited with �rst-order phase
transition surfaces, and lines of critical, tricritical and critical end points.
This renormalization scheme has been used by Schick and Gri�ths (1977)
for the 3-state Potts model and by Young and Lavis (1979) for a type of
bonded lattice 
uid which is an extension of the 3-state Potts model. This
latter work was extended by Southern and Lavis (1979, 1980) to include
the whole class of terms corresponding to the spin-1 model. A spin-1 model
renormalized according to this method was used by Lavis et al. (1982) to
model phase transitions in monolayers at air/water and oil/water interfaces
and Lavis and Quinn (1983) used a spin- 12 model to investigate ferrimagnetic
ordering on a triangular lattice.

In general real-space renormalization group procedures on �nite lattices
give qualitatively satisfactory phase diagrams, although the values of critical
exponents tend to be rather disappointing particularly for models exhibiting
sublattice ordering. Although one might expect the results to improve with
the choice of larger lattices, the method then becomes much more di�cult
to handle. In the work of Lavis and Southern (1984), which treated a spin-1
model with directional bonding on a body-centred cubic lattice of sixteen
sites the recurrence relations have thirty-three thousand terms, which placed
the computations near the limit of tractability.

6.12 Variational Approximations

As we indicated in Sect. 6.3 a crucial factor in renormalization group calcu-
lations is the choice of weight function. Although an exact transformation
would not be a�ected by this choice, the results of approximate transforma-
tions can change quite dramatically when the weight function is changed.
In Sects. 6.6, 6.7, 6.9 and 6.10 examples have been given of the use of the
decimation weight function and in Sect. 6.11 the majority-rule weight func-
tion was employed. The possibility of using a weight function containing a
parameter which can be varied to improve the approximation was considered
by Kadano� and Houghton (1975). They used the weight function (6.25), with
parameter � , for transformations of the spin- 12 Ising model on the square lat-
tice. The parameter � was chosen by using the criterion that two di�erent
evaluations of the magnetic �eld exponent agreed with each other.

A form of variational approximation, designed to optimize the lower-
bound condition (6.115) was developed by Kadano� (1975) (see also Kadano�
et al. 1976). Known as the one-hypercube approximation, it is applicable to
a hypercubic lattice of any dimension d. Suppose that the centres of the hy-
percubes of the lattice are denoted, in terms of the set of independent unit
vectors r̂1; r̂2; : : : ; r̂d, by vectors of the form

� = a(m1r̂1 +m2r̂2 + : : :+mdr̂d) ; (6.173)
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wherem` is an integer moduloN`, with the set of even integersN1; N2; : : : ; Nd
satisfying (6.2). Let the Hamiltonian be such that all the couplings can be
expressed in terms of interactions between microsystems on the sites of a
single hypercube. Then

bH(N; �i;�(r)) = �N�0 � nX
i=1

�i
X
f�g

qi(�) ; (6.174)

where qi(�) is a function of the �(r) at the sites of the cube with centre �.
We assume that the system satis�es the homogeneity condition that hqi(�)i
is independent of �. Then, if in equation (6.126) we choose the form

bV(N;Xi(�);�(r)) = nX
i=1

X
f�g

Xi(�)qi(�) ; (6.175)

whereX
f�g

Xi(�) = 0 ; (6.176)

the condition (6.128) is satis�ed, leading to the lower-bound condition
(6.115). The formula (6.149) is a particular case of (6.175). The quantities
Xi(�) must now be chosen to achieve a tractable summation on the right-
hand side of (6.126) with the renormalized Hamiltonian, now denoted bybH( eN; ~�i;�(~r)), of the same form as bH(N; �i; N ;�(r)). In the one-hypercube
approximation this is achieved by dividing the hypercubes of the lattice into
subsets. The `blue' subset, with centres denoted by �b consists of all hyper-
cubes for which all the integers m` in equation (6.173) are odd and the `red'
subset with centres denoted by �r, consists of all hypercubes for which all
the integers m` are even. There are N=2

d hypercubes in each of the blue and
red subsets and the remaining N(1�21�d) hypercubes, with centres denoted
by �g will be called `green'. It can now be easily checked that the choice

Xi(�) =

8<:
�i � Y i ; if � = �r ,
�i ; if � = �g ,
�(2d � 1)�i + Y i ; if � = �b

(6.177)

satis�es (6.176) for any choice of the new parameters Y i, which are chosen
to ensure that the summation on the right-hand side of (6.126) is tractable.
For the one-hypercube approximation applied to a spin- 12 model, the renor-

malization scheme is constructed with the sites ~r of eN coinciding with the
points �r. The scaling parameter � = 2, and the Kadano�{Houghton weight
function (6.25) is used with X (~r) = B(~r) taken to be the sites on the red
hypercube with centre ~r = �r. Then
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f~rg

p(�(~r)j�(r); r 2 B(~r))

= exp
nX
f~rg

[� �(~r)p(~r)� ln(2 cosh(� p(~r))]
o
; (6.178)

where p(~r) is the sum of the variables �(r) on all the sites of the red hypercube
with centre ~r. The aim is to reduce the dependence of the argument of the
summation on the right-hand side of (6.126) to only those terms involving
the interactions between the microstates on blue hypercubes. The �rst term
in the exponential on the right-hand side of (6.178) is no problem since each
site at the corner of one red hypercube is also at the corner of one blue
hypercube. The second term can be `moved' from red to blue hypercubes by
imposing the condition

nX
i=1

Y iqi(~r) = ln[2 cosh(� p(~r))] ; (6.179)

which, when all choices are made for the states on the corners of the cube,
is equivalent to 2d linear equations for the n variables. This means, as was
the case of the �nite-lattice methods of Sect. 6.11, the number n of non-
trivial coupling included in the Hamiltonian must be enough to ensure an
consistent solution. A detailed analysis of this method for the square lattice
was performed by Burkhardt (1976a) for a Hamiltonian with no magnetic
�eld but with nearest-neighbour, second-neighbour and four-site couplings.
The value of the parameter � which maximized the free energy for an ini-
tial Hamiltonian equal to its critical �xed point value was 0.761. For this
he obtained Tc=J = 2:066, � = 0:983 and � = 15:36. The recurrence rela-
tionships for this system have an invariant subspace with equal nearest- and
second-neighbour interactions. Slightly improved results can be achieved by
beginning with an initial Hamiltonian with no second-neighbour interactions
and performing an preliminary exact decimation to produce a Hamiltonian
within this subspace. This was the method employed by Kadano� (1975)
and Kadano� et al. (1976). A modi�cation of this method applicable to both
square and triangular lattices was developed by Southern (1978) and for the
body-centred cubic lattice by Burkhardt and Eisenriegler (1978). It has also
been generalized to spin-1 models by Burkhardt (1976b) and Burkhardt and
Knops (1977) and to the 3-state Potts model by Burkhardt et al. (1976).

6.13 Phenomenological Renormalization

The idea of �nite-size scaling was introduced in Sect. 2.16 as an exten-
sion of the scaling methods for in�nite systems treated in the rest of
Chap. 2. An renormalization group justi�cation for this has been given by
Br�ezin (1982) and Suzuki (1977) using momentum-space methods and by
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Barber (1983) using real-space methods. We now discuss a real-space renor-
malization group method based on �nite-size scaling which has been devel-
oped by Nightingale (1976).

In Sect. 2.16 we described scaling for a d dimensional system Ld(@), which
was in�nite in d dimensions and for which the size of the system for the
remaining d � d dimensions was represented by a parameter @ called the
thickness. The essential feature of �nite-size scaling is that, for such a system
with scaling �elds �1; �2; : : : ; �n, 1=@ is treated as a scaling �eld �n+1. We
now adopt a slight change of notation and express the correlation length
r(�1; : : : ; �n; �n+1) for Ld(@) as r(@)(�1; : : : ; �n). Equation (2.301) can now be

used to relate the correlation lengths of two similar systems Ld(@) and Ld(e@)
with couplings �i and ~�i and thicknesses @ and e@ respectively. Taking @ > e@
and making the substitution

� = @=e@ ; (6.180)

we have

r(@)(�1; : : : ; �n) = �r(
~@)(~�1 ; : : : ; ~�n); (6.181)

where

~�j = �j(~�i) = �yj�j(�i) (6.182)

relates the scaling �elds �j and ~�j for Ld(@) and Ld(e@). Equation (6.181)
forms the basis of Nightingale's phenomenological renormalization method.
For the in�nite system L, de�ned by the thermodynamic limit Ld(@)! L as
@ ! 1 the correlation length r satis�es an equation similar to (6.181) except
that the same function appears on both sides of the equation in place of the
correlation functions for two systems of di�erent thickness. If, however, we
suppose that in the limit @; e@ ! 1 with � �xed the correlation lengths for
the �nite systems approach that of the in�nite system, then (6.181) can be
taken as an approximation to the scaling form for L. This has the advantage,
as we shall see below, that the correlation length for Ld(@) can be calculated
explicitly as functions of the couplings �i, i = 1; 2; : : : ; n, at least for fairly
small values of @, and we can reasonably suppose that the approximation will
increase in accuracy as @ is increased. Equation (6.181) can be rewritten as

an expression relating the couplings for Ld(@) and Ld(e@). Thus
r(@)(�1; : : : ; �n) = �r(

~@)(~�1; : : : ; ~�n) : (6.183)

If we suppose that there is a renormalization transformation of the form of
(6.18) relating the coupling of Ld(@) and Ld(e@) then a �xed point will satisfy
the equation

r(@)(��1 ; : : : ; �
�
n) = �r(

~@)(��1 ; : : : ; �
�
n) : (6.184)

It is, however, clear that for n > 1 this transformation is not completely
speci�ed by (6.183).
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A number of methods for dealing with systems with more than one cou-
pling have been developed and will be described below. We �rst concentrate
on the case n = 1, with �1 = K = J=T , where J is some interaction energy
between microsystems. The renormalization transformation K ! eK = K(K)
is now de�ned by

r(@)(K) = �r(
~@)(eK) (6.185)

and the �xed points by

r(@)(K�) = �r(
~@)(K�) : (6.186)

If this transformation is a satisfactory approximation to a system with a non-
zero critical temperature Tc, then we expect a �nite non-zero critical �xed
point solution K

� = Kc = J=Tc to equation (6.186). The scaling �eld can
now be chosen as

�1 = K �K�: (6.187)

From (6.182) the thermal exponent yK = 1=� is given by

�yK =

�
@ eK
@K

��
(6.188)

and, from (6.185),

yK =

ln

8<:
�
@r(@)

@K

��" 
@r(

~@)

@ eK
!�#�19=;

ln(�)
� 1 : (6.189)

In Sect. 4.9 we considered the application of the transfer matrix method
to a d-dimensional system in which the thermodynamic limit is taken in
one dimension. In the terminology of �nite-size scaling this corresponds to
d = 1 and, subject to the assumptions described in Sect. 4.9, the correlation
length for a system, for which the ground state of the ordered phase has a
periodicity �, is given in terms of the ratio of the two largest eigenvalues of the
transfer matrix by (4.156). This formula provides the starting point for most
phenomenological renormalization calculations. It is clearly of importance to
check the accuracy of the method for models for which the eigenvalues of
the transfer method are known exactly for any width of system. This has
been done for the isotropic and anisotropic square lattice spin- 12 Ising models
by Nightingale (1976) and Sneddon (1978), respectively, for the triangular
lattice spin- 12 Ising model by Kinzel and Schick (1981) and for the Baxter
model (or symmetric eight-vertex model with J21 = J22 in equation (5.6))
by Nightingale (1977). As an example we consider the simplest case of the
isotropic square lattice spin- 12 Ising model.
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6.13.1 The Square Lattice Ising Model

We consider a lattice of N1N2 = N sites with the thermodynamic limit be-
ing taken for N2 ! 1 and the thickness of the lattice @ = N1. Expressed
in lattice 
uid form the complete set of eigenvalues for this model is given
by equations (4.181){(4.183). The largest and next largest eigenvalues cor-
respond to taking all plus signs in (4.182) and (4.181) respectively. In spin
form this gives

�1(@;K) = [2 sinh(2K)]
1
2@ exp

n
1

2
[


(@)
1 (K) + � � �+ 


(@)
2@�1(K)]

o
(6.190)

and

�2(@;K) = [2 sinh(2K)]
1
2@ exp

n
1

2
[


(@)
0 (K) + � � �+ 


(@)
2@�2(K)]

o
(6.191)

respectively, where the 

(@)
r (K), r = 0; 1; : : : ; 2@� 1 are given by

cosh[
(@)r (K)] = cosh (2K) coth (2K)� cos
�r�
@
�
: (6.192)

As indicated in Sect. 4.10, the sign ambiguity of the 

(@)
r (K) is resolved by

imposing the condition that they are all smooth functions of K which are
positive at low temperatures (K large). From (4.156) the correlation length
is now given by

r(@)(K) = � ap
2

�
ln

�����2(@;K)
�1(@;K)

������1 ; (6.193)

where we have used the result c(2) = 1
4 , obtained in Sect. 3.3.2. Equations

(6.186) and (6.189) can now be used, together with (6.193), to obtain Kc and
yK . It follows from these equations that Kc is given by the crossing point of

the curves for g(@)(K) and g(
~@)(K) plotted as functions of K, where

g(@)(K) =

�����2(@;K)
�1(@;K)

����@: (6.194)

Nightingale (1976) considered various values of @ and e@ and showed that the

best results were obtained when e@ = @ � 1. As may be expected the results
improved with increasing @, but even with quite small lattice thicknesses
the results are remarkably good. Plots for g(10)(K) and g(9)(K) are shown
in Fig. 6.9. The crossing point of the curves is at Kc = 0:440286 and using
(6.189) the result yK = 1:0067 is obtained for the critical exponent. The

corresponding results for e@ = 49 and @ = 50 are Kc = 0:44068412, yK =
1:000233, the exact results being Kc = 0:44068679 and yK = 1. A similar
high level of accuracy was also achieved for the other exactly solved models
in the work listed above.
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Fig. 6.9. Plots for g(@)(K) with @ = 9; 10 for the spin- 1
2
isotropic Ising model on

a square lattice.

6.13.2 Other Models

The checks on phenomenological renormalization are, of course, more limited
for systems which have not been exactly solved. In some cases the critical
temperature is known from transformation methods (Volume 1, Chap. 8).
For the square lattice Potts model the critical temperature can be derived
from a mapping to a staggered six-vertex model (Volume 1, Sect. 10.14), with
value of the exponent � given by exploiting the relationship to the staggered F
model. The paper of Sneddon (1978) contains, in addition to the calculations
for the spin- 12 anisotropic Ising model, results for spin values s = 1; 32 ; 2;

5
2 .

For quite small lattice thicknesses (@ = 5; 4; 3, with e@ = @ � 1) values of
the critical temperature correspond quite closely with high-temperature se-
ries and lower-bound renormalization group results obtained by Burkhardt
and Swendsen (1976). A series of phenomenological renormalization calcu-
lations by Nightingale and Bl�ote (1980), Bl�ote et al. (1981) and Bl�ote and
Nightingale (1982) for the �-state Potts model again give encouraging agree-
ment with the exact results available. The method was applied to a triangular
Ising ferrimagnetic model by Lavis and Quinn (1987). In that case the sub-
lattice structure gives a periodicity of three rows in the ground state of the
ordered phase. By taking @ = 6, e@ = 3 they were able to obtain results for the
critical temperature in various cases within 1% of the exact values obtained
by Lavis and Quinn (1983), using transformation methods.
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6.13.3 More Than One Coupling

We now consider the case n > 1. Here, as was observed above, the trans-
formation cannot be completely speci�ed by the one equation (6.183) and
the �xed point equation (6.184) will yield an n � 1-dimensional surface in
the space of couplings. The simplest method to adopt in such cases is to
set �i = !i�1 for i = 2; 3; : : : ; n and then carry out the renormalization
procedure for �1 at �xed values of !2; !3; : : : ; !n. This was the approach
adopted by Sneddon (1978) for the anisotropic Ising model and by Kinzel
and Schick (1981) for the triangular Ising antiferromagnet in a �eld. In the
latter case (6.183) becomes

r(@)(K;L) = �r(
~@)(eK ; eL); (6.195)

where, as for the zero-�eld model, K = J=T and L = H=T . If an equation
of the form of (6.195) is used for a model with a critical temperature on the
zero-�eld axis then the magnetic �eld exponent yL can be evaluated using a
procedure similar to that contained in equations (6.188) and (6.189). Since
however, in most situations, the correlation length is an even function of H
(or L) it is necessary to use the second derivative and we have

yL =

ln

8<:
�
@2r(@)

@L2

��" 
@2r(

~@)

@eL2
!�#�19=;

2 ln(�)
� 1

2
: (6.196)

If, as in the case of the antiferromagnetic model of Kinzel and Schick (1981),
(6.195) is applied by renormalizing K at �xed values of L=K = H=J then a
�xed point corresponds to any point on the critical curve de�ned by

r(@)(K;L) = �r(
~@)(K;L) ; (6.197)

in the plane of couplings. The di�erence between this method and those based
on other procedures, which allow renormalization in more than one coupling,
is that here each point of the curve is a �xed point, whereas other methods
produce curves containing one �xed point, which controls the whole curve.
This has the consequence that the single relevant thermal exponent yK will
be a function of H=J . There is also the problem that if yK is evaluated using
(6.189) then it corresponds to the exponent parallel to the L axis, which is not
in general the relevant direction with respect to the critical curve. Following
Kinzel and Schick (1981), (6.189) can be generalized to de�ne the exponent

y(v̂) =
ln
�
(rr(@):v̂)

�
[(rr(

~@):v̂)
�
]
�1	

ln(�)
� 1 (6.198)

for some arbitrary unit vector v̂ in the plane, where `�' now simply indicates
evaluation at some particularly chosen point (K�;L�) on the critical curve.
If v̂ = (1; 0), the unit vector parallel to the L axis, then (6.198) reduces to
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(6.189). The vector u� = (rr(@)��rr(~@))� is orthogonal to the critical curve
at (K�;L�) and if v̂ is tangential to the curve (and thus orthogonal to u�)
y(v̂) = 0. This marginal exponent is not surprising given that the whole of
the critical curve consists of �xed points. For di�erent (K�;L�) the exponent
y(v̂) will vary as the direction of v̂ is varied. According to the analysis of the
linear renormalization group about a �xed point, described in Sect. 6.4, all
scaling directions not along the critical curve should yield the same exponent.

For the present method this will be the case only when rr(@) and rr(
~@) are

parallel. For this reason Kinzel and Schick (1981) chose values of (K�;L�)
which satis�ed this condition as yielding the `best' value of yK , which is now
given by

yK =
ln
�jrr(@)j�[jrr(~@)j�]�1	

ln(�)
� 1 : (6.199)

Using this method with @ = 9, e@ = 6 Kinzel and Schick (1981) obtained the
value yK = 1:2002 for the thermal exponent on the antiferromagnetic critical
curve for the triangular Ising model. It is supposed that this transition is in
the universality class of the 3-state Potts model, (Alexander 1975) for which
(Volume 1, Sect. 10.14) � = 1

3 . From (2.167) yK = 2=(2� �) = 6
5 .

Most phenomenological renormalization calculations have concentrated
on cases where the phase transitions were known, or expected to be, con-
tinuous. Exceptions to this are the �-state Potts model calculations of Bl�ote
et al. (1981) and Roomany and Wyld (1981). The latter authors reported
that the method failed to di�erentiate between the second-order transition
expected for � � 4 and the �rst-order transition expected for � � 5. Wood
and Osbaldstin (1982, 1983) have argued that this inability to distinguish be-
tween continuous and �rst-order transitions is indeed a general characteristic
of the method. They developed a general procedure based on phenomenologi-
cal renormalization for determining an approximated form for phase diagrams
including the location of regions of multiphase coexistence. They applied the
procedure to the �-state Potts model and it was applied to a triangular Ising
ferrimagnet by Lavis and Quinn (1987).

6.14 Other Renormalization Group Methods

In this chapter we have attempted to outline the basic ideas of the real-space
renormalization group and to provide a brief account of some of the main
methods used. In keeping with the general approach of this book we have
omitted applications to dynamic phenomena and quantum system, for which
the reader is referred respectively to the articles by Mazenko and Valls and
Pfeuty et al. in Burkhardt and van Leeuwen (1982). One approach to the sta-
tistical mechanics of lattice systems, which limitations of space has prevent
us from including in this volume, is that of Monte Carlo simulation (see, for
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example, Binder 1986). The possibility of improving the results of a Monte
Carlo calculations by combining them with a renormalization group proce-
dure was �rst suggested by Ma (1976b). In the form developed by Swendsen
(1979a, 1979b) this Monte Carlo renormalization method uses a standard
Monte Carlo simulation to obtain a large number of con�gurations near to
criticality. From these correlation functions can be calculated. A renormaliza-
tion group transformation can now be applied directly to each con�guration
as many times as is feasible. The last iteration should leave a lattice still
large compared to the range of the �xed point Hamiltonian. Approximations
to the matrix L�, de�ned by equation (6.30), can now be calculated from
correlation functions between the lattices corresponding to each stage of the
renormalization procedure and a sequence of estimates of the critical expo-
nents obtained. Swendsen (1979a) applied the method to the two-dimensional
spin- 12 Ising model and the 3-state Potts model using an real-space block-spin
procedure with the majority-rule weight function. He obtained results which
compared well with other renormalization group methods and were better
than those obtained by Monte Carlo simulations alone. In a subsequent pa-
per (Swendsen 1979b) he used di�erent weight functions. This demonstrated
that the accuracy and reliability of the results can be strongly a�ected by
the choice made. This problem is, however, one which is shared by other
renormalization group procedures (see Sect. 6.12). The method has also been
applied to a variety of other models. In particular the application to the
three-dimensional Ising model by Pawley et al. (1984) gives results in good
agreement with those achieved by series methods.

As indicated in Sect. 6.1, real-space methods represent one of the two ways
in which the renormalization group can be applied, the other being the use
of renormalization in wave-vector space. This latter method, which involves
the elimination of the short-range details of the system by integration over
large wave vectors, has led to the �-expansion method, (for detailed accounts
see, for example, Wilson and Kogut 1974, Ma 1976a), where � = 4� d. For
the Ising model the �-expansion con�rms the prediction of Landau{Ginzberg
theory in Sect. 3.3.2 that the upper borderline dimension is at � = 0 (du = 4).
The changeover in critical behaviour in this context can be identi�ed with
the change between relevance and irrelevance of one of the parameters at the
Gaussian �xed point. Critical exponent are here obtained as expansions in
powers of �. For the three-dimensional Ising model the expansion to order �2

gives good agreement with other methods.

Examples

6.1 It is clear that, for the spin- 12 model, the weight function

p(�(er)j�(r); r 2 B(~r)) = 1

2
[1 + �(~r)q(�(r); r 2 B(~r))]
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satis�es condition (6.11), where q(�(r); r 2 B(~r)) is any function of
the microstates of B(~r). Show that the Kadano�{Houghton weight
function (6.25) can be expressed in this form with

q(�(r); r 2 B(~r)) = tanh
h
�

X
fr2X (~r)g

�(r)
i
:

Hence, show that the decimation weight function (6.22) and the
majority-rule weight function (6.23) are obtained in the limit � !1
when X (~r) is the single site �r 2 B(~r) and X (~r) = B(~r) respectively.

6.2 A one-dimensional 3-state Potts model is in the form of a ring with N
lattice sites and nearest-neighbour interaction �R (R > 0) between
sites with microsystems in the same state and zero for microsystems
in di�erent states. In terms of the variable

t = 2

�
exp(R=T )� 1

exp(R=T ) + 2

�
derive, for � = 2, the decimation recurrence relationship

~t = 1

2
t2:

Obtain the �xed points and exponents for this relationship and con-
sider the applicability of this transformation to the case R < 0. Show
that

�(t) = �
1X
s=1

1

2s+1
ln

�
1
3

�
22

s

+ t2
s

22s � t2s
��

:

6.3 Another approach to the problem of decimation for the model de-
scribed in Sect. 6.7 is to calculate the renormalized nearest-neighbour
coupling eK1 by considering an isolated square of sites and the renor-
malized second-neighbour coupling eK2 by considering a line of three
sites. Show that this procedure yields the recurrence relationshipseK1 = K2 + ln cosh(2K1) ;eK2 = 1

2
ln cosh(2K1) :

It will be seen that, as for equations (6.102) and (6.103), the rela-
tionships (6.104) and (6.105) are recovered on expansion to quadratic
terms. The interested reader with access to computing facilities may
like to verify that these equations yield a phase diagram like that
shown in Fig. 6.5 with Tc=J = 2:325 and � = 0:720.





7. Series Methods

7.1 Introduction

As we saw in Sect. 1.3, the complete solution of a statistical mechanical
model is known once an explicit expression has been obtained for the partition
function. In this chapter we shall discuss methods which involve the derivation
of expansions of partition functions and free energies, or their derivatives, in
series of powers of temperature-dependent variables. These series are called
low temperature, or high temperature, respectively according to whether the
expansion variable tends to zero as T ! 0 or T !1. If an expression for the
coe�cient of the general term were known then a series would constitute an
exact solution. However, the phrase `series methods' refers primarily to the
term-by-term calculation of as many coe�cients as possible and the deduction
of results for the model from the behaviour of a limited number of coe�cient
values. Low- and high-temperature series expansions provide approximations
to the thermodynamic functions of a model in their respective ranges of
temperature. They are, however, more often used to study critical properties,
speci�cally to obtain critical points and exponents. Suppose that

f(�) =
1X
n=0

an�
n; (7.1)

is some thermodynamic function of the model of interest, with � a function
of temperature appropriate to high-temperature or low-temperature series. If

lim
n!1

janj1=n (7.2)

exists and is equal to 1=R, the series converges in the disc jzj < R in the
complex plane of �. There is always a singularity of f(�) on the circle j�j = R,
which is the radius of convergence of the series. If this singularity is on the
positive real axis in the complex plane of � then it can be identi�ed with the
critical temperature. When this is not the case the analysis is rather more
complicated, (Guttmann 1989). In any event, as has been indicated above,
the methods to be described in this chapter are those for which only a �nite
number of terms in a high- or low-temperature series is known. It is thus
possible to obtain only an approximation to the location of the singularities
exhibited by the full series. These methods provide nevertheless accurate
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values of critical parameters and exponents for many systems, where no exact
solution is known. Of course, where exact solutions are known, comparison
with deductions from series methods provides a useful test for the latter.

There are three steps needed in the use of a series approximation for the
investigation of a statistical mechanical model:

(i) De�ning suitable expansion variables.

(ii) Selecting (or inventing) a method for obtaining the series coe�cients
and �nding as many as skill and computing power allows.

(iii) Analyzing the series.

The methods of series analysis are common to all types of series and models
and will be discussed in the next section.

For simplicity we consider spin models, including the �-state Potts model,
which can be expressed in spin variable form (Sect. 3.5), and including
a magnetic �eld H. For low-temperature expansions suitable variables are
exp(�4E=T ) and exp(�jHj=T ), (or powers of these) where 4E is the pos-
itive energy di�erence between the maximum and minimum energy states
of a nearest-neighbour pair of microsystems. These variables both tend to
zero as T ! 0 and exp(�jHj=T ) ! 0 as H ! 1 so it can also be used
for high-�eld expansions (Enting and Baxter 1980). For the ferromagnetic
spin- 12 Ising model with Hamiltonian (1.49) 4E = 2J and zero-�eld low-
temperature expansions in terms of the variable exp(�2J=T ) have already
be mentioned brie
y in Volume 1, Sect. 8.2.

For high-temperature expansions the obvious variables are 4E=T and
jHj=T . However, for systems with one internal coupling, corresponding to
the nearest-neighbour interaction, and exactly two energy levels E0�4E for
a nearest-neighbour pair there is a better choice. If the upper energy level
has degeneracy � � 1 and the lower energy level is not degenerate. Let

exp
h�
E0 � 1

2
4E

�
=T
i
= w

h
1 + 1

2
�(� � 2� �)

i
: (7.3)

Solving these equations for w and � in terms of exp[E0=T ] and exp[4E=T ]
gives

� =
exp(4E=T )� 1

exp(4E=T ) + � � 1
; w = exp(E0=T )

exp(4E=T ) + � � 1

� exp(4E=2T ) : (7.4)

It is clear that � is a suitable high-temperature variable in the sense that
� ! 0 as T ! 1. For the spin- 12 Ising model E0 = 0, 4E = 2J and � = 2
and (7.4) become

� = tanh(J=T ) ; w = cosh(J=T ) : (7.5)

This change of variables is the one used in the brief discussion of high-
temperature series for the spin- 12 in Volume 1, Sect. 8.3. It will also be used
in the more extensive treatment in Sect. 7.4. For the �-state Potts model,
with Hamiltonian (3.87), 4E = R and E0 =

1
2R giving
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� =
exp(R=T )� 1

exp(R=T ) + � � 1
; w =

exp(R=T ) + � � 1

�
: (7.6)

These variables are the ones used by Domb (1974d) to transform the partition
function of the �-state Potts model to high-temperature form. It should also
be noted that for each model the mapping

exp(�4E=T )  ! � ; (7.7)

gives the duality transformation on the square lattice. For the Ising model
with coupling K = J=T we obtain from (7.5) sinh(Kl:t:) sinh(Kh:t:) = 1,
which is the duality transformation (see Volume 1, Sect. 8.3) between high-
temperature coupling Kh:t: and low-temperature coupling Kl:t:. With the
coupling K = R=T for the Potts model (7.6) gives

[exp(Kl:t:)� 1][exp(Kh:t:)� 1] = � ; (7.8)

which is the duality relationship for the Potts model �rst discovered by
Potts (1952). It follows from these observations that for both the spin- 12
Ising model and the Potts model a high-temperature series in the variable �
can be mapped into a low-temperature series in exp(�4E=T ).

The terms in a low-temperature series correspond to perturbations from
a chosen ground state. In Sect. 7.3 we consider the low-temperature series
expansion for the ferromagnetic spin- 12 Ising model which arises from pertur-
bations from the ground state where �(r) = �1 for all sites of the lattice. The
general spin ferromagnetic Ising model and Potts model can be handled in a
similar way. However, the spatial isotropy of the exchange interaction terms
in classical and quantum Heisenberg Hamiltonians lead to important di�er-
ences in these cases. For two-dimensional lattices Mermin and Wagner (1966)
showed that, for the classical Heisenberg model, there is no spontaneous mag-
netization at T > 0. There is, therefore, no Curie temperature, although the
possibility of other types of singularity is not excluded. For three-dimensional
lattices there is a Curie temperature, but the low-temperature behaviour is
radically di�erent from that of the Ising model (see, for example, Ashcroft and
Mermin 1976). There are no small localized perturbations from the ground
state and, for the quantum Heisenberg model, the excitations are spin waves.
It follows that there can be no low-temperature series of the type discussed in
Sect. 7.3 for these models. In fact, the changes in the spontaneous magneti-
zation and heat capacity from their zero-temperature values are proportional
to T

3
2 . For both the quantum and classical Heisenberg models at T < Tc,

there is a divergence in the magnetic susceptibility as H! 0. In the classical
Heisenberg model the low-temperature heat capacity has the form Nkb+aT ,
where a is a constant. For the Heisenberg antiferromagnet on a loose-packed
lattice the Ising model-type ground state, with alternate spins oppositely di-
rected, is not an eigenstate of the Hamiltonian and, apart from the d = 1,
s = 1

2 case which was solved by Bethe (1931), determination of the ground
state remains an unsolved problem. (For further discussion of these problems



254 7. Series Methods

see Rushbrooke et al. 1974.) In Sect. 7.4 we describe the high-temperature ex-
pansion of the spin- 12 Ising model using the variable � de�ned in (7.5) and in
Sect. 7.5 we develop the high-temperature linked-cluster or connected-graph
expansion for general spin models for which the procedure of Sect. 7.4 is not
applicable. In Sect. 7.6 the method is applied to general-s Ising models and
the Heisenberg models. The related �nite-cluster and �nite-lattice methods
are discussed in Sect. 7.7 and the chapter concludes with a summary of the
results derived from all the preceding methods.

7.2 The Analysis of Series

Methods for analyzing power series to extract critical parameters and expo-
nents are described in detail by Gaunt and Guttmann (1974) and
Guttmann (1989). In relation to this work the latter makes the important
point that in series analysis it is a question of \�tting series coe�cients to an
assumed functional form { an assumed form may be implicit or explicit, but
is invariably present".

Suppose that a system has a critical point given by � = �c in terms of some
high- or low-temperature (real) variable �. This critical point is assumed to
give a leading power-law singularity of the form

f(�) ' A0

�
1� �

�c

���
; � ! �c� ; (7.9)

in some response function f(�). The problem now is to extract the values of
�c and � from a �nite number of the coe�cients of the power-series expansion
(7.1). In the complex plane of � the radius of convergence R of the series (7.1)
must satisfy the condition R � �c. It may, however, be shown (Hille 1959)
that if an � 0 for all n greater than some n0 � 0 then � = R is a singular
point of f(�). If f(�) has only one singularity for real values of �, it follows
that �c = R. In this case, as indicated in Sect. 7.1, the critical point is the
nearest singularity to the origin and 1=�c is given by the limit (7.2). This
then provides us with a `simple' method for obtaining the �c. However, as we
shall see in Sect. 7.4, in the case of the high-temperature susceptibility series
for the square Ising model, convergence is very slow and still leaves an error
of about 5% compared to the exact result when a series of 54 terms is used.
It is clear that more sophisticated methods of analysis are required.

7.2.1 The Ratio Method

This, the �rst widely used technique, was introduced by Domb and Sykes
(1956, 1957a, 1957b). Its mathematical basis is in a theorem of Darboux
(Szeg�o 1975):



7.2 The Analysis of Series 255

Theorem 7.2.1. Let g(w) be regular in the complex plane of w for jwj < 1
with power-series expansion

g(w) =

1X
n=0

bnw
n: (7.10)

If g(w) has a �nite number of singularities at the distinct points exp(i�1),
exp(i�2), : : :, exp(i�p) on the unit circle jwj = 1 and

g(w) '
1X
m=0

A(s)
m [1� w exp(�i�s)]m�s��s ; s = 1; 2; : : : ; p ; (7.11)

in a neighbourhood of w = exp(i�s), where �s > 0, then

bn '
1X
m=0

pX
s=1

A(s)
m

�(m�s � �s + 1)

�(n+ 1)�(m�s � �s � n+ 1)
[� exp(i�s)]

n; (7.12)

in the following sense: if M is an arbitrary positive number, and if a su�-
ciently large number of terms in the series for m in (7.12) is taken, then an
expression is obtained which approximates bn with an error of O(nM).

Suppose this theorem is applied to the case of the function f(�) with a single
singularity on the circle of convergence at the point � = �c on the positive real
axis. With the identi�cations w = �=�c, g(�=�c) = f(�), bn = an�

n
c , �1 = �,

�1 = � and A
(1)
m = Am, equation (7.10) becomes identical to (7.1) and (7.11)

and (7.12) give

f(�)'
1X
m=0

Am

�
1� �

�c

�m���
; (7.13)

an ' (�1)n
�nc

1X
m=0

Am
�(m�� �+ 1)

�(n+ 1)�(m�� �� n+ 1)
; (7.14)

respectively. The leading term in (7.13) corresponds to the scaling form (7.9)
for f(�). Subsequent terms give corrections to scaling. Neglecting all but the
leading term equation (7.14) gives the ratio formula

an
an�1

=
�+ n� 1

n�c
: (7.15)

This is an expression for the ratio an=an�1 as a linear function of 1=n with
gradient (�� 1)=�c and intercept 1=�c on the `1=n = 0'-axis. Graphical inter-
polation of the data could therefore be used to determine �c and �.

A number of variants of the ratio method have been developed, to improve
the approximations to critical parameters and exponents (see Guttmann 1989).
However, unless the singularity of interest dominates the series expansion, the
ratios still do not give good estimates for critical parameters and exponents.
Smooth monotonic behaviour of the coe�cients is required and, although
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oscillations arising from another known singularity on the circle of conver-
gence can sometimes be catered for (Sect. 7.4 and Example 7.1), applications
to cases where the critical singularity is not at least as close as any other
singularity to the origin do not yield good results.

7.2.2 Pad�e Approximants

This method was initiated by Baker (1961) (see also, Baker 1965). The [N=M ]
Pad�e approximant to a power series in the variable � is the quotient

[N=M ] =
PN(�)

QM(�)
=
p0 + p1� + � � �+ pN�

L

1 + q1� + � � �+ qM�M
(7.16)

of two polynomials PN(�) and QM(�) of degree N and M respectively. The
coe�cients of the polynomials can be chosen (uniquely) to agree with the
�rst N +M + 1 coe�cients of the series. These coe�cients can be obtained
by solving two systems of linear equations.

Rather than determining the Pad�e approximant of f(�), given by (7.1) a
more rapid convergence can often be achieved by using a related function.
From (7.9),

d ln[f(�)]

d�
' �

� � �c ; � ! �c � 0 (7.17)

has a critical point corresponds to a simple pole, with residue �. Since Pad�e
approximants can represent simple poles exactly, approximants of the form

d ln[f(�)]

d�
=

PN(�)

QM(�)
(7.18)

to the Dlog series of f(�) should converge much faster than approximants to
the series for f(�).

With suitable adaption Pad�e approximant methods can be applied to
more complicated singularity structures. The case

f(�) '
mX
k=0

Ak

�
1� �

�k

���k
(7.19)

was considered by Baker and Hunter (1973). In general the analysis is rather
complicated but two particular cases are of interest:

All the exponents �j = �, which is known. For this Baker and Hunter (1973)
apply a procedure which they call exponent renormalization.1 The following
theorem is not di�cult to prove:

1 This terminology is not related to the exponent renormalization described in
Volume 1, Sect. 9.3.
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Theorem 7.2.2. If f(�) with the power-series expansion (7.1) has leading
power-law form

f(�) '
mX
k=0

Ak

�
1� �

�k

���
; (7.20)

then g(�) with the power-series expansion

g(�) =

1X
n=0

bn�
n ; (7.21)

with

bn = an

� ��
n

�
; (7.22)

has leading power-law behaviour

g(�) '
mX
k=0

Ak

�
1 +

�

�k

��1
: (7.23)

Thus, if � is known, the derived coe�cient of (7.1) can be transformed using
(7.22) to give a series to the same degree for g(�).

All the singularities are con
uent at �j = �c, which is known. In this case we
assume that �0 = � is known and �k = �� �k, where 0 < �1 � �1 � � � � �
�m < �. Thus

f(�) '
�
1� �

�c

��� "
A0 +A1

�
1� �

�c

��1

+A2

�
1� �

�c

��2

� � �
#
: (7.24)

For this case Baker and Hunter (1973) propose a method very similar to that
for the exponent renormalization case. An alternative suggested by Adler et
al. (1981) is to use the function

F (�) = �f(�)� (�c � �)df(�)
d�

: (7.25)

Substituting into (7.25) from (7.24) gives

F (�) '
�
1� �

�c

��� "
A1�1

�
1� �

�c

��1

+A2�2

�
1� �

�c

��2

� � �
#
:(7.26)

The logarithmic derivative of F (�) has a simple pole at �c with residue � �
�1. In principle one can derive successive con
uent exponents �1;�2; : : : by
repeated application of this transformation.
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7.2.3 The Di�erential Approximant Method

This method, which is due to Guttmann and Joyce (1972),2 can be seen as a
natural extension of the use (7.18) of Dlog Pad�e approximants. That equation
can be expressed in the form

QM(�)
df(�)

d�
� PN(�)f(�) = 0 : (7.27)

The determined coe�cients of f(�) are used to obtain the polynomials QM(�)
and PN(�) and then the di�erential equation is integrated. A natural gener-
alization of (7.27) is

�X
k=0

Q(k)(�)
dkf(�)

d�k
+R(�)f(�) = 0 : (7.28)

Again the known coe�cients are used to determine the polynomials Q(k)(�),
k = 1; 2; : : : ; �, and R(�) and the di�erential equation is integrated.

7.3 Low-Temperature Series for the Spin-1
2
Ising Model

We consider a lattice N of N sites with each site r occupied by an Ising
spin �(r) = �1. A constant-�eld partition function is used and it is assumed
initially that H < 0. The terms in a low-temperature expansion correspond
to perturbations of the ground state, in which �(r) = �1, for all sites of N .
For the perturbed state in which n spins are reversed the Hamiltonian (1.49)
can be expressed in the formbH(H; J ;Nu;n) = bH0(H; J) + 2JNu + 2njHj ; (7.29)

where Nu is the number of unlike (+�) nearest-neighbour pairs andbH0(H; J) = �N
�
1

2
zJ + jHj

�
(7.30)

is the Hamiltonian for the ground state where n = Nu = 0. Using an index
k to distinguish between di�erent con�gurations with the same number of +
spins we have

Nu = zn� 2q[n; k] ; (7.31)

where q[n; k] is the number of nearest-neighbour ++ spin pairs. With the

usual notation, bH = bH=T , bH0 = bH0=T , (7.31) and (7.29) givebH(L;K;n; k) = bH0(L;K) + 2K(zn� 2q[n; k]) + 2njLj ; (7.32)

where K = J=T and L = H=T . The constant �eld partition function Z(L;K)
is given by

2 See also the article by Joyce and Guttmann in Graves-Morris (1973) and a dis-
cussion of this method in Guttmann (1989).
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exp[bH0(L;K)]Z(L;K) =
1X
n=1

X
fkg

exp[�bH(L;K;n; k) + bH0(L;K)]

= 1 +

1X
n=1

X
fkg


[n; k]ZnX
1
2zn�q[n;k]; (7.33)

where

Z = exp(�2jLj) ; X = exp(�4K) ; (7.34)

both tend to zero with T . We take the + spins to be the vertices and ++
nearest-neighbour pairs to be the lines of graphs on N . Since every nearest-
neighbour ++ pair is joined by a line, the subgraphs of N are all section
graphs (Appendix A.7) and the topology of a graph g is denoted by [n; k]. The
con�guration number 
[n; k] which denotes the number of ways of placing
the graph [n; k] on the lattice, satis�es (A.218). To obtain terms of the low-
temperature series expansion (7.33) it is necessary to compute 
[n; k] for
successive values of n and all the consequent values of k. Values of ![n; k] =

[n; k]=N for graphs on the simple cubic lattice are listed in Table A.1. The
terms in equation (7.33) can be grouped to yield

exp[bH0(L;K)]Z(L;K) = 1 +

1X
n=1

G(n;X)Zn; (7.35)

where

G(n;X) = N
X
fkg

![n; k]X
1
2zn�q[n;k]: (7.36)

The dimensionless free energy �(N;L;K) is then given by

�(N;L;K)� bH0(L;K) =� ln

"
1 +

1X
n=1

G(n;X)Zn

#

=�N
1X
n=1

g(n;X)Zn ; (7.37)

where the expansion of the logarithm yields

Ng(1;X) = G(1;X) ;

Ng(2;X) = G(2;X)� 1

2
[G(1;X)]

2
;

Ng(3;X) = G(3;X)�G(1;X)G(2;X) + 1

3
[G(1;X)]

3
:

(7.38)

Using the values of![n; k] and q[n; k] given in Table A.1, the �rst fewG(n;X)
in (7.36), for the simple cubic lattice, are
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G(1;X) = NX3 ;

G(2;X) = 3NX5 + 1

2
(N2 � 7N)X6 ;

G(3;X) = 15NX7 + 3(N2 � 12N)X8

+ 1

6
(N3 � 21N2 + 128N)X9 ;

G(4;X) = 3NX8 + 83NX9 + � � � :

(7.39)

From (7.30) and (7.37){(7.39), the free energy, up to third degree terms in Z
and ninth degree in X, can be expressed in the form

�(N;L;K) +N(3K + jLj) =�N
h
X3Z+

�
3X5 � 7

2
X6
�
Z2

+
�
15X7 � 36X8 + 64

3
X9
�
Z3

+(3X8 + 83X9 + � � �)Z4 + � � �
i
: (7.40)

The coe�cient of Zn in (7.40) is g(n;X). It will be seen that the g(n;X) for
n � 3 are independent of N and, by comparison with (7.39), each g(n;X)
is the part of G(n;X) which is linear in N . In fact, this proves to be true
for any value of n and for any lattice. Expressing the logarithm as a double
series in Z and X gives

�(N;L;K)� bH0(L;K) = �N
1X
n=1

X
fkg

![n; k]ZnX
1
2zn�q[n;k]; (7.41)

where ![n; k] is a lattice constant, which is the N -independent term in
![n; k], (Appendix A.7). Equation (7.41) together with (7.30) then implies
that �(N;L;K) = N�(L;K), where the dimensionless free energy � per lattice
site is independent of N . This is the extensive property of � which, when N ,
as has been assumed, is large, must result from statistical mechanical theory,
if the latter is to agree with classical thermodynamics. Any other outcome
would mean that the model is physically unrealistic. In fact, it can be shown
rigorously from the form of the Hamiltonian for an Ising model or equivalent
lattice gas that N�1 lnZ tends to a limit independent of N as the size of
the lattice tends to in�nity in such a way that the ratio of the number of
boundary sites to N tends to zero.3 The magnetization density m is given by

m =
1

N

@ lnZ

@L
= � 1

N

@�

@L
; (7.42)

and the reduced susceptibility is

~� =
@m

@H
: (7.43)

3 See Gri�ths (1972) for this and more general cases and Sect. 4.2 for a discussion
of the thermodynamic limit for a one-component lattice gas.
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It is also convenient to de�ne the dimensionless susceptibility

� =
@m

@L
= T ~� : (7.44)

Since we have assumed that H < 0, we have jLj = �L, Z = exp(2L) and it
can be deduced from (7.29) and (7.37) that

m = �1 + 2
1X
n=1

ng(n;X)Zn;

� = 4

1X
n=1

n2g(n;X)Zn:

(7.45)

The zero-�eld free energy and susceptibility can be obtained by putting Z = 1.
For the simple cubic lattice (7.40) gives

�0 = 4X3 + 48X5 � 56X6 + 548X7 � 1104X8 + 6080X9 + � � � : (7.46)

As T ! 0, both Zn and the coe�cient G(n;X) tend to zero in (7.35). How-
ever, the ground state with H < 0, in which �(r) = �1 for all r, is also
the limiting state as jHj ! 1 at constant T > 0. In this limit Zn ! 0, but
X, and hence G(n;X) and g(n;X), are constant. The series (7.35) or (7.37)
can therefore be regarded as high-�eld expansions as well as low-temperature
expansions. In the lattice 
uid transcription of the Ising model (Sect. 4.4) the
spin states �(r) = +1 and �(r) = �1 correspond respectively to molecules
and vacant lattice sites. Thus a high-�eld expansion becomes a fugacity or
density expansion (see Domb 1974b). The unity term in (7.35) represents the
vacuum state of chemical potential � = �1. The terms in Zn correspond to
the formation of clusters of molecules as � increases from �1.

A brief indication of the reasoning required to obtain the lattice constants
![n; k] is given in Appendix A.7. A procedure, variously referred to as the
partial-sum, shadow or code method was developed by Sykes et al. (1965,
1973a). This was used to obtain high-�eld groupings (Sykes et al. 1973b) and
low-temperature groupings (Sykes et al. 1973c) for two-dimensional lattices
and for three-dimensional lattice (Sykes et al. 1973d and Sykes et al. 1973e
respectively). The expansion (7.46) for �0 on the simple cubic lattice was
extended to X20 with expansions to X15, X28 and X40 for the diamond, body-
centred cubic and face-centred cubic respectively. In two dimensions the ex-
pansion of �0 on the square lattice was obtained to X

11 and in further papers
(Sykes et al. 1973e, 1975a, 1975b, 1975c) on the triangular and honeycomb
lattices to X21. The procedure has also been applied to the Ising model on
the triangular lattice with a pure triplet interaction (Sykes and Watts 1975d)
and to the Ising model with s > 1

2 (Fox and Guttmann 1973). Recent work
by Vohwinkel (1993), using a modi�cation of the shadow method, extended
the magnetization series for the spin- 12 Ising model on a simple cubic lattice
to X32. He also obtain results on the four-dimensional hypercubic lattice to
X48 and for the 3-state Potts model on the simple cubic lattice to degree 56
in the corresponding variable.
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7.4 High-Temperature Series for the Spin-1
2
Ising Model

7.4.1 The Free Energy

The constant-�eld partition function for the spin- 12 Ising model with Hamil-
tonian (1.49) can be expressed in the form

Z(L;K) =
X
f�(r)g

(n:n:)Y
fr;r0g

exp[K�(r)�(r0)]
Y
frg

exp[L�(r)] : (7.47)

The terms in each product can be transformed in the manner of (7.3) with

exp[K�(r)�(r0)] = cosh(K)[1 + �(r)�(r0)� ] ;

exp[L�(r)] = cosh(L)[1 + �(r)�] ;
(7.48)

where

� = tanh(K) ; � = tanh(L) (7.49)

and (7.47) becomes

Z(L;K) = [cosh(K)]
1
2zN [cosh(L)]

N

�
X
f�(r)g

(n:n:)Y
fr;r0g

[1 + �(r)�(r0)� ]
Y
frg

[1 + �(r)�] : (7.50)

A binomial expansion of the �rst product gives a sum of 2
1
2 zN terms each

of the form �q multiplied by q factors �(r)�(r0), each corresponding to a
di�erent nearest-neighbour pair. A subgraph corresponding to a given term
can be obtained by drawing a line between nearest-neighbour sites r and r0

for each factor �(r)�(r0) present in the term. The spin variable �(r) is raised
to a power equal to the valency of the vertex r in the subgraph. When all
the spin variables are summed over the values +1 and �1, any term whose
subgraph has vertices of odd valency disappears and the series is restricted
to terms whose subgraphs have all vertices of even valency. These are called
zero-�eld or polygon graphs (see Volume 1, Sect. 8.5 and Appendix A.7). For
even n, �n(r) = 1 for �(r) = �1, so, in the summation over all �(r), each
vertex yields a factor 2, as does each lattice site not occupied by a vertex.
Thus

(n:n:)Y
fr;r0g

[1 + �(r)�(r0)� ] = 2N [1 + X(0j�)] ; (7.51)

where

X(0j�) =
X
fq;kg


(0jq; k)�q ; (7.52)
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the summation being over all q and k corresponding to zero-�eld graphs,
denoted by their topologies (0jq; k), 
(0jq; k) being the number of ways in
which (0jq; k) can be placed on the lattice (Appendix A.7).

A binomial expansion of the second product in (7.50) yields terms of the
form �(r1)�(r2) : : : �(rn)�

n, each of which must be multiplied into each term
in the expansion of the �rst product. However, unless the latter term has a
subgraph with vertices of odd valency at the sites r1; r2; : : : ; rn and all other
vertices of even valency, the product will disappear after all the spin variables
are summed over the values �1. Since, as is pointed out in Appendix A.7,
the number of odd vertices in a subgraph must be even, the coe�cient for
any odd n is zero. Thus

Z(L;K) = [cosh(K)]
1
2zN [2 cosh(L)]

N
Z�(�; �) = Z(�L;K) ; (7.53)

where

Z�(�; �) = 1 +

1X
s=0

X(2sj�)�2s ; X(2sj�) =
X
fq;kg


(2sjq; k)�q ; (7.54)


(2sjq; k) being the number of ways in which the graph with topology
(2sjq; k) can be placed on the lattice. The �rst index 2s denotes the num-
ber of odd vertices in the topology. Subgraphs contributing to the �2 term in
(7.54), which have two odd vertices (s = 1), are called magnetic graphs, while
those contributing to the �4 term, which have four odd vertices (s = 2), are
called hypermagnetic graphs. Subgraphs of the simple cubic lattice are shown
in Fig. A.1.

From (7.50) and (7.51) the zero-�eld high-temperature expansion of the
partition function is given by

Z(0;K) = [cosh(K)]
1
2zN2N [1 + X(0j�)] ; (7.55)

where X(0jq; k) is given by (7.52). The problem now is to compute the num-
bers 
(0jq; k). In the case of a linear chain of N sites, in the form of a ring,
with the N -th site as a nearest neighbour of the �rst, this can be done easily
for all q. Then the only zero-�eld graph is the entire ring of N sites, so that

(0jq; k) = 1 if q = N and zero otherwise. This gives X(0j�) = �N . Since
z = 2, the total number of nearest-neighbour pairs is N and (7.55) becomes

Z(0;K) = [2 cosh(K)]
N
[1 + �N ] ; (7.56)

which agrees with the result obtained by the transfer matrix method of Vol-
ume 1, Sect. 2.4.1.

For the square lattice the zero-�eld values of !(0jq; k) = 
(0jq; k)=N
for up to ten lines are given in Table A.2. Using these (7.55), for the square
lattice with terms up to �10, becomes

Z(0;K) = [cosh(K)]2N2N
�
1 +N�4 + 2N�6

+ 1

2
N(N + 9)�8 + 2N(N + 6)�10 + � � � � : (7.57)
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The zero-�eld free energy can now be calculated by taking the logarithm
of the partition function. A little manipulation establishes that powers of
N greater than one cancel in the coe�cients of powers of � as far as the
terms that have been calculated, indicating (up to this order), as for low-
temperature series, that lattice constants !(0jq;q) can be used in place the
full forms for !(0jq;q). The dimensionless free energy per lattice site then
has the series expansion

�(0;K) =�N�1 lnZ(0;K)

=�
n
ln[2 cosh2(K)] + �4 + 2�6 + 9

2
�8 + 12�10 + � � �

o
: (7.58)

Using an identity between graphs and loops on a �nite square lattice estab-
lished by Sherman (1960, 1962),4 Burgoyne (1963) developed a combinatorial
method which, if the �nite character of the lattice is ignored, allows an e�ec-
tive summing of the high-temperature series (7.58) to give Onsager's formula
(see, for example, Volume 1, (8.137)) for the free energy.

7.4.2 Susceptibility Series

The absence of higher powers of N in the series (7.58) is the physically
essential extensive property of �(0;K), which is found to apply for expansions
up to any power of � . Assuming this property of the free energy holds for all
T and H it follows, from (7.53) and (7.54), that

�(L;K) =�N�1 lnZ(L;K)

=�
n
1

2
z ln[cosh(K)] + ln[2 cosh(L)] +N�1 lnZ�(�; �)

o
; (7.59)

where

N�1 lnZ�(�; �) =
P1

s=1 x(2sj�)�2s ;
x(2sj�) =Pfq;kg!(2sjq; k)�q :

(7.60)

For H = 0, it follows from (7.53) and (7.60) that

N�1 lnZ(0;K) = 1

2
z ln[cosh(K)] +N�1 lnZ�(0; �)

= 1

2
z ln[cosh(K)] + x(0j�) : (7.61)

From (1.41) the dimensionless con�gurational energy u(0;K) per site is then
given by

u(0;K) =
@�

@K
= �1

2
z� + u�(�) ; (7.62)

where
4 This identity was conjectured by Feynmann in some unpublished lecture notes
where he used it to develop a variation of the method of Kac and Ward (1952)
for solving the Ising model.
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u�(�) = �dx(0; �)
d�

d�

dK
= �(1� �2)

X
fq;kg

q!(0jq; k)�q�1 (7.63)

and, from (7.42), (7.49), (7.53) and (7.60), the magnetization density is

m = �@�(L;K)
@L

= � + (1� �2)
1X
s=1

2sx(2sj�)�2s�1: (7.64)

Then, from (7.44), the dimensionless susceptibility is

� = 1� �2 � 2�

N

@ lnZ�(�; �)

@�
+

(1� �2)2
N

@2 lnZ�(�; �)

@�2
: (7.65)

Since � = 0 when L = H = 0, the zero-�eld susceptibility is given by ~�0 =
�0=T , where

�0 = 1 +
1

N

�
@2 lnZ�(�; �)

@�2

�
�=0

: (7.66)

By di�erentiating (7.64) with respect to �, it can be seen that the only series
term which is non-zero, after setting � = 0, is the one corresponding to s = 1.
It follows that

�0 = 1 + 2
X
fq;kg

!(2jq; k)�q: (7.67)

The zero-�eld susceptibility thus depends only on subgraphs with two odd
vertices (magnetic graphs).

We now consider some illustrations of (7.67). The �rst of these is the ring
lattice of N sites, for which !(2jq; 1) = 1 for any q, (Appendix A.7). The
formula (7.67) gives a binomial series, yielding

�0 =
1 + 2�(1� �N�1)

(1� �) ; (7.68)

which is true for �nite N . Since, � < 1, �N�1 ! 0 as N ! 1, and in the
limit of in�nite N

�0 =
1 + �

1� � = exp(2K) : (7.69)

This is equivalent to Volume 1, (2.101), which was derived using the transfer
matrix method.

For a general lattice !(2jq; 1) is given by (A.221). Thus, for a Bethe
lattice of coordination number z, (7.69) gives

�0 =1 +

1X
q=1

z(z� 1)
q�1

�q

=
1 + �

1� (z� 1)�
=

2

z[exp(�2K)� (z� 2)=z]
: (7.70)
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This is equivalent to the Bethe-pair approximation expression for �0 (Vol-
ume 1, (7.41)), con�rming that the Bethe-pair formalism gives exact results
for the interior of a Bethe lattice (Volume 1, Sect. 7.7, Baxter 1982a). The
radius of convergence of the series in (7.70) is given by

� = (z� 1)
�1
; T =

2J

ln[z=(z� 2)]
; (7.71)

which is the Bethe-pair critical temperature.
For all regular lattices the only magnetic graphs for q = 1 and q = 2 are

one and two-link chains, with lattice constants given by (A.221). Thus, from
(7.49) and (7.67),

�0 = 1 + z� + z(z� 1)�2 +O(�3) ; (7.72)

where

� =
J

T
+O(T�3) : (7.73)

From (7.72) and (7.73), it follows that

~��10 =
T

�0
= T � zJ +

zJ2

T
+O(T�2) : (7.74)

Experimental plots of this form, of the inverse susceptibility against temper-
ature, are asymptotic at high temperatures to a line meeting the temper-
ature axis at a value called the paramagnetic Curie temperature. It follows
from (7.74) that the paramagnetic Curie temperature is zJ , which is higher
than the critical Curie temperature for both regular and Bethe lattice Ising
ferromagnets. Since the analysis does not depend on the sign of J the para-
magnetic Curie temperature for the Ising antiferromagnet has the negative
value �zjJ j. For both ferromagnets and antiferromagnets it can be seen from
the zJ2=T in (7.74) that the curve of �0=T will lie above its asymptote at
high temperatures.

Tables A.2 and A.3 give the data on the square lattice for zero-�eld graphs
for q � 10 and magnetic graphs for q � 7. Using this information and
summing the lattice constants over the subgraph topologies for each value of
q we have, from (7.67),

�0 =1 + 4� + 12�2 + 36�3 + 100�4 + 276�5

+740�6 + 1972�7 + � � � : (7.75)

7.4.3 Coe�cient Relations for Susceptibility Series

A closed graph is de�ned as one with no vertices of valency one. For instance,
zero-�eld graphs are closed but chains and tadpoles are not and, as we see
in Appendix A.7, calculation of lattice constants for non-closed graphs is in



7.4 High-Temperature Series for the Spin- 1
2
Ising Model 267

general more di�cult than for closed graphs. The elimination of contribu-
tions to series from non-closed graphs is therefore desirable. From the chain
recurrence relationship (A.223), Sykes (1961) derived a di�erent equation of
the form

S(q) =!(2;q; 1)� 2(z� 1)!(2;q� 1; 1)

+ (z� 1)2!(2;q� 2; 1) (7.76)

for chain lattice constants, where S(q) is the sum of closed subgraph lat-
tice constants of order q or less.5 Sykes (1961) eliminated non-closed graph
contributions in the zero-�eld susceptibility series by using a di�erence equa-
tion, similar in form to (7.76), for the coe�cients of powers of � in �0. This
is equivalent to the relation

�0 = �(�)
h
1� (z� 2)� � (z� 1)�2 +

1X
q=3

d(q)�q
i
; (7.77)

where

�(�) = [1� �(z� 1)]
�2

(7.78)

corresponds to the left-hand side of the di�erence equation and the d(q) are
linearly dependent on the closed subgraph lattice constants. Sykes (1961)
gave explicit expressions for d(q), but has never published his derivation. We
shall use an alternative approach, due to Nagle and Temperley (1968), based
on the weak-graph transformation (Appendix A.8).

The partition function factor Z�(�; �), de�ned by (7.54) can be put into
the `vertex-weight' form (A.240) by using (A.241). Since the vertex weight
then depends only on the valency 
, the weak-graph transformation takes
the form (A.258). In this case (A.261) is the explicit formula for N
0 . The
essential step is to adjust the value of y to make N1 = 0, thus giving zero
weight to all non-closed subgraphs. From (A.261), y is given by

1

2
(1 + �)(y � � 1

2 )(1 + y�
1
2 )z�1 + 1

2
(1� �)(y + �

1
2 )(1� y� 1

2 )z�1 =0 :

(7.79)

This equation cannot be solved to give y as a closed form in �, but y can be
regarded as a series in odd powers of �, since, if a pair of values (y; �) satis�es
(7.79), then so does (�y;��). This implies that y(�) is an odd function. It
then follows, from (A.261), that N
0 can be expressed as a series in odd or
even powers of � according to whether 
0 is odd or even. Since �0 is given
by (7.66), explicit values are not needed for the coe�cients of �3 and higher
powers. It is straightforward to show that

y = �
p
��(�) + O(�3) (7.80)

is the form of the solution of (7.79). From (A.261) and (7.78)

5 For the form of S(q) see Sykes (1961) or Domb (1974a).
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N0 = 1 + �2��(�)z
h
1� 1

2�(z� 1)
i
+O(�4) : (7.81)

It is convenient to de�ne the new normalized vertex weights

M
0 = N
0=N0 ; 
0 = 1; : : : ; z : (7.82)

The form of N
0 , and thus M
0 , di�ers according to whether 
0 is even or
odd. For even and odd values we set 
0 = 2� and 
0 = 2� + 1 respectively.
From (A.261), (7.81) and (7.82),

M2� = �� + �2����(�)[2(� � 1)(1 + �)
2 � 1 + �2] + O(�4) ;

M2�+1 = 2����(1 + �)
p
��(�) + O(�3) :

(7.83)

For the Ising model it is the factor Z�(�; �) of the partition function, de�ned
in (7.53) and (7.54), which is of the form (A.240). From (A.256), in this
special case where the vertex weights depend only on the site valencies,

N�1 lnZ�(�; �) =�1

2
z ln(1 + y2) +N�1 lnZ�(N0; : : : ;Nz)

= lnN0 � 1

2
z ln(1 + y2)

+N�1 lnZ�(M0; : : : ;Mz) : (7.84)

From (7.60), N�1 lnZ�(M0; : : : ;Mz) can be expressed as a sum of lattice
constants multiplied by appropriate products of the M
0 , for 


0 = 2; : : : ; z.6

In fact, we are concerned in deriving an expression only for the zero-�eld
susceptibility, which is obtained from Z�(�; �) using (7.66). This means, since
M2�+1 is linear in �, that we need consider contributions only from zero-�eld
graphs and from magnetic subgraphs with exactly two odd vertices. Thus

N�1 lnZ�(M0; : : : ;Mz) = 	(0j�; �) + 	(2j�; �) + O(�3) ; (7.85)

where

	(2sj�; �) =
X
fq;kg

!(2sjq; k)
(2s;q;k)Y

M
0 ; s = 0; 1; (7.86)

the product in each case being over the vertices of the appropriate graph.
From (7.63), (7.83) and (A.250),�

d2	(0j�; �)
d�2

�
�=0

=2�(�)
X
fq;kg

�q
(0;q;k)X
fig

�i[2(�i � 1)

+ (1 + �)2 � 1 + �2]

= 2�(�)[�u�(�) + 2(1 + �)
2
�(0j�)] ; (7.87)

where
6 
0 = 0, with M0 = 1, corresponds to a lattice site not present in the subgraph
and M1 = 0.
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�(0j�) =
X
fq;kg

!(0jq; k)�q
(0;q;k)X
fig

�i(�i � 1); (7.88)

in each case the inner summation being over all the vertices of the appro-
priate subgraph. For the example of the honeycomb lattice, discussed below,
it is important to note that even vertices of valency two (�i = 1) make no
contribution to the sum in (7.88). In a similar way�

d2	(2j�; �)
d�2

�
�=0

= 8�(�)(1 + �)2�(2j�) ; (7.89)

where

�(2j�) =
X
fq;kg

!(2jq; k)�q�1�2 ; (7.90)

(2�1+1) and (2�2+1) being the vertex weights of the two odd vertices in the
appropriate subgraph. Now, from (7.66), (7.78), (7.80), (7.81), (7.85), (7.87)
and (7.89),

�0 =�(�)[1 � (z� 2)� � (z� 1)�2 + 2�u�(�)

+ 4(1 + �)
2f�(0j�) + 2�(2j�)g] ; (7.91)

which is of the form of (7.77). The �rst three terms in the square bracket
in (7.91) give the Bethe lattice susceptibility (7.70). It should be noted that
the series for u�(�) (given by (7.63)), �(0j�) and �(2j�) contain terms from
separated closed subgraphs as well as from connected ones.

As an example of the use of (7.91), terms in the series for the honeycomb
lattice susceptibility will be now be derived. Since, for this lattice, z = 3,
there are no even vertices of valency greater than two and �(0j�) = 0. Data
for zero-�eld and closed magnetic subgraphs for q � 14 are given in Table
A.4. From the zero-�eld subgraphs and (7.63),

u�(�) = �(3�5 � 3�7 + 15�9 � 24�11 + 93�13 + � � �) ; (7.92)

and from the magnetic subgraphs and (7.90),

(1 + �)
2
�(2j�) = 3

2
�11 + 3�12 + 3�13 + 9�14 + � � � : (7.93)

Using the expansion of the Bethe lattice terms, given in (7.70), with z = 3
and expressing �(�) as a series, equation (7.91) yields

�0 =1 + 3� + 6�2 + 12�3 + 24�4 + 48�5 + 90�6

+168�7 + 318�8 + 600�9 + 1098�10 + 2004�11

+3696�12 + 6792�13 + 12270�14 + � � � : (7.94)

From this result for the honeycomb lattice it is now possible to derive the
corresponding expansion for the triangular lattice. The star{triangle trans-
formation, (Volume 1, Sect. 8.4) gives the relationship
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�2
h
=
�t(1 + �t)

1 + �3
t

(7.95)

between the variables �h and �t for the honeycomb and triangular lattices
respectively and it was shown by Fisher (1959) (see also, Syozi 1972, Ap-
pendix D). that

�0t(�t) =
1

2
[�0h(�h) + �0h(��h)] : (7.96)

Substituting from (7.94) gives the form

�0 =1 + 6� + 30�2 + 138�3 + 606�4 + 2586�5 + 10818�6 + 44564�7

+141318�8 + 280236�9 + 211920�10 � 507708�11

� 1834800�12� 2280864�13 + 543660�14 + � � � (7.97)

for the triangular lattice susceptibility series.

7.5 The Linked-Cluster Expansion

We now consider high-temperature series for more general magnetic models,
particularly the general-s Ising model and the classical and quantum Heisen-
berg models. Since the number of energy levels of a nearest-neighbour pair
is greater that two, the type of transform of variables used in Sect. 7.4 is no
longer possible and expansions will be in the coupling K = J=T .

7.5.1 Multi-Bonded Graphs

At each site r of the lattice N there is a spin operator ŝ(r) which can have
a number of components, which are themselves either classical scalar quan-
tities or quantum operators. We de�ne the usual �eld coupling L = H=T ,
but for later convenience we introduce distinct interactions �J(r; r0) be-
tween nearest-neighbour pairs (r; r0) with corresponding couplings K(r; r0) =
J(r; r0)=T . The dimensionless Hamiltonian has the formbH(L;K(r; r0); ŝ(r)) = bH0(L; ŝz(r)) + bH1(K(r; r

0); ê(r)) ; (7.98)

where bH0(L; ŝz(r)) =�(L=s)
X
frg

ŝz(r) ; (7.99)

bH1(K(r; r
0); ê(r; r0)) =�

(n:n:)X
fr;r0g

K(r; r0)ê(r; r0) : (7.100)

The operator ê(r; r0) is some function of the spin operators ŝ(r) and ŝ(r0)
on the nearest-neighbour pair of sites r and r0 and the magnetic �eld is in
the z-direction, in which the component of ŝ(r) is ŝz(r).

7

7 In the treatment of quantum systems will assume a set of units in terms of which
~ = 1.
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The probability function de�ned in (1.12) is replaced by the density op-
erator de�ned in (A.265), with the partition function given by (A.266). For
the Hamiltonian de�ned by equations (7.98){(7.100)

Z(L;K(r; r0)) =Tracefexp[�bH(L;K(r; r0); ŝ(r))]g
=Trace

�
exp[�bH1(K(r; r

0); ê(r; r0))]
Y
frg

exp

�
Lŝz(r)

s

��
:

(7.101)

For the Ising model the trace reduces to the usual summation, but for the
quantum Heisenberg model it denotes the algebraic trace of the appropriate
spin-operator matrices and for the classical Heisenberg model it corresponds
to integration over polar coordinates. Given that the spin operators on all
the lattice sites are of the same type,

z0(L) = Tracefexp(Lŝz(r)=s)g (7.102)

is independent of the lattice site and, as in Appendix A.9, it is convenient to
de�ne

Z+(L;K(r; r0)) = [z0(L)]
�NZ(L;K(r; r0))

=Trace
n
exp[�bH1(K(r; r

0); ê(r; r0))]p̂0(L)
o
; (7.103)

where

p̂0(L) = [z0(L)]
�N
Y
frg

exp[Lŝz(r)=s] (7.104)

is the density operator for the non-interacting system (K = 0).
To obtain an expansion for lnZ+ in powers of K the Maclaurin method

is used.8 This gives

lnZ+(L;K) =

�
exp

�
K

(n:n:)X
fr;r0g

D(r; r0)

�
lnZ+(L;K(r; r0))

�
0

; (7.105)

where

D(r; r0)) =
@

@K(r; r0)
(7.106)

and the subscript `0' indicates that all the couplings K(r; r0) are set equal to
zero. Using the expansion

8 The function f(x) of the vector x can be expressed in the form

f(�x) = [exp(�x �r)f(x)]
x=0

at a point �x near the origin. The expansion in powers of the components of �x
is then obtained by using the power-series expansion of the exponential.
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exp
�
K

(n:n:)X
fr;r0g

D(r; r0)
�
= 1+

1X
�q=1

K
�q

�q!

24(n:n:)X
fr;r0g

D(r; r0)

35�q (7.107)

in (7.105) gives a power-series expansion in K. The expression in square
brackets can be expanded multinomially into a sum of terms each contain-
ing a product of �q nearest-neighbour pair factors D(r; r0). Two operators
corresponding to nearest-neighbour pairs with a site in common will not in
general commute and terms should, therefore, be grouped together accord-
ing to the set of operators involved, in all their permutations. A subgraph
of N corresponding to each group of products is obtained by placing a line
between the nearest-neighbour sites r and r0 for each factor D(r; r0) present.
However, the class of graphs obtained di�ers from those of Sect. 7.4 since a
factorD(r; r0) may occur more than once in each product of the group, giving
several lines linking a pair of vertices r and r0. We thus have multi-bonded
graphs (Appendix A.7).

As an elementary example, consider the �q = 2 term in the K-expansion
of (7.107) for the square lattice. We concentrate on one square group of sites
labelled 1, 2, 3 and 4 and replacing r and r0 by the site numbers for these
four sites24(n:n:)X

fr;r0g

D(r; r0)

352 = [D(1; 2)]2 + [D(2; 3)]2 + [D(3; 4)]2 + [D(4; 1)]2

+2D(1; 2)D(3; 4) + 2D(2; 3)D(4; 1)

+ [D(1; 2)D(2; 3) +D(2; 3)D(1; 2)] + [D(4; 1)D(1; 2) +D(1; 2)D(4; 1)]

+ [D(2; 3)D(3; 4) +D(3; 4)D(2; 3)] + [D(3; 4)D(4; 1) +D(4; 1)D(3; 4)]

+ � � � : (7.108)

The �rst four terms on the right-hand side of (7.108) have the multi-bonded
topology (2; 1) given in the �rst line of Table A.5. Terms �ve and six are
disconnected pairs with commuting operators with topology (2; 2) and terms
seven to ten are connected, with two terms each corresponding to the possible
non-commutativity of the operators and with topology (2; 3).

If we now perform a multinomial expansion on each term in (7.107) and
retain as distinct all orderings of distinct operators there will be �q!=

Qq

t=1 �t!

terms corresponding to the multi-bonded graph (�q;�k). Thus, substituting
into (7.105)

lnZ+(L;K) =

1X
�q=1

K
�q
X
f�kg

�
(�q;�k)C(L;�q;�k)

 
qY
t=1

�t!

!�1
; (7.109)

where9

9 It is important to note that we can set K(r; r0) = 0 for all lattice edges apart

from those of the graph (�q;�k) before di�erentiating.
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C(L;�q;�k) =
hbD(�q;�k) lnZ+(L;K(r; r0))

i
0

(7.110)

and

bD(�q;�k) =
qY
t=1

�t!

�q!

X
f�(�q;�k)g

D(r1; r
0
1) � � �D(r�q; r0�q) ; (7.111)

the sum being over all permutations �(�q;�k) of the operators for (�q;�k). A
partial trace can then be performed over all the lattice sites not occupied by
the n graph vertices. This operation involves only p̂0(L), which can then be
replaced by

p̂
0
0(L) = [z0(L)]

�n

(k)Y
frg

exp(Lŝz(r)=s) : (7.112)

The remaining part of the trace operation is con�ned to the n graph ver-
tices. Since there is only a single term K(r; r0)ê(r; r0) in bH for each nearest-
neighbour link, the trace can be regarded as taken over the silhouette graph
with topology k. This will be denoted by the symbol (Trace)k. From (7.110),

C(L;�q;�k) depends only on (Trace)k and the multiplicities �1; �2; : : : ; �q and
is therefore independent of the lattice type.

7.5.2 Connected Graphs and Stars

Suppose that the graph with topology k is disjoint with the two parts denoted
by k1 and k2. In this case the operators for k1 and k2 commute and, from
(A.264), it follows that

(Trace)k = (Trace)k1(Trace)k2 ; (7.113)

ln (Trace)k = ln (Trace)k1 + ln (Trace)k2 : (7.114)

Since the formula (7.110) for C(L;�q;�k) involves partial di�erentiation with
respect to the couplings for all the bonds of the graph, this process will
yield a result of zero for each part of the decomposition. It follows that
C(L;�q;�k) in non-zero only for connected graphs and the expansion in (7.109)
can be restricted to such graphs.10 Since only connected graphs are involved

(q; k) = N!(q; k), where !(q; k) is the lattice constant (Appendix A.7).
From (7.103) and (7.109), the dimensionless free energy per lattice site is
given by

10 Hence the alternative name `connected graph expansion'. Note that a multi-
bonded graph is connected if and only if its silhouette is connected.
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�(L;K) =�N�1 lnZ(L;K)

=� ln z0(L)

�
1X

�q=1

K
�q
X
f�kg

!(q; k)S(q; k;�q;�k)C(L;�q;�k)

 
qY
t=1

�t!

!�1
;

(7.115)

where S(q; k;�q;�k) is given by (A.231).
In Sects. 7.3 and 7.4 we deduced the extensive property of the free en-

ergy for certain Ising model low-temperature and high-temperature series by
extrapolation from the �rst few terms. In (7.115) we now have a more rig-
orously derived result which justi�es the replacement of !(q; k) by !(q; k).
Nevertheless, (7.109) (with the expansion restricted to connected graphs) is
not merely a stepping stone to (7.115). Since no assumption was made in the
derivation of (7.109) about the number N of lattice sites it is valid for a �nite
lattice and indeed for any connected group of sites.

We have shown that, in general, the expansion in (7.109) can be restricted
to connected graphs. In certain models this restriction can be strengthened
to also exclude graphs with articulation points (see Sect. A.7). This is the
case for models in which the spectrum of interaction energies of a graph in
zero �eld, with the spin state on one vertex �xed, is independent of that spin
state. We can then write

(Trace)k = z0(0)(Trace)
�
k ; (7.116)

where (Trace)�k denotes the partial trace with one spin state �xed. This ap-
plies to the spin- 12 Ising model, where the only possible change of state for a
spin �(r) is a reversal from �(r) = 1 to �(r) = �1 or vice-versa and the zero-
�eld Hamiltonian is invariant under reversal of all spins. It does not apply
to the s > 1

2 Ising model, as can easily be seen by considering a single pair
of nearest-neighbour spins. It is, however, applicable to the D-vector model.
A graph of topology k with at least one articulation point can be regarded
as consisting of two graphs k1 and k2 with only one vertex (the articulation
point) in common. Fixing the spin state at this vertex we then have

(Trace)k = z0(0)(Trace)
�
k1
(Trace)

�
k2

= [z0(0)]
�1(Trace)k1(Trace)k2 ; (7.117)

ln (Trace)k =� ln z0(0) + ln (Trace)k1 + ln (Trace)k2 : (7.118)

Since z0(0) is independent of K(r; r
0) for every nearest-neighbour pair a sim-

ilar argument to that used for disconnected graphs establishes the result that
C(L;�q;�k) = 0 when the silhouette graph has an articulation point. The sum-
mations in (7.109) and (7.115) can thus be restricted to stars (i.e. connected
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graphs without articulation points). Other applications of star{graph expan-
sions are given by Domb (1974a, 1974c).

7.5.3 Moments, Cumulants and Finite Clusters

When any functions f(y) and ln f(y) are expanded in powers of y the co-
e�cients in the series for f(y) are called moments and those for ln f(y) are

called cumulants. For the case f(y) = exp(bH0)Z and y = exp(�2jLj), equa-
tions (7.38) give the �rst few cumulants in terms of moments. Equations
(7.109){(7.111) give the cumulant expansion of Z+(L;K) in powers of K. It
is not di�cult to show that the corresponding moment expansion is given by

Z+(L;K) = 1 +

1X
�q=1

K
�q
X
f�kg

�
(�q;�k)B(L;�q;�k)

 
qY
t=1

�t!

!�1
; (7.119)

where

B(L;�q;�k) = Trace
nbE(�q;�k)p̂0(L)o (7.120)

and

bE(�q;�k) =
qY
t=1

�t!

�q!

X
f�(�q;�k)g

ê(r1; r
0
1) � � � ê(r�q; r0�q) : (7.121)

Too sharp a distinction should not be drawn between moment and cumulant
methods since, to derive the thermodynamic properties of a model, it is al-
ways necessary to obtain a expression for lnZ(L;K). In Sect. 7.3, assuming
that lnZ(L;K) is a thermodynamically extensive quantity for large N , we
identi�ed the cumulants as the terms linear in N in the expressions for the
moments.

In Sect. 1.3 we introduced the use of the angle brackets h� � �i to indi-
cate the expectation value (or ensemble average) of a statistical mechanical
quantity. The corresponding situation for quantum statistics is presented in
Appendix A.9. Using the Hamiltonian de�ned in (7.98) the corresponding

formula for the expectation value of a quantum operator Ô is

hÔi= TracefÔ exp[�bH(L;K(r; r0); ŝ(r))]g
Z(L;K(r; r0))

;

=

Trace

�
Ô exp

� (n:n:)X
fr;r0g

K(r; r0)ê(r; r0)

�
p̂0(L)

�
Z+(L;K(r; r0))

: (7.122)

We now denote the (not necessarily distinct) quantum operators ê(r; r0) for

the graph (�q;�k) by �̂1; �̂2; : : : ; �̂�q. The corresponding couplings are denoted
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by K1;K2; : : : ;K�q, with Di denoting the partial derivative with respect to Ki.
The notation hh� � �ii is de�ned by (A.277) and (A.288) gives the relationship
between single bracket terms h� � �i0 and the double bracket expression hh� � �ii0,
when both are evaluated with all the couplings Ki set to zero. In fact it is
shown in Appendix A.9 that double brackets reduce to single brackets for
commuting operators. Using the notation11

d�̂�q � � � �̂1c = D�qD2 � � �D1 lnZ
+(L;K(r; r0)) : (7.123)

it was shown in Appendix A.9 that

d�̂�q � � � �̂1c0 =
�qX
`=1

(�1)`�1(`� 1)!
X

f��q(`)g

hh�̂(�q) � � � �̂(j)ii0 � � �

� � � hh�̂(t) � � � �̂(r)ii0 � � � hh� � � �̂
(1)ii0 ; (7.124)

hh�̂�q � � � �̂1ii0 =
�qX
`=1

X
f��q(`)g

d�̂(�q) � � � �̂(j)c0 � � � d�̂
(t) � � � �̂(r)c0 � � �

� � � d� � � �̂(1)c0 ; (7.125)

where ��q(`) denotes a partition of �̂1; �̂2; : : : ; �̂�q into ` subsets. From (7.120)
and (7.121) it can be seen that each factor hh� � �ii0 in (7.124) corresponds to a

coe�cient B(L;�q0;�k
0
) for some graph (�q0;�k

0
) in the moment expansion (7.119)

with

B(L;�q;�k) = hh�̂�q � � � �̂1ii0 : (7.126)

From (7.124) and (A.288) it can be seen that d�̂�q � � � �̂1c0 is invariant un-
der any permutation of the operators even when the operators do not com-
mute. The right-hand side of (7.111) could be replaced by any single term in
the summation and it follows from (7.110) and (7.123) that the coe�cients

C(L;�q;�k) in the cumulant expansion (7.109) are given by

C(L;�q;�k) = d�̂�q � � � �̂1c0 : (7.127)

For this reason equations (7.124) and (7.125) are called generalized moment-
cumulant relations. A rearrangement of (7.125) gives the iterative relationship

d�̂�q � � � �̂1c0 = hh�̂�q � � � �̂1ii0 �
�qX
`=2

X
f��q(`)g

d�̂(�q) � � � �̂(j)c0 � � �

� � � d�̂(t) � � � �̂(r)c0 � � � d� � � �̂
(1)c0 : (7.128)

From (7.125) and (7.128) it can be shown that

11 Other authors (for example Rushbrooke et al. 1974) use the standard square
bracket pair [� � �] for this quantity. We have used the special symbol d� � �c to
avoid confusion with the more general use of square brackets.
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d�̂1 � � � �̂�qc0 = hh�̂1 � � � �̂�qii0
�

X
f��q(2)g

d�̂(1) � � � �̂(`)c0hh�̂
(`+1) � � � �̂(�q)ii0 ; (7.129)

where one operator (�̂1 say) is present in all the d� � �c0 in the summation.
Although the proof is rather lengthy, it can be shown directly from (7.125)
that, if the hh� � �ii0 are the coe�cients in a moment expansion then the d� � �c0
are the corresponding cumulant coe�cients (Rushbrooke et al. 1974). It can
also be shown directly from (7.128) that if hh� � �ii0 and d� � �c0 are related to
graphs and if the all the terms in hh� � �ii0 satisfy factorization relations like
(7.113) then the d� � �c0 corresponding to separated graphs are zero.

7.6 Applications of the Linked-Cluster Expansion

7.6.1 The General-s Ising Model

The spin magnitude can now take any positive integer or half-integer value
and

ê(r; r0) =
sz(r)sz(r

0)

s2
(7.130)

are commuting operators with the sz(r) regarded as classical scalars with the
range of values s; s� 1; : : : ; 1� s;�s. It is useful to de�ne

�(r) = sz(r)=s (7.131)

and (7.98), with K(r; r0) = K, becomes

bH(L;K;�(r)) = �K (n:n:)X
fr;r0g

�(r)�(r0)� L
X
frg

�(r) : (7.132)

This equation is exactly of the same form as (1.49) except that there �(r) =
�1, which is the special case s = 1

2 of the present treatment. From (7.102)

z0(L) =
X
f�g

exp(L�) = exp(L)
2sX
j=0

exp(�jL=s)

=
sinh

��
s+ 1

2

�
L=s
�

sinh
�
1
2L=s

� ; (7.133)

which reduces to 2s+ 1 when L = 0. We shall also need to de�ne

z
(L) =
X
f�g

�
 exp(L�) = exp(L)
2sX
j=0

�
s� j
s

�

exp(�jL=s) (7.134)

and
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1 2

34

1 2

34

�̂1

�̂2

�̂2

�̂1

(a) (b)

Fig. 7.1. �q = 2 graphs topologies with (a) �k = 1 and (b) �k = 2.

�z
(L) =
z
(L)

z0(L)
: (7.135)

Since �� has the same range as �, it follows from (7.134) and (7.135) that
z0(L) is an even function and �z
(L) is even or odd according as 
 is even
or odd. For the spin-s Ising model all the operators commute and hh� � �ii0 =
h� � �i0. For �q = 2 there are two connected graph topologies, shown as (a) and
(b) in Fig. 7.1. From (7.124), (7.127) and (7.134), we have

C(L; 2; 1)= h�̂1�̂2i0 � h�̂1i0h�̂2i0
= h[�(r1)�(r2)][�(r2)�(r3)]i0 � h�(r1)�(r2)i0h�(r2)�(r3)i0
= h�(r1)[�(r2)]2�(r3)i0 � h�(r1)�(r2)i0h�(r2)�(r3)i0
= �z2(L)[�z1(L)]

2 � [�z1(L)]
4 ; (7.136)

C(L; 2; 2)= h�̂1�̂2i0 � h�̂1i0h�̂2i0
= h[�(r1)�(r2)]2i0 � [h�(r1)�(r2)i0]2
= h[�(r1)]2[�(r2)]2i0 � [h�(r1)�(r2)i0]2
= [�z2(L)]

2 � [�z1(L)]
4 : (7.137)

When H = L = 0, �z1(0) = 0 but �z2(0) 6= 0, so that C(0; 2; 1) = 0 but
C(0; 2; 2) 6= 0. This illustrates the point that, although the structure of the

C(L;�q;�k) in terms of the h� � �i0, as given by (7.124) and (7.127), are the same
for a given �q, there is a dependence on the graph topology �k through the
h� � �i0.

It is not di�cult to generalize the result C(0; 2; 1) = 0 to any graph where

some of the vertex valencies 
1; 
2; : : : ; 
n are odd. Since each �̂i corresponds
to a line of the graph (�q;�k), a division of �̂1; �̂2; : : : ; �̂�q into subsets repre-
sents a division of the graph into subgraphs, with each line of the original
graph belonging to exactly one subgraph. If some of the valencies are odd
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then at least one subgraph must have some odd valencies so that the cor-
responding h� � �i0 expressed as a product of �z
(L), has a factor with 
 odd.
Since �z
(0) = 0 when 
 is odd the result follows.

7.6.2 D-Vector Models

In this case the spin operator ŝ(r) at each of the sites r of the lattice N is a
D-dimensional12 unit vector s(r) with

ê(r; r0) = s(r) � s(r0) : (7.138)

For D = 1 the vector has a single component, usually taken to be in the
direction of the z axis with values �1; this is the spin- 12 Ising model. For
D = 2 the two components can be taken to be in the directions of the x and
y axes and the model is called the plane rotator model. The D = 3 case is
the classical Heisenberg model

Another member of this taxonomy is the spherical model �rst proposed
by Kac and solved by Berlin and Kac (1952) (see also Joyce 1972). This is
derived by �rst modifying the interaction part of the Ising Hamiltonian tobH1(K(r � r0);�(r)) = �

X
fr;r0g

K(r � r0)�(r)�(r0) ; (7.139)

where the sum is now over all pairs of sites, and then replacing the Ising
constraint j�(r)j = 1, for all lattice sites, with the conditionX

frg

j�(r)j2 = N ; (7.140)

subject to which each individual variable �(r) is allowed to range over all real
values. This model has been solved for d = 1; 2; 3 and has a phase transition
for d = 3. For d � 2 it has a phase transition if K(r � r0) � jr � r0j�d��,
where 0 < � < d, (see Joyce (1972) and references therein). Although this
model was introduced by reference to the Ising model (D = 1) it can be seen
that the constraint (7.140), if applied to vectors of any dimension, would
e�ectively combines the roles of N and D. In fact the properties of the model
are more similar to those of the Heisenberg model than the Ising model and it
can be shown that it is equivalent to the D !1 limit of the D-vector model
(Stanley l968b, Kac and Thompson 1971, Pearce and Thompson 1977).

For the classical Heisenberg model s(r) can be taken to specify the direc-
tion of a magnetic dipole in three dimensions with

ê(r; r0) = sx(r)sx(r
0) + sy(r)sy(r

0) + sz(r)sz(r
0) : (7.141)

12 The name `D-vector model' is due to Stanley (l968a, 1974). The names `n-vector
model' and `O(n) model' are also used, the latter because, in the absence of sym-
metry breaking �elds, there is invariance under rotations in the n-dimensional
space of ŝ(r). We use D rather than n to avoid confusion with other usages.
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The direction of any s(r) can be speci�ed by the polar angles (�;  ). With
the �eld along the z-axis identi�ed as the � = 0 direction, (7.133) is replaced
by

z0(L) =

Z �

��
d 

Z �

0

exp(L cos �)d� =
4� sinh(L)

L
; (7.142)

so that z0(0) = 4�.
Equation (7.116) applies for D-vector models since ê(r; r0) is obviously

independent of the choice of the polar axis � = 0, which can be chosen as the
direction of the �xed spin. The connected graph expansion can, therefore, be
restricted to star graphs.

The most general, anisotropic, form of the quantum Heisenberg model is
given by

ê(r; r0) = [�xŝx(r)ŝx(r
0) + �y ŝy(r)ŝy(r

0) + ŝz(r)ŝz(r
0)]=s2; (7.143)

with s taking integer or (integer + half) values. In the extreme anisotropic
case �x = �y = 0 the general-s Ising model is recovered. The case �x = 0,
�y = 1 is the planar or X{Y model.13 The name `Heisenberg model' is usually
taken to refer to the isotropic case �x = �y = 1 when

ê(r; r0) = [ŝx(r)ŝx(r
0) + ŝy(r)ŝy(r

0) + ŝz(r)ŝz(r
0)]=s2

= ŝ(r):ŝ(r0)=s2: (7.144)

The limits of ŝx(r)=s, ŝy(r)=s and ŝz(r)=s, as s!1, can be regarded as the
scalar components of a classical unit vector so that the classical Heisenberg
model is recovered. Normally a representation is chosen so that the matrix of
the �eld component ŝz(r) is diagonal and z0(L) has the same form, (7.133),
as for the Ising model, with z0(0) = 2s+ 1.

7.6.3 The Classical Heisenberg Model

We now consider the derivation of high-temperature expansion coe�cients for
the classical zero-�eld Heisenberg model. This involves evaluating expressions
of the type

h�̂1 � � � �̂�qi0 = (4�)
�n

Tracef�̂1 � � � �̂�qg ; (7.145)

where n is the number of vertices in the multi-bonded graph with �q lines.
Since each �̂-factor has the form (7.141) the product �̂1 � � � �̂�q can be ex-

panded into 3�q terms, each a product of 2�q vector components. Each such
term can be regarded as the product of n factors, one for each vertex, and
the trace can be taken over each factor separately. We thus need to evaluate
expressions of the type

1

4�
Tracefs�xx s�yy s�zz g =

1

4�

Z �

��
d 

Z �

0

s�xx s
�y
y s

�z
z sin �d� ; (7.146)

13 In our notation it should be called the `Y{Z model'.
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where �x, �y and �z are integers and

sx = sin � cos ; sy = sin � sin ; sz = cos � : (7.147)

It follows that

1

4�
Tracefs�xx s�yy s�zz g =

1

4�
I(�x; �y; �z)J(�x; �y); (7.148)

where

I(�x; �y; �z) =

Z �

0

(cos �)�z (sin �)(�x+�y+1)d�

= [1 + (�1)�z ]
Z 1

2�

0

(cos �)�z (sin �)(�x+�y+1)d�

= 1

2
[1 + (�1)�z ]B

�
1

2
�x +

1

2
�y + 1; 1

2
�z + 1

�
; (7.149)

J(�x; �y) =

Z �

��
(cos )�x(sin )�yd 

= [1 + (�1)�x ][1 + (�1)�y ]
Z 1

2�

0

(cos )�x(sin )�yd 

= 1

2
[1 + (�1)�x ][1 + (�1)�y ]B

�
1

2
�x + 1; 1

2
�y + 1

�
; (7.150)

B(a; b) being the beta function. It follows that the right-hand side of (7.148)
is non-zero only if �x, �y and �z are all even integers. Using the standard
formula expressing the beta function in terms of gamma functions (see, for
example, Abramowitz and Segun 1965), (7.148){(7.150) yield

1

4�
Tracefs�xx s�yy s�zz g=

8>>><>>>:
�
�
1
2�x +

1
2

�
�
�
1
2�y +

1
2

�
�
�
1
2�z +

1
2

�
2��

�
1
2�x +

1
2�y +

1
2�z +

3
2

� ;

�x; �y; �z even,

0; otherwise.

(7.151)

The gamma functions can be evaluated using the formulae (Abramowitz and
Segun 1965) �(a+ 1) = a�(a) and �( 12 ) =

p
�. It can now be shown that

C(0;�q;�k), given by (7.124) and (7.127), is zero unless all the vertex valencies

of the graph (�q;�k) are even. The argument for this is similar to that used for
the Ising model in Sect. 7.6.1. The terms in the summation on the right-hand
side of (7.124) represent divisions of the graph (�q;�k) into subgraphs with each

line appearing exactly once. If there is a vertex of (�q;�k) with odd valency then
one of the subgraphs in the division has a vertex with odd valency. When
the h� � �i0 expression for this factor is expanded into a product of vertex



282 7. Series Methods

contributions the valency 
 of any vertex is related to its corresponding �x,
�y and �y by

�x + �y + �z = 
 : (7.152)

If 
 is odd then at least one of �x, �y and �z is odd and the result follows.

The types of graphs for which C(0;�q;�k) needs to be evaluated can be further
reduced by using Theorem 2, p. 519 of Stanley (1974). Suppose that a graph

(�q + 1;�k
0
) is formed from (�q;�k) by placing a new vertex on one of its lines.

Then, in our notation, the theorem establishes the result

C(0;�q+ 1;�k
0
) = 1

3
C(0;�q;�k): (7.153)

The corresponding result for the D-vector model is given by replacing `3' by
`D' and for the general-s Ising model there is a similar result obtained by
replacing `3' by �z2(0), given by (7.134) and (7.135). When s = 1

2 these two
become equivalent with �z2(0) = D = 1.

As a simple illustration we use (7.151) to derive the coe�cients for the
graphs of Fig. 7.1. Since for graph (a) vertices 1 and 3 have odd valencies
C(0; 2; 1) = 0. From (7.124), (7.127) and (7.138)

C(0; 2; 2) = h[s(r1) � s(r2)]2i0 � hs(r1) � s(r2)i20 ; (7.154)

where, from (7.145) and (7.151),

hs(r1):s(r2)i0 = (4�)�2Tracefsx(r1)sx(r2)
+ sy(r1)sy(r2) + sz(r1)sz(r2)g

= 0 : (7.155)

It follows that

C(0; 2; 2) = h[s(r1) � s(r2)]2i0
= (4�)�2Tracefs2x(r1)s2x(r2) + s2y(r1)s

2
y(r2) + s2z(r1)s

2
z(r2)

+ 2sx(r1)sx(r2)sy(r1)sy(r2) + 2sy(r1)sy(r2)sz(r1)sz(r2)

+ 2sz(r1)sz(r2)sx(r1)sx(r2)g
=3(4�)�2[Tracefs2x(r1)g]2

=

"
�( 13 )�

2( 12 )

2��( 52 )

#2
=

1
3 : (7.156)

Using the notation C(0;�q; 2) for the coe�cient of a single-bonded polygon of
�q lines it follows from (7.153) and (7.156) that

C(0;�q; 2) =
1

3(�q�1)
: (7.157)

In deriving tables of coe�cients like those in Stanley (1974) considerable use
is made of iteration relations based on (7.128) and (7.129).
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7.6.4 The Quantum Heisenberg Model

In this case, because of the non-commutativity of the operators (7.144), we
must, according to equation (A.288), take

hh�̂�q � � � �̂1ii0 =

qY
t=1

�t!

�q!

X
f�(�q;�k)g

h�̂(�q) � � � �̂(1)i0 ; (7.158)

when the summation is over all distinguishable permutations of the operators
for the graph (�q;�k). From (7.122)

h�̂(�q) � � � �̂(1)i0 = Tracef�̂(�q) � � � �̂(1)
p̂0(L)g ; (7.159)

where p̂0(L) is given by (7.104). The trace of a product of operators is invari-
ant under cyclic permutation. In general this does not help in reducing the
number of terms in the summation in (7.158) because of the presence of the
operator p̂0(L). However, when L = H = 0, p̂0(0) = 1=(1 + 2s)N and

hh�̂�q � � � �̂1ii0 =
�q

qY
t=1

�t!

(1 + 2s)n�q!

X
f�0(�q;�k)g

Tracef�̂(�q) � � � �̂(1)g ; (7.160)

where f�0(�q;�k)g is the set of permutations which are not cyclically related

and the trace is restricted to the sites occupied by the graph (�q;�k).
We denote the (2s + 1)-dimensional matrices representing the operators

ŝx(r), ŝy(r) and ŝz(r) at any site of the lattice by Sx, Sy and Sz respectively.

Consider now a graph (�q;�k) of n sites which are labelled 1; 2; : : : ;n. Then
the (2s+1)n-dimensional matrix representation E(i; j) of the operator ê(i; j)
de�ned in (7.144) is

E(i; j) = Ex(i; j) +Ey(i; j) +Ez(i; j) ; (7.161)

where

Ew(i; j) =
1

s2
I 
 � � � 
 I 
 Sw 
 I 
 � � � 
 I 
 Sw 
 I 
 � � � 
 I ;

w = x; y; z ; (7.162)

in which I is the (2s + 1)-dimensional unit matrix and the matrix Sw is at
the i-th and j-th places in the direct matrix product. The problem now is to
evaluate expressions of the form TracefE(i1; j1)E(i2; j2) � � �E(i�q; j�q)g, where
(i1; j1); (i2; j2); : : : ; (i�q; j�q) represents some arbitrary ordering of the bonds of

(�q;�k). From (7.161)

TracefE(i1; j1) � � �E(i�q; j�q)g=
X

fu;v;:::;wg

TracefEu(i1; j1) � � �

� � �Ew(i�q ; j�q)g; (7.163)
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1 2

3

1 32

(a) (b)

Fig. 7.2. Two graphs with n = 3.

where fu; v; : : : ; wg denotes all choices of �q x's, y's and z's. From (7.162)
and the properties of the direct matrix product (see, for example, Lloyd 1953)

TracefEu(i1; j1) � � �Ew(i�q; j�q)g=
1

s2�q
Tracef�1g � � �

� � �Tracef�ng; (7.164)

where �j corresponds to vertex j and has the form SuSv � � �Sw with 
j
factors, the identi�cations of u; v; : : : ; w in terms of x, y and z being given
by the left-hand side of (7.164).

It may be helpful at this point to use the two graphs of Fig. 7.2 as exam-
ples. For graph (a), from (7.160){(7.164),

hh�̂4 � � � �̂1ii0 =
1

3s8(2s+ 1)3

X
ft;u;v;wg

[TracefStSuSvgTracefStSuSwg

�TracefSvSwg
+TracefStSuSvgTracefStSuSwgTracefSwSvg
+TracefStSvSugTracefStSuSwgTracefSwSvg] ;

(7.165)

where ft; u; v; wg indicates that the summation is over all terms where t, u,
v and w take all choices of x, y and z. In fact the �rst two terms on the right
can be combined since TracefSvSwg = TracefSwSvg. For graph (b)

hh�̂5 � � � �̂1ii0 =
1

2s10(2s+ 1)3

X
ft;u;v;w;rg

[TracefStSuSvg

�TracefStSuSvSwSrgTracefSwSrg
+TracefStSuSvgTracefStSuSwSvSrgTracefSwSrg] :

(7.166)

To evaluate the expressions in (7.165) and (7.166) we must now use explicit
forms for the spin matrices Sx, Sy and Sz . In terms of the orthonormal basis
kets js;mi a particular vertex contribution is given by
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TracefSuSv � � �Swg =
sX

m=�s

hs;mjŝuŝv � � � ŝwjs;mi ; (7.167)

where

ŝxjs;mi= f(s;m)js;m� 1i+ f(s;�m)js;m+ 1i ; (7.168)

ŝyjs;mi= if(s;m)js;m� 1i � if(s;�m)js;m+ 1i ; (7.169)

ŝz js;mi=mjs;mi; (7.170)

with m = �s;�s+ 1; : : : ; s� 1; s and

f(s;m) = 1

2

p
(s+m)(s+ 1�m) (7.171)

(see, for example, Edmonds 1957). It is not di�cult to show that

TracefSuSvg= 1

3
�Kr(u; v)s(s+ 1)(2s+ 1) ; (7.172)

TracefSuSvSwg= 1

6
i�(u; v; w)s(s+ 1)(2s+ 1) ; (7.173)

where �(u; v; w) is the Levi-Civita tensor, which is zero unless u, v and w are
all di�erent, when it has the value +1 or �1 according as they are an even or
odd permutation of the three symbols. The operator ŝ = (ŝx; ŝy; ŝz) satis�es
the commutation relation

ŝ ^ ŝ = iŝ ; (7.174)

which is invariant under the operations C = fx ! y ! z ! x ! � � �g and
P = fx$ y; z ! �zg. It follows that TracefSuSv � � �Swg is invariant under
the operations C and P. Suppose now that hs;mjŝuŝv � � � ŝwjs;mi contains �u
operators ŝu for u = x; y; z. As for the classical Heisenberg model the numbers
�x, �y and �z are related to the vertex valency 
 by (7.152). It follows from
(7:168) and (7:169) that hs;mjŝuŝv � � � ŝwjs;mi will be zero unless �x and �y
are both either even or odd. Because of the invariance under C it then follows
that the trace is zero unless all of �x, �y and �z are either even or odd. This
is a weaker condition than (7.151) for the classical Heisenberg model. These
results are exempli�ed by (7.172) and (7.173) and, applying them to (7.165),
it follows that, for non-zero terms in the summation, t; u; v must be some
ordering of x; y; z with w = v. Then

hh�̂4 � � � �̂1ii0 =
1

3s8(2s+ 1)3

X
ft;u;vg

TracefStSuSvgTracefS2
vg

[2 TracefStSuSvg+TracefStSvSug]
=

1

3s8(2s+ 1)3

X
ft;u;vg

[TracefStSuSvg]2TracefS2
vg

=
2

s8(2s+ 1)3
[TracefSxSySzg]2TracefS2

zg

=� (s+ 1)
3

54s5
; (7.175)
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where the summations are now over all permutations of x; y; z. For graph (b)
we need expressions of the form TracefStSuSvSwSrg. From the arguments
given above it must be the case that, for a non-zero term, �x, �y and �z must
be 1, 1 and 3 in some order. Using the invariance under the operation C and
P there are only two traces for which we need explicit expressions. These are
given by Rushbrooke and Wood (1958). In our notation

TracefSuSvSwSwSwg= 1

30
i�(u; v; w)s(s+ 1)(2s+ 1)(3s2 + 3s� 1) ;

(7.176)

TracefSuSwSvSwSwg= 1

30
i�(u; v; w)s(s+ 1)(2s+ 1)(s2 + s� 2) ;

(7.177)

where u; v; w is any cyclic permutation of x; y; z. In (7.166) the only non-zero
terms occur for t; u; v all di�erent and w = r. With this constraint applying
to t; u; v

hh�̂5 � � � �̂1ii0 =
1

2s10(2s+ 1)3

X
ft;u;v;wg

TracefStSuSvgTracefS2
wg

� [TracefStSuSvSwSwg+TracefStSuSwSvSwg]
=

1

2s10(2s+ 1)3

X
ft;u;vg

TracefStSuSvgTracefS2
tg

� [3 TracefStSuSvSvSvg+TracefSuStSvStStg]

=� (s+ 1)
3

36s7
[2s(s+ 1)� 1] : (7.178)

It can be seen that, with all possible simpli�cations, the evaluation of
hh�̂�q � � � �̂1ii0 can be quite intricate, even for small values of �q. Fortunately
much of the complicated sorting process can be computerized. The ex-
pressions s2qhh�̂�q � � � �̂1ii0 are called reduced mean traces by Rushbrooke et
al. (1974) and they are given in a table by these authors up to �q = 8.

7.6.5 Correlations and Susceptibility

Any quantum operator Ô, which is an arbitrary function of the spin op-
erators on the lattice sites, has expectation value hÔi with respect to the

general Hamiltonian bH(L;K(r; r0); ŝ(r)) given by (7.122). We are now inter-

ested in determining the high-temperature series expansion for hÔi in the
case K(r; r0) = K for all nearest neighbours. The simplest way to do this is

to modify (7.98) by replacing bH(L;K(r; r0); ŝ(r)) withbHm(L;K(r; r0);M ; ŝ(r)) = bH(L;K(r; r0); ŝ(r))�MO : (7.179)
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Then it is not di�cult to see,14 using (A.277) and (A.279), that for the
expectation value of O with respect to this modi�ed Hamiltonian

hÔi= TracefÔ exp[�bHm(L;K(r; r0);M ; ŝ(r))]g
Zm(L;K(r; r

0);M)

=
TracefDM exp[�bHm(L;K(r; r0);M ; ŝ(r))]g

Zm(L;K(r; r
0);M)

= hhÔii = dÔc
=DM lnZ+

m
(L;K(r; r0);M); (7.180)

where DM denotes partial di�erentiation with respect to M and the symbols
hh� � �ii and d� � �c are used in relation to the modi�ed Hamiltonian. Using the
argument of Sect. 7.5.1 the expectation value when M = 0 and all K(r; r0) =
K is now given by

hÔi=
�
exp

�
K

(n:n:)X
fr;r0g

D(r; r0)

��
DM lnZ+

m
(L;K(r; r0);M)

	
M=0

�
0

= hÔi0 +
1X

�q=1

K
�q
X
f�kg

�
(�q;�k)G(L;�q;�k)

"
qY
t=1

�t!

#�1
; (7.181)

where

G(L;�q;�k) =
hbD(�q;�k)DM lnZ+

m
(L;K(r; r0);M)

i
0
; (7.182)

in which the subscript `0' now indicates that all K(r; r0) and M are set to
zero. We have already seen in Sect. 7.5.3 that, when used in a formula like
(7.110), bD(�q;�k) can be replaced by any one term in the summation in (7.111)
and it follows that

G(L;�q;�k) = dÔ�̂�q � � � �̂1c0 : (7.183)

By the argument used in Sect. 7.5.1 it is clear that G(L;�q;�k) = 0 unless Ô is

a function of some of the spin operators on the sites of (�q;�k).
We now consider some particular examples, mainly concentrating on the

case L = 0. First suppose that Ô = [ŝz(r0)]
`, where r0 is some arbitrarily

chosen site of the lattice and ` is a positive integer. The only non-zero coef-
�cients G(0;�q;�k) will be ones where r0 is a vertex of (�q;�k) and each term
in the expansion of such coe�cients, using the generalized moment-cumulant

relation (7.124), will contain a factor hh[ŝz(r0)]`�̂(t) � � � �̂(r)ii0 for some set of
operators representing a connected subgraph of (�q;�k) with r0 as a vertex.
For the general-s Ising model the factor [ŝz(r0)]

` is equivalent to increasing

14 When O and bHm do not commute it is necessary to use the invariance of the
trace under cyclic permutation.
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the valency of the vertex r0 by `. Since any graph must have an even number
of odd vertices, it follows that

G(0;�q;�k) = 0 ; if ` is odd . (7.184)

For the classical and quantum Heisenberg models the e�ect of [ŝz(r0)]
` is to

increase �z for the vertex contribution at r0 to �z + ` and again the result
(7.184) applies. Since h[ŝz(r0)]`i0 = 0 when L = 0 and ` is odd we have the
result

h[ŝz(r0)]`i = 0 ; if ` is odd . (7.185)

A similar argument leads to the result

h[ŝx(r0)]`i = h[ŝy(r0)]`i = 0 ; if ` is odd . (7.186)

Given that all sites of the lattice are equivalent, the dimensionless magneti-
zation per lattice site m = hŝz(r0)i=s and it follows from (7.185) that m = 0
when L = 0.

We have already seen in Sect. 7.4.2 that, for the s = 1
2 Ising model, the

high-temperature series expansion (7.64) for the magnetization yields the
result m = 0 when L = 0. The range of validity of the expansion is limited
to the region above the Curie temperature where there is no spontaneous
magnetization. We now see that the same is the case for the general-s Ising
model and for the classical and quantum Heisenberg models. The operator
ŝ2(r) = ŝ2x(r)+ŝ

2
y(r)+ŝ

2
z(r) is equal to one for the classical Heisenberg model

and has the single eigenvalue s(s + 1) for the general-s Ising model and the
quantum Heisenberg model. When L = 0, both the Heisenberg models have
symmetry under cyclic permutation of the x, y and z axes and in that case

hŝ2z(r)i = 1

3
hŝ2(r)i =

8<:
1

3
; classical H. M. ,

1

3
s(s+ 1) ; quantum H. M. .

(7.187)

The expectation value is interaction independent and the only contribution
to the series expansion (7.181) is the �rst term. For all three models

hŝ2z(r)i0 = s2
�
@2 ln z0(L)

@L2

�
L=0

(7.188)

with s = 1 for the classical Heisenberg model. From (7.133) and (7.142)
this gives results agreeing with (7.187) for the Heisenberg models. For the
general-s Ising model the situation is a little more complicated as the Hamil-
tonian does not have rotational symmetry. Equation (7.188) gives the same
value for hŝ2z(r)i0 as for the quantum Heisenberg model, but in this case the
lack of symmetry under interchange of the axes prevents us concluding that
hŝ2z(r)i = hŝ2z(r)i0.

Now consider the case

Ô =

(
ŝz(r1)ŝz(r2) ; general-s I. M. ,

ŝ(r1) � ŝ(r2) ; classical and quantum H. M.s ,
(7.189)
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where r1 6= r2 are two arbitrarily chosen (not necessarily nearest-neighbour)
sites of the lattice. It follows from (7.130), (7.127), (7.141), (7.144) and (7.183)
that

G(L;�q;�k) = s2C(L;�q0;�k
0
) ; (7.190)

where s = 1 for the classical Heisenberg model and (�q0;�k
0
) is the graph

obtained from (�q;�k) by placing an extra line between the sites r1 and r2.
When L = 0 the only non-zero coe�cients are those when both r1 and r2
are vertices of (�q;�k) and thus �q0 = �q + 1. If (�q;�k) is disjoint in two parts

one containing r1 and the other r2 then (�q0;�k
0
) is connected. The sites r1

and r2 are, however, articulation points of the graph and so for the classical

Heisenberg model, as was shown in Sect. 7.5.2, C(0;�q + 1;�k
0
) = 0. This can

also be shown to be true for the quantum Heisenberg model for any graph
which can be separated into disjoint parts by the removal of a single line
(Rushbrooke and Wood 1958, Rushbrooke et al. 1974). In the case of the
Heisenberg models, therefore, the expansion is over connected graphs.

According to the discussion of Sect. 1.5 the (
uctuation) pair correlation
function between the spins states on sites r1 and r2 is given by

�2(�(r1); �(r2)) =

8>><>>:
h�(r1)�(r2)i � h�(r1)ih�(r2)i ; general-s I. M. ,

hŝ(r1):ŝ(r2)i � hŝ(r1)i � hŝ(r2)i ; classical andquantum H: M:s :

(7.191)

From (7.185) and (7.186), when L = 0, the second term in each of these
forms is zero and the 
uctuation function is the same as the total correlation
function. The evaluation of the pair correlation function series is that for Ô
given by (7.189). The formula (7.190), which has been used by Stanley (1974)
to derive the series expansion for the zero-�eld pair correlation function of
the classical Heisenberg model, shows that any coe�cient in the correlation
function series is a coe�cient in the series of lnZ+, but not necessarily that
for the same lattice. Consider, for example, the case where r1 and r2 are
second-neighbour sites on the square lattice. Then a graph contributing to
the correlation series would be one of topology (6; 2) given in the last line of
Table A.5 with r1 and r2 coincident with two vertices of valency three, which
are now connected by a line. The silhouette of the resulting graph could be
embedded in a triangular lattice but not the square lattice.

The pair correlation function �2(�(r1); �(r2)) yields most quantities of
interest. In particular it has been used by Stanley (1974) to derive the zero-
�eld susceptibility series for the classical Heisenberg model. The susceptibility
is given by the 
uctuation-response function formula (1.62), which in this case
has the form

� = N�1
X

fr1;r2g

�2(�(r1); �(r2)) : (7.192)
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Since in zero �eld the magnetization is zero the zero-�eld susceptibility is

�0 = (Ns2)�1
hX
frg

D
fŝz(r)g2

E
+ 2

X
fr1;r2g

hŝz(r1)ŝz(r2)i
i
; (7.193)

where each pair r1 6= r2 is counted only once. If we now concentrate on the
Heisenberg models and use equation (7.187) and the symmetry of the models
under permutation of the axes this equation gives

�0 =
1

3

h
�(s) + 2(Ns2)�1

X
fr1;r2g

hŝ(r1) � ŝ(r2)i
i
; (7.194)

where for the quantum Heisenberg model �(s) = (s + 1)=s, and for the
classical Heisenberg model the value corresponds to the limit s ! 1 with
�(s)! 1. Since hŝ(r1):ŝ(r2)i0 = hŝ(r1)i0:hŝ(r2)i0 = 0 it follows from (7.181)

and (7.190) that in the limit of large N , when �
(�q;�k) can be replaced by

N�!(�q;�k),

(Ns2)�1
X

fr1;r2g

hŝ(r1) � ŝ(r2)i=
1X

�q=1

K
�q
X
f�kg

�!(�q;�k)

 
qY
t=1

�t!

!�1
�

X
fr1;r2g

C(0;�q+ 1;�k
0
(r1; r2)) ; (7.195)

where �k
0
(r1; r2) denotes the topology obtained from �k by adding a line be-

tween r1 and r2.
An alternative approach, like that of Sect. 7.4, is to �nd the terms in

L
2 in the moment expansion. These are found to involve sums over sets of

graphs similar to those just derived in the correlation expansion, in each of
which an additional line is inserted between a pair of vertices of a connected
graph (�q;�k). The susceptibility �0 depends on the corresponding terms in the
cumulant expansion which can be derived by the `coe�cient of N ' method.

7.7 Finite Methods

In this section we consider two related methods, the �nite-cluster method
introduced by Domb (1960, 1974a) and the �nite-lattice method introduced
by de Neef (1975) and developed by de Neef and Enting (1977). Although
both these methods are primarily techniques for obtaining high-temperature
expansions, the latter has also been used for low-temperature expansions
for s � 1 Ising models (Enting et al. 1994, Jensen et al. 1996, Jensen and
Guttmann 1996) and for the Potts model (Guttmann and Enting 1993, 1994,
Briggs et al. 1994, Arisue and Tabata 1997).
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7.7.1 The Finite-Cluster Method

A starting point for this method (Rushbrooke 1964, Rushbrooke et al. 1974)
is the observation that (7.109) applies to any �nite connected group of sites
g. From (7.103), (A.231) and (7.109) the dimensionless free energy of a graph
g of N sites and qg bonds is

�(g)(N ;L;K) =�N ln z0(L)

�
1X
�q=1

K
�q
X
f�kg


(g)(q; k)S(q; k;�q;�k)C(L;�q;�k)

 
qY
t=1

�t!

!�1
:

(7.196)

The right-hand side of (7.196) is a linear function of the 
(g)(q; k), which
give the number of weak embeddings of the graphs (q; k) in g and thus

�(g)(N ;L;K) = �
qgX
q=0

X
fkg


(g)(q; k)	(L;K;q; k) ; (7.197)

where the �rst term on the right-hand side of (7.196) has been included by
taking


(g)(0; 1) = N ; 	(L;K; 0; 1) = ln z0(L) ; (7.198)

which just corresponds to the weak embedding of a single site in g. At the
other extreme there is only one topology and one way for weakly embedding
g into itself and so 
(g)(qg; 1) = 1. Since (q; k) can be the silhouette of

multi-bonded graphs (�q;�k) with any number �q � q of lines, 	(L;K;q; k) is
an in�nite series in powers of K, the lowest power being Kq. It can be seen
from (7.196) that 	(L;K;q; k) does not depend on g and, to determine this
quantity, we use (7.197) itself and the set of similar equations obtained by
replacing g by its connected subgraphs.

As an illustration consider the case where g is a square of sites as shown
in Fig. 7.3. Now there is only one topology for each connected subgraph and
it can easily be seen that

�(0;1)(1;L;K) =�	(L;K; 0; 1) ; (7.199)

�(1;1)(2;L;K) = 2	(L;K; 0; 1) + 	(L;K; 1; 1) ; (7.200)

�(2;1)(3;L;K) =�3	(L;K; 0; 1)� 2	(L;K; 1; 1)

�	(L;K; 2; 1) ; (7.201)

�(3;1)(4;L;K) =�4	(L;K; 0; 1)� 3	(L;K; 1; 1)

� 2	(L;K; 2; 1)� 	(L;K; 3; 1) ; (7.202)
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(2,1) (3,1) (4,1)

(0,1) (1,1)

Fig. 7.3. Subgraphs of a
square in the �nite-cluster
method.

�(4;1)(4;L;K) =�4	(L;K; 0; 1)� 4	(L;K; 1; 1)

� 4	(L;K; 2; 1)� 4	(L;K; 3; 1)

�	(L;K; 4; 1) : (7.203)

The free energy �(0;1)(1;L;K) for a single vertex is � ln[z0(L)] and (7.199)
is equivalent to the second of equations (7.198). For any particular type of
Hamiltonian the quantities 	(L;K;q; 1), for q = 1; : : : ; 4, can be obtained
from (7.199){(7.203) once the free energies for the corresponding clusters of
sites have been calculated.

As an example, for the spin- 12 Ising model in zero �eld

�(0;1)(1; 0;K) = � ln(2) ;

�(1;1)(2; 0;K) = � ln(4 coshK) ;

�(2;1)(3; 0;K) = � ln(8 cosh2K) ;

�(3;1)(4; 0;K) = � ln(16 cosh3K) ;

�(4;1)(4; 0;K) = � lnf4[3 + cosh(4K)]g :

(7.204)

On substituting into (7.199){(7.203) this gives

	(0;K; 0; 1) = ln(2) ; 	(0;K; 1; 1) = ln(coshK) ;

	(0;K; 2; 1) = 0 ; 	(0;K; 3; 1) = 0 ;

	(0;K; 4; 1) = ln

�
3 + cosh(4K)

4 cosh4K

�
:

(7.205)

As (2; 1) and (3; 1) are graphs with articulation points the zero values ob-
tained for 	(0;K; 2; 1) and 	(0;K; 3; 1) have been predicted in Sect. 7.5.2.

Where g is a lattice with a large number N of sites (7.197) gives the free
energy per lattice site
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�(L;K) = �
1X
q=0

X
fkg

!(q; k)	(L;K;q; k) ; (7.206)

where the sum is over all connected subgraphs (q; k) of the lattice graph.
Now suppose that the aim is to obtain a high-temperature expansion up

to and including the term in Km. Recalling that 	(L;K;q; k), which depends
only on the graph (q; k), contains no powers of K with index less that q, we
can drop all terms with q > m, from the right-hand side of (7.206). This
will involve both terminating the outer summation at q = m and truncating
the in�nite power-series forms of the remaining 	(L;K;q; k). Indicating this
truncation by using a subscript m we have

�m(L;K) = �
mX
q=0

X
fkg

!(q; k)	m(L;K;q; k): (7.207)

A set on m+1 linear equations for 	m(L;K;q; k), q = 0; 1; : : : ;m, are, from
(7.197),

�(q
0;k0)(n0;L;K) =�

q0X
q=0

X
fkg


(q0;k0)(q; k)	m(L;K;q; k) ;

q0 = 0; 1; : : : ;m ; (7.208)

where n0 is the number of sites of the graph with topology (q; ; k0). The
graphs (q0; k0) are given a `dictionary ordering', �rst being divided into sets
of given q0, with q0 increasing from 0 to m and then arranged in each set
according to the index k0. If the terms on the right-hand side of (7.208)
are similarly arranged the 
(q0;k0)(q; k) form the elements of a triangular
matrix called the T matrix (see Appendix A.12). With a change of sign the
coe�cients on the right-hand side of (7.203) are a simple example of this.
Because of the triangular form of the matrix equations (7.208) are easily
solved for 	m(L;K;q; k) (Example 7.6), which can then be substituted into
(7.207).

A method for deriving partition functions of �nite clusters of spins in
the classical Heisenberg model was developed by Joyce (1967) and used by
Joyce and Bowers (1966) to calculate high-temperature expansions on various
lattices. Joyce's method was extended by Domb (1976) to give a systematic
procedure for calculating the partition functions of star topologies in the
D-vector model. This work was used by English et al. (1979) to obtain high-
temperature series to K12 for generalD and to K13 for the classical Heisenberg
model.

7.7.2 The Finite-Lattice Method

In a sequence of papers Hijmans and de Boer (1955) developed a systematic
method for generating a hierarchy of closed-form cluster methods for order-
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disorder problems. The lowest-order approximations in this hierarchy corre-
spond to the zeroth-order single-site and �rst-order site-pair (quasi-chemical)
approximations referred to in Volume 1, Chap. 7. At a higher level the ap-
proximation is more accurate that of Volume 1, Sect. 7.2 as it takes into
account all subclusters of sites between the maximum group chosen and the
single sites. A recent resurgence of interest in this work has occurred because
of the success of the �nite-lattice method of series expansions of de Neef and
Enting (1977). The combinatorial procedures needed to e�ect the Hijmans
and de Boer programme turn out to be exactly those needed to begin a
�nite-lattice calculation and in Appendix A.12 we give a brief account of this
development.

The starting point for the �nite-lattice method is a formula,

�(N ) =
X
g2S

�(S; g)�(g) ; (7.209)

similar to (A.331), which expresses the free energy for a lattice N of N sites
in the form of a weighted sum of the free energies of a set S of subgraphs of
N . The coe�cients �(S; g) are dependent on the set S of graphs chosen and
the number of terms of a power series which can be given correctly by this
procedure is determined by the lowest power of the expansion variable which
occurs in a connected graph which cannot be embedded in a g 2 S.

The upper limit on size of the members of S can be determined in di�erent
ways. The simplest procedure, used by Hijmans and de Boer (1955) and in the
related method of Enting and Baxter (1977), is to choose a particular graph,
or block of sites, and then the generate the set S by successive overlapping
(see Appendix A.12). The method favoured by de Neef and Enting (1977) on
the square lattice is the impose an upper limit on the circumference of the
rectangular blocks, which are, as before, generated by an overlapping proce-
dure. The method for determining the coe�cients �(S; g) for this constraint
is discussed by Enting (1978). Once the coe�cients have been obtained the
remaining task is to obtain the free energy or partition functions for the
graphs of S. For the square lattice the members of S are rectangular blocks
and transfer matrix methods can be used.

The �nite-lattice method is not in essence a high- or low-temperature
method. However, the cases where it has been applied as a high-temperature
expansion seem to be con�ned to the spin- 12 Ising model and Potts model
where, in the case of the square lattice, duality allows a low-temperature
interpretation of the results. De Neef (1975) obtained the high-temperature
free energy expansion for the 3-state Potts model on the square lattice up to
�22 (see de Neef and Enting 1977). Guttmann and Enting (1993) obtained
the magnetization and susceptibility for the spin- 12 Ising model on the simple
cubic lattice up to �26 and Guttmann and Enting (1994) obtained corre-
sponding results for the 3-state Potts model up to �21.

Low-temperature expansions, as we saw in Sect. 7.3, correspond to ac-
counting for successive perturbations from a chosen ground state. In the
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same way the di�erence in the application of the �nite-lattice method to
high- and low-temperature series is that in the former free boundary con-
ditions are used in the application of the transfer matrix procedure to the
members of S, whereas for the latter the boundary sites are �xed in the ground
state. On the simple cubic lattice Guttmann and Enting (1993) extended the
low-temperature spin- 12 Ising model free energy expansion to degree 26 and
Guttmann and Enting (1994) obtain corresponding results for the 3-state
Potts model to degree 43. Briggs et al. (1994) use the method to obtain
low-temperature series for the �-state Potts model on the square lattice for
various values of �. Recent extensions of this work have been carried out by
Arisue and Tabata (1997). Spin-s Ising models for s > 1

2 , do not, even on the
square lattice, have duality properties, and it is of particular interest to ob-
tain series approximations for such models. Adler and Enting (1984) obtained
45-term expansions for the magnetization, heat capacity and susceptibility
of the spin-1 Ising model on the square lattice. The results were extended
to the 79th degree by Enting et al. (1994) and higher-order spin values were
investigated by Jensen et al. (1996).

7.8 Results and Analysis

In this section we bring together the results for the three types of temperature
expansions discussed in this chapter. These results take the form of values
for critical parameters and critical exponents. According to the ideas of uni-
versality (Sect. 2.3) the critical exponents will change with the symmetry
group of the order parameter of the model and the dimension of the lattice.
In addition to these factors critical parameters, like the critical temperature
also di�er between di�erent lattice structures.

In two dimensions. The critical temperatures for the spin- 12 Ising model on
lattices are know from duality theory and the critical exponents � = 0 (log-
arithmic singularity), � = 1

8 and 
 = 7
4 are given by Onsager's solution (see,

for example, Volume 1, Chap. 8) with � = 1+
=� = 15 being a consequence
of the Widom scaling law (2.169). For the �-state Potts model the critical
temperature on the square lattice is known from duality or from the equiva-
lence to a staggered six-vertex model (Volume 1, Sect. 10.14). correspondence.
For 0 < � � 4 it was conjectured by den Nijs (1979) that

� =
2� � 8�

3� � 6�
; (7.210)

and independently by Nienhuis et al. (1980) and Pearson (1980) that

� =
� + 2�

12�
; (7.211)

where � = arccos(
p
�=2). Using the scaling laws (2.169) and (2.170) this gives



296 7. Series Methods


 =
7�2 � 8�� + 4�2

6�(� � 2�)
; � =

15�2 � 16�� + 4�2

�2 � 4�2
: (7.212)

The formula (7.210) for � has now been establish by Black and Emery (1981)
by further exploiting the relationship to the staggered F model.

In three dimensions. Estimates for the critical exponents for both the Ising
and Heisenberg15 models can be obtain from �eld theory results for the n-
vector model, for which n = 1 is equivalent to the Ising model and n = 3
the Ising model. These are given by Le Guillou and Zinn-Justin (1980)
as � = 0:110(5), � = 0:325(2), 
 = 1:241(2) for the Ising model and
� = �0:115(9), � = 0:3645(3), 
 = 1:386(4) for the Heisenberg model.
Nickel (1991) examined the �4 �eld theory exponents and showed, that by
including a second con
uence exponent, estimates for the Ising model could
be obtained which agreed well with those of high-temperature series. The
rational values for the Ising exponents in two dimensions are supported by
conformal �eld theory. Conformal �eld theories in three dimensions are more
problematic, but it is tempting to suppose that the Ising exponents are still
rational. Mojumder (1991) has proposed a theory based on partial renormal-
ization of superconformal dimensions of matter �elds on a (2; 0) supersym-
metric string world sheet and has obtained the values � = 1

8 , � = 3
8 .

7.8.1 High-Temperature Series for Spin-1
2
Ising and Potts Models

As we saw in Sect. 7.1 the particular feature of these models is that there ex-
ists a high-temperature variable � , de�ned in the Ising model by (7.5) and the
Potts model by (7.6), in terms of which the series methods of Sect. 7.4 and the
�nite-lattice methods of Sect. 7.7 can be applied. Using these methods large
numbers of coe�cients for high-temperature spin- 12 Ising model series have
now been obtained. For the square lattice the zero-�eld susceptibility series
given in (7.75) has been extended to 54 terms (quoted by Guttmann 1989
and obtained by Nickel 198516). The last few of these are

�0 = � � �+ 542914755497182676020�51

+1329440077424712435476�52

+3254615979848876064244�53

+7965488065940462105380�54+ � � � : (7.213)

For the body-centred cubic lattice

�0 =1 + 8� + 56�2 + 392�3

+ � � �+ 199518218638233896�21+ � � � ; (7.214)

15 It is now generally believed (Stanley 1987) that the exponents of the quantum
Heisenberg model are independent of the spin s and, since the classical Heisen-
berg model is given by the limit s!1, this too will have the same exponents.

16 Personal communication to Professor Guttmann.
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(Nickel 1982), and for the simple cubic Guttmann and Enting (1993) used
the �nite-lattice method to obtain the expansion

�=1 + 3�4 + 22�6 + 192�8

+ � � �+ 16809862992�22+ � � � : (7.215)

The problem now is to extract the values of the critical parameter �c and the
appropriate critical exponents. Methods for doing this are discussed brie
y in
Sect. 7.2 and have been applied to the series (7.213){(7.215). Before discussing
the conclusions which are drawn it is perhaps worthwhile to revert brie
y to
a simpler approach.

For a series of positive coe�cients an, if the series had only one singularity
for real values of � , �c = R the radius of convergence for which janj�1=n are
successive approximations. This could be tested against the high-temperature

susceptibility series (7.75) and (7.213). With �
(n)
c = janj�1=n, we have � (5)c =

0:3299, �
(6)
c = 0:3325, �

(7)
c = 0:3383, : : :, �

(52)
c = 0:3618 �

(53)
c = 0:3857,

�
(54)
c = 0:3930. Comparing these results with the exact value �c = 1=(1 +p
2) ' 0:41421, it will be seen that convergence is very slow. The error

in the �nal estimate is about 5% and extrapolation is unlikely to lead to
much improvement. If we suppose that the series has only one singularity
on the circle of convergence, we could consider the use of the ratio formula
(7.15) (with �c = �c and � = 
). This is an expression for the ratio an=an�1
as a linear function of 1=n with gradient (
 � 1)=�c and intercept 1=�c on
the `1=n = 0'-axis. Graphical interpolation of the data could therefore be
used to determine �c and 
. Plots of an=(zan�1) against 1=n are shown in
Fig. 7.4 on three di�erent lattices. An approximation to the parameters for
the interpolated line can be obtained by solving the linear equations given
by (7.15) for two di�erent values of n. Using the coe�cients for the square
lattice given in (7.213) the reader can easily verify that better results are
obtained by using n = 52 and n = 54 than by using a consecutive pair
of terms (n = 52 and n = 53 or n = 53 or n = 54). This is because the
oscillations in the values of the coe�cients at small values of n, shown in
Fig. 7.4, still persist at these higher values of n. This contrasts with the
rather more linear appearance of the plots for the triangular and face-centred
cubic lattices shown in Fig. 7.4. To understand the reason for this di�erence
in behaviour we must remember that, in deriving the ratio formula (7.15),
it was assumed that the critical point was the only singularity on the circle
of convergence. In fact this assumption is false for the Ising model on any
loose-packed lattice.17 In all these cases perfect antiferromagnetic ordering
is possible with a singularity on the negative real axis at ��c, corresponding
to the antiferromagnetic critical point. This leads to oscillations is the series
coe�cients. Theorem 7.2.1 can be applied to the case where there are two
singularities at � = ��c to give
17 Square, honeycomb, simple cubic, body-centre cubic and diamond (see Volume 1,

Appendix A.1).
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Fig. 7.4. Interpolated plots
of an=(zan�1) against 1=n
for high-temperature sus-
ceptibility series of the Ising
model on the square (A, z =
4), triangular (B, z = 6)
and face-centred cubic (C,
z = 12) lattices. (Reprinted
from Guttmann (1989), p.
18, by permission of the
publisher Academic Press
Ltd.)

an
an�2

=
(�+ n� 1)(�+ n� 2)

n(n� 1)�2c
(7.216)

(Example 7.1). Applying this formula to the series (7.213), for n = 53 and
n = 54, gives �c = 0:41415, 
 = 1:7358 (see equation (5.126)).

An extensive analysis of high-temperature Ising series on simple-cubic,
body-centred cubic and face-centred cubic lattices was carried out by
Graves-Morris (1988). Using a generalized inverse Pad�e approximant method
it was concluded that 
 = 1:2406(17) is the critical exponent value common
to all these lattices. This result was achieved by assuming a leading con
uent
exponent � = 1

2 . An analysis using partial di�erential approximants by Chen
et al. (1982) and Fisher and Chen (1985) lead to the result 
 = 1:2385(15)
with the con
uent exponent � = 0:54(5) and by George and Rehr (1984)
and Nickel and Rehr (1990), using second-order di�erential approximants, to

 = 1:2378(6) with � = 0:52(3).

Apart from the calculation of critical exponents, it is of interest to use
series expansions to obtain a more detailed form for the leading singular
behaviour of thermodynamic functions. Although Onsager's solution of the
square lattice Ising model gives information along the zero-�eld axis it does
not provide details of the singular form of the zero-�eld susceptibility. For
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this it is known that

�0 =C
(+)
0 ��7=4 + C

(+)
1 ��3=4 +D0 + C

(+)
2 �1=4

+D1�+E
(+)
0 � ln(�) + C

(+)
3 �5=4 + � � � ; (7.217)

where � = (1 � Tc=T ), C
(+)
0 = 0:9625817322 (Barouch et al. 1973, Tracy

and McCoy 1973), C
(+)
1 = C

(+)
0 (

p
(2)=16) ln(1 +

p
2), (Wu et al. 1976) and

D0 = �0:10413323411, (Kong et al. 1986).18 The remaining terms in (7.217)
were obtained by Gartenhaus and Scott McCullough (1988) by analyzing
Nickel's series (7.214) and (7.213) using Pad�e approximants and second-order
homogeneous di�erential approximants.

For the �-state Potts model Kim and Joseph (1975) obtained free en-
ergy series in the presence of arbitrary external �elds to �8 for two and
three-dimensional lattices and analyzed their results using Dlog Pad�e ap-
proximants. In two dimensions they obtained 
 = 1:42(5) for � = 3 and

 = 1:20(5) for � = 4. These compare with the exact results 
 = 13

9 and 
 = 7
6

respectively derived from (7.212). They also presented evidence that the tran-
sition is �rst-order in two dimensions for � > 4, in agreement with the known
exact results (Baxter 1973, 1978) and in three dimensions for � > 2, in agree-
ment with Monte Carlo (Hermann 1979, Knak Jensen and Mouritsen 1979)
and Monte Carlo renormalization (Bl�ote and Swendsen 1979) calculations.
For the two-dimensional 3-state Potts model de Neef and Enting (1977) used
�nite-lattice methods to obtain a free energy series to �22. Using Pad�e ap-
proximants they estimate a value for � = 0:42(5).

7.8.2 Low-Temperature Series

While high-temperature series are, in general, well behaved, with uncertainty
in the derived exponents being at the third or fourth decimal place the sit-
uation for low-temperature series is less satisfactory because of the presence
of non-physical singularities closer to the origin that the physical singularity.
A case of this behaviour is the body-centred cubic series for magnetization
and susceptibility derived by Sykes et al. (1973e). The coe�cients in these
series show an apparently random distribution of signs which Gaunt and
Guttmann (1974) show is due to a complex pair of singularities closer to the
origin than the physical singularity. The application of Dlog Pad�e approxi-
mants to the magnetization series yielded a best estimate of � = 0:31605 for
the critical exponent. Gaunt and Sykes (1973) analyzed the low-temperature
magnetization and susceptibility series of Sykes et al. (1973e) for the diamond
and face-centred cubic lattices. Using both ratio and Dlog Pad�e approximant
methods they concluded that the data is `quite consistent with � = 5

16 and

18 To this order a similar expression is known for T < Tc, with C
(+)
0 = 0:0255369719

(Barouch et al. 1973, Tracy and McCoy 1973), C
(�)
1 = �C(�)

0 (
p
(2)=16) ln(1 +p

2) (Wu et al. 1976) and D0 with the same value (Kong et al. 1986).



300 7. Series Methods

not inconsistent with 
0 = 5
4 '. A recent application of the shadow method to

the spin- 12 Ising model on the simple cubic lattice (Vohwinkel 1993) extended
the magnetization series to X32. The shadow method has also been applied
to s = 1 and s = 3

2 Ising models on a number of two- and three-dimensional
lattices by Fox and Guttmann (1973). They conclude that there is no ev-
idence that critical exponents di�er from their s = 1

2 values and give the
estimates � = 0:324(15) and 
0 = 1:26(8) in three dimensions. Using a cor-
ner matrix formalism Baxter and Enting (1979) extended the square lattice
spin- 12 expansion for �0 to X

23.
The major development in low-temperature expansions in recent years has

been in the use of �nite-lattice methods. Briggs et al. (1994) derived series for
the �-state Potts model on the square lattice for � = 2; 3; ::; 10. They show
how the method can be used to distinguish between second- and �rst-order
transitions with a �rst-order transition being predicted for � > 4. Guttmann
and Enting (1993) derive a low-temperature series to X26 for the spin- 12 on
the simple cubic lattice. Using a combination of transformation and Pad�e
approximant methods they estimate the critical exponents as �0 = 0:124(6),
� = 0:329(9) and 
0 = 1:251(28). The method has also been applied to the
spin-1 Ising model by Adler and Enting (1984) and Enting et al. (1994).
In the latter work the series was obtain to X79 and accurate estimates are
obtained for the critical temperature and for the location of the non-physical
singularities. This work has been extended to s = 1

3 ; 2;
5
2 and 3 by Jensen et

al. (1996).

7.8.3 High-Temperature K Expansions

Stanley (l967) use the linked-cluster method to obtain zero-�eld susceptibility
series for three two-dimensional and three three-dimensional lattices in most
cases up to K9. He analyzed the results using ratio and Pad�e approximant
methods and estimated that 
 = 1:38(2) for the three dimensional lattices.
Domb (1976) developed a systematic procedure for calculating the �nite-
cluster partitions functions needed for the method described in Sect. 7.7.1.
This was then applied by English et al. (1979) to the problem of �nding free
energy and heat capacity expansions for the D-vector model for general D
on the face-centred cubic lattice. They obtained the series for the Heisenberg
model up to K13. Using ratio methods they estimate the critical parameter
K
�1
c = 3:167 and � = �0:148.
For the quantum Heisenberg model the critical exponents are expected to

be the same as those for the classical case and independent of s. Rushbrooke
and Wood (1955) obtained the zero-�eld susceptibility series for the spin- 12
quantum Heisenberg model up to K6 for simple cubic, body-centre cubic and
face-centred cubic lattice. They estimated the critical temperature using the
ratio method and made the interesting observation that their results agree
with the formula
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K
�1
c = 5

96
(z� 1)[11s(s+ 1)� 1] ; (7.218)

to within 1%.

Examples

7.1 Suppose that the function f(�) has two singularities on the circle of
convergence j�j = �c at � = ��c. Given that the leading singular
behaviours are

f(�) ' A(�)
0

�
1� �

�c

��
; � ! �c� ;

show, using Theorem 7.2.1, that

an ' 1

�nc

�
(�1)nA(+) +A(�)

� �(1� �)
�(n+ 1)�(1� n� �) :

Hence derive the ratio formula (7.216). (It will be observed that
(7.216) can also be derived directly from (7.15). This means that
the same results can be derived for the critical parameters by using
the simple ratio formula with some n and n+ 2 rather than n+ 1.)

7.2 Show using the material of Sect. 7.3 that, for the simple cubic lattice,
the free energy per site in zero �eld has a low-temperature expansion
of the form

�(0;K) = 3

4
ln(X)�X3 + 7

2
X6 � 15X7 + 33X8 � � � � :

7.3 Show that the formula (5.128) for the spontaneous magnetization ms

of the square lattice spin- 12 Ising model can be expressed in the form

ms =
(1 +X)

1
4 (1� 6X+X2)1=8

(1�X)
1
2

;

in terms of the low-temperature variable X = exp(�4K). Expand
this expression to give the series

ms = 1� 2X2 � 8X3 � 34X4 � 152X5 � 714X6 � 3472X7 � � � � :
Use the ratio method to obtain an estimate for the critical parameter
value and the exponent �. These can be compared with the exact
values Xc = 3� 2

p
2 ' 0:1716 and � = 0:125.

7.4 Obtain, from equation (7.40), the low-temperature expansion

m=1� 2X3 � 12X5 + 14X6 � 90X7

+192X8 � 792X9 +O(X10) ;

for the zero-�eld magnetization of the Ising model on the simple
cubic lattice. Determine the series for d ln(m)=dX and use the Pad�e
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approximant method to obtain approximations to Xc and �. (The
results should compare quite well with the best series results Xc '
0:412, � ' 0:33.)

7.5 The only contribution to the summation over pairs fr1; r2g in equa-
tion (7.195) when �q = 1 is when r1 and r2 coincide with the ends of
the single bond, giving the graph of Fig. 7.1(b). The �rst few terms
for the zero-�eld susceptibility for the classical Heisenberg model are

�0 =
1

3
+ 4

3
K + 40

9
K
2 + 1952

135
K
3 + � � �

(Stanley l967) and the corresponding expansion for the spin- 12 quan-
tum Heisenberg model is

�0 = 1 + 3K + 6K2 + 11K3 + � � �
(Rushbrooke and Wood 1955). For the classical Heisenberg model
(7.156) can be used to obtain the linear term in �0. Obtain C(0; 2; 2)
for the spin- 12 quantum Heisenberg model and verify the linear term
in this case. You may also like to use similar methods to verify the
quadratic terms in each series.

7.6 Express equations (7.199){(7.202) in T-matrix form and by inverting
the matrix and substituting into (7.206) show that

�(N ;L;K) = [!(0; 1)� 2!(1; 1) +!(2; 1)]�(0;1)(1;L;K)

+ [!(1; 1)� 2!(2; 1) +!(3; 1)]�(1;1)(2;L;K)

+ [!(2; 1)� 2!(3; 1)]�(2;1)(3;L;K)

+!(3; 1)�(3;1)(4;L;K)

correctly reproduces the terms of the cumulant expansion up to
O(K3).



8. Dimer Assemblies

8.1 Introduction

In this volume and in Volume 1 we have been mainly concerned with lattice
models where each microsystem occupies one site and where two microsys-
tems can occupy any pair of sites. In such systems there can be no provi-
sion for size and shape e�ects although, as in the water models of Bell and
Lavis (1970) and Bell (1972) (see Volume 1, Sect. 7.5) directional bonding
can be included. One way to modify this type of lattice 
uid model is to
introduce an in�nite repulsion between microsystems extending as far as a
certain range of neighbours; such models are called exclusion models. The
hard-square and hard-hexagon models (see Sect. 4.8) are of this type.

A mathematically similar approach is to suppose that the microsystem
itself is a connected subgraph of the lattice N (see Appendix A.7). An ar-
rangement of microsystems on the lattice then consists of a subgraph each
of whose components is a microsystem. A covering is an arrangement which
is a spanning graph, that is one in which every lattice site is a vertex of a
microsystem. In this context a microsystem with a single vertex and no lines
is called a monomer and a microsystem consisting of a single line and two
vertices of valency one is a dimer. In this chapter we are concerned with pure
dimer assemblies, for which each arrangement or con�guration is a covering of
the lattice consisting entirely of dimers. For a lattice N of N sites, it is clear
that a dimer covering is possible only when N is even, a situation henceforth
assumed, and then the number of dimers in the covering is M = 1

2N .
Figure 8.1 shows a pure dimer con�guration on the square lattice. Suppose

there are M1 horizontal and M2 vertical dimers and that their respective
fugacities are Z1 and Z2. Then, if 
(N ;M1;M2) is the number of dimer
con�gurations on the lattice for given values of M1 and M2, the partition
function is

Z(N; ;Z1;Z2) =
X

fM1+M2=
1
2Ng


(N ;M1;M2)Z
M1
1 ZM2

2 : (8.1)

In the case of the triangular and honeycomb lattices there are three dimer
species, corresponding to the three principle lattice directions and
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1

7
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19

8

14

9

15

10

16

11

17

6

12

18

24

2 3 4 5

20 21 22 23

25 26 27 28 29 30 Fig. 8.1. A pure dimer con�gura-
tion on the square lattice.

Z(N ;Z1;Z2;Z3) =
X

fM1+M2+M3=
1
2Ng


(N ;M1;M2;M3)Z
M1
1 ZM2

2 ZM3
3 :

(8.2)

The fugacities can have various physical interpretations which will be dis-
cussed later in the chapter.

In Volume 1 exact results for some d = 2 partition functions were ob-
tained using transformation methods (Chap. 8) and transfer matrix methods
(Chap. 10). Further use of transfer matrix methods for obtaining exact results
are given in Chap. 5 of this volume. In this chapter we describe a method
for evaluating exactly the partition functions (8.1) and (8.2). The square lat-
tice case was �rst solved by Temperley and Fisher (1961), Fisher (1961) and
Kasteleyn (1961). The method described in this chapter can be applied to
any regular two-dimensional lattice. In Sect. 8.4 it will be shown that an
alternative solution for the Ising model can be derived by transformation to
an equivalent dimer system.

8.2 The Dimer Partition Function

Let �0 = (1; 2; : : : ; N) be some labelling of the sites ofN so that the partition
into pairs (1; 2); (3; 4); : : : ; (N � 1; N), with (i; j) being a nearest-neighbour
pair occupied by a dimer, represents a possible dimer covering of N . In the
case of the square lattice with an even number of sites in each horizontal row,
�0 could be a labelling from left to right along successive rows, with the corre-
sponding covering having all the dimers horizontal. Let � = (�1;�2; : : : ;�N)
be some permutation of �0 with the properties

�1 < �2 ; �3 < �4 ; : : : : : : ;�N�1 < �N ; (8.3)

�1 < �3 < �5 < � � � < �N�1 : (8.4)

Let Q be an N � N matrix with elements hijQjji = q(i; j) satisfying the
conditions
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q(i; j) =

(
q(j; i) > 0 ; i and j a nearest-neighbour pair,

0 ; i and j not a nearest-neighbour pair.
(8.5)

Then (�1;�2); (�3;�4); : : : ; (�N�1;�N) denotes a dimer covering of N if and
only if

q(�1;�2)q(�3;�4) � � � q(�N�1;�N) 6= 0 : (8.6)

For the matrix Q we de�ne the dimer partition function

Z(N ;Q) =
X
f�g

q(�1;�2)q(�3;�4) � � � q(�N�1;�N) : (8.7)

In view of (8.6) a term in the summation in (8.7) not corresponding to a
dimer covering is zero and the summation can therefore be restricted to
dimer coverings. The dimer partition functions (8.1) and (8.2) are special
cases of (8.7) where q(i; j) is equal to the same fugacity value for all parallel
dimers in any particular principal lattice direction. In Appendix A.10 we give
some mathematical results which can be used to evaluate the dimer partition
function (8.7) for any regular two-dimensional lattice. These results can be
summarized in two theorems:

Theorem 8.2.1. There exists an antisymmetric matrix Z whose elements
are related to those of Q by

z(i; j) = �q(i; j) ; z(j; i) = �q(i; j) ; (8.8)

for a particular choice of signs, such that

DetfZg = [Z(N ;Q)]2: (8.9)

In Appendix A.10 we show that this theorem follows from two results proved
by Lieb and Loss (1993). The evaluation of the dimer partition function for
a particular choice of fugacities q(i; j) is thus reduced to:

(i) the determination of the choice of signs for the elements of Z;

(ii) the evaluation of the determinant of Z.

The �rst step in achieving (i) is to give a direction to every nearest-neighbour
pair of the lattice by adding an arrow (see Appendix A.7.7). For any closed
polygon on the lattice made up of sites and nearest-neighbour pairs, an ar-
row on a side is either clockwise or anticlockwise and a polygon is said to
be clockwise odd if its sides contain an odd number of clockwise arrows. The
elementary polygons are those enclosing single faces of the lattice. In Ap-
pendix A.10 we show that:

Theorem 8.2.2. If arrows are assigned to the nearest-neighbour pairs of
N in such a way that every elementary polygon is clockwise odd then the
assignment of signs to the elements of z(i; j) such that z(i; j) > 0 or z(i; j) <
0 according as the arrow along (i; j) is in the direction i ! j or j ! i, is
that which satis�es (8.9).



306 8. Dimer Assemblies

This result is established using the relationship between the dimer partition
function and the Pfa�an of the matrix Z.

Step (ii) is now the evaluation of the determinant of the N � N matrix
Z. Since N is large this is not an obviously simple task. However, in the case
where, as in (8.1) and (8.2), the fugacities are the same along each principle
lattice direction and periodic boundary conditions are applied, the signs of
the elements of Z can be chosen periodically. Then Z becomes a cyclic matrix
and in Appendix A.11 we describe a procedure evaluating the determinant
of a cyclic N �N matrix in the limit N !1. We now consider the cases of
the square and honeycomb lattices.

8.2.1 The Square Lattice Case

In this case q(i; j) = Z1 and q(i; j) = Z2 for all horizontal and vertical nearest-
neighbour pairs respectively, with corresponding elements of Z, z(i; j) = �Z1
and z(i; j) = �Z2. The signs are chosen to match an arrow con�guration
which makes every elementary square polygon clockwise odd. For DetfZg to
be evaluated the arrow assignment must also be periodic and a suitable one
for the square lattice is shown in Fig. 8.2.

Let the nearest-neighbour lattice distance be a. Then disregarding bound-
ary e�ects, a translation by a multiple of a in the vertical direction takes the
oriented lattice into itself. However, because of the alternating arrow sense
on the vertical edges, a translation in the horizontal direction must be by an
even multiple of a in order to take the oriented lattice into itself. The unit
cell of the oriented lattice can be taken to be a 2a�a rectangle, containing a
horizontal nearest-neighbour pair of sites. The two sites in any unit cell can
be labelled by the letters l and r (left and right respectively). Such a cell is
shown in Fig. 8.3. The aim now, following the general lines of Montroll (1964),
is to express Z as a cyclic block matrix, as de�ned in Appendix A.11. We �rst
adopt a new method of indexing the lattice sites. Suppose that the lattice
consists of N2 rows each of 2N1 sites, so that there are N2 rows each of N1

unit cells. The two sites of a unit cell are labelled (j; l) and (j;r), where

Fig. 8.2. An arrow assignment for the square
lattice.



8.2 The Dimer Partition Function 307

Fig. 8.3. A unit cell and sites in the neighbour-
ing unit cells. The cell boundaries are marked by
broken lines and l and r sites are represented
by � and � respectively.

j = (j1; j2), with j1 and j2 the integer coordinates of the cell. Now de�ne the
2� 2 block

z(j; `) =

�
z(j; l; `; l) z(j; l; `;r)
z(j;r; `; l) z(j;r; `;r)

�
: (8.10)

Since all cells are identical, z(j; `) depends only on the relative positions of
j and ` and thus

z(j; `) = z(`� j) = z(`1 � j1; `2 � j2) : (8.11)

From (8.5) and (8.8), z(j; `) 6= 0 only if there are nearest-neighbour links
between sites in the cells j and `. From Fig. 8.3 it can be seen that the only
non-zero blocks are

z(0; 0) =

�
0 Z1
�Z1 0

�
;

z(1; 0) =

�
0 0
Z1 0

�
; z(�1; 0) =

�
0 �Z1
0 0

�
;

z(0; 1) =

�
Z2 0
0 �Z2

�
; z(0;�1) =

��Z2 0
0 Z2

�
:

(8.12)

Periodic boundary conditions are now imposed on the right and left and top
and bottom of the lattice so that

z(j + n) = z(j) ; n = (n1N1; n2N2) ; (8.13)

where n1 and n2 are any integers. Equations (8.11) and (8.13) imply that
conditions (A.321) are satis�ed and that Z is a cyclic block matrix with
blocks of dimension 2�2. The determinant of Z can thus be evaluated using
the method of Appendix A.11. The disadvantage is that extra `torus-winding'
terms have been introduced into Z and since the discussion in Appendix A.10
depends on the lattice being planar this approach cannot be used for �nite
lattices. However, it may be assumed that the boundary conditions will not
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a�ect densities in the thermodynamic limit N1 ! 1 and N2 ! 1.1 Using
(A.323) with �1 = 2�k1=N1 and �2 = 2�k2=N2,

�(�1; �2) = z(0; 0) + z(1; 0) exp(i�1) + z(�1; 0) exp(�i�1)

+ z(0; 1) exp(i�2) + z(0;�1) exp(�i�2)

=

�
Z2 exp(i�2)� Z2 exp(�i�2) Z1 � Z1 exp(�i�1)
�Z1 + Z1 exp(i�1) Z2 exp(�i�2)� Z2 exp(i�2)

�
(8.14)

and thus

Detf�(�1; �2)g = 4
h
Z21 sin

2
�
1

2
�1

�
+ Z22 sin

2 (�2)
i
: (8.15)

From (8.9), (8.15) and (A.325) the dimensionless free energy �(Z1;Z2) per
lattice site in the limit N = 2N1N2 !1 is given by

�(Z1;Z2) =� lim
N1!1

lim
N2!1

lnZ(Z;Z1;Z2)

2N1N2

=�1
4

lim
N1!1

lim
N2!1

ln[DetfZ(Z1;Z2)g]
N1N2

=� 1

(4�)
2

Z 2�

0

d�1

Z 2�

0

d�2 ln
n
4
h
Z21 sin

2
�
1

2
�1

�
+ Z22 sin

2 (�2)
io

:

(8.16)

With the change of variable �2 ! 1
2�2, this result can be expressed in the

more symmetric form

�(Z1;Z2) =�1

2
ln(2)

+
1

(4�)2

Z 2�

0

d�1

Z 2�

0

d�2 ln[g(Z1;Z2; cos �1; cos �2)] ; (8.17)

where

g(Z1;Z2;x1; x2) = [Z21 + Z22 � x1Z21 � x2Z22]�1: (8.18)

In the thermodynamic limit the numbers �1 and �2 of horizontal and vertical
dimers respectively, per lattice site, are given by

�s =�Zs @�
@Zs

(8.19)

=
1

2�2

Z �

0

d�1

Z �

0

d�2 g(Z1;Z2; cos �1; cos �2) ; s = 1; 2 : (8.20)

1 This is proved by Montroll (1964), Sect. 4.8, using Ledermann's theorem.
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It can be seen, from these formulae, that �1 + �2 = 1
2 , as is necessary for

consistency. Using the standard resultZ �

0

d�

y � x cos � =
�p

y2 � x2 ; (8.21)

this gives

�s =
1

2�

Z �

0

�2s(1� cos�)p
(�22 + 1� �2s cos �)2 � 1

d�

=

Z �

0

�s
p
1� cos �p

�2s + 2� �2s cos �
d� ; s = 1; 2 ; (8.22)

where �1 = Z1=Z2 and �2 = 1=�1 = Z2=Z1. Using the substitution u =
1� cos � this gives

�s =
1

2�

Z 2

0

duq
(2� u)(2��2s + u)

=
arctan(�s)

�
: (8.23)

This remarkably simple result is due to Fisher (1961). When Z1 = 0 all the

dimers are vertical Z(N ; 0;Z2) = Z
N=2
2 , �(0;Z2) = � 1

2 ln(Z2) and similarly,
when Z2 = 0, all the dimers are horizontal and �(Z1; 0) = � 1

2 ln(Z1). Using
these results with (8.19) and (8.23), we obtain the alternative forms

�(Z1;Z2) =�1

2
ln(Z2)� 1

�

Z Z1=Z2

0

arctan(�)d�

�
; (8.24)

�(Z1;Z2) =�1

2
ln(Z1)� 1

�

Z Z2=Z1

0

arctan(�)d�

�
: (8.25)

It follows from these equations that �(Z1;Z2) is a continuous function of Z1
and Z2 with continuous derivatives of all orders except at Z1 = Z2 = 0. There
can, therefore, be no phase transitions. From (8.1) the number of ways 
(N)
of distributing the 1

2N dimers on the lattice of N sites is


(N) =
X

fM1+M2=
1
2Ng


(N;M1;M2) = Z(N ; 1; 1) : (8.26)

For large N , from (8.24) or (8.25),

ln
(N)

N
= ��(1; 1) = 1

�

Z 1

0

arctan(�)d�

�
: (8.27)

Expanding the integrand in a series, valid for � � 1, and integrating gives



310 8. Dimer Assemblies

Z1 Z2

Z3

Fig. 8.4. An arrow assign-
ment for the honeycomb lat-
tice. The unit cell boundaries
are marked by broken lines
and l and r sites are rep-
resented by � and � respec-
tively.

ln
(N)

N
=

1

�

1X
k=0

(�1)k
(2k + 1)2

=
G

�
; (8.28)

where G = 0:915966 is Catalan's constant (Abramowitz and Segun 1965).
The partition function for the �nite 2N1 � N2 lattice was obtained by

Fisher (1961) and Kasteleyn (1961). For even N2 this takes the form

Z(N ;Z1;Z2) = 2
1
2N

N1Y
k1=1

1
2N2Y
k2=1

�
Z21 cos

2

�
k1�

2N1 + 1

�
+ Z22 cos

2

�
k2�

N2 + 1

��
(8.29)

in the present notation. Fisher used an alternative combinatorial method
to evaluate the Pfa�an, while Kastelyn, by some ingenious algebra, was
able to dispense with the periodic condition (8.13). The formula (8.17) for
the free energy per site follows from (8.29) in the thermodynamic limit,
con�rming that in this limit intensive quantities are independent of the
original boundary conditions. By putting Z1 = Z2 = 1 in (8.29), val-
ues of 
(N) for �nite lattices can be derived. The number of ways of
arranging 32 symmetric dominos on a chess board corresponds to taking
2N1 = N2 = 8 and gives 
(64) = 12; 988; 816 which is surprisingly large.
This gives ln
(64)=64 = 0:25593, to be compared with the value 0:291561
obtained from (8.28) in the thermodynamic limit.

8.2.2 The Honeycomb Lattice Case

An arrow assignment for the honeycomb lattice (Montroll 1964) is shown
in Fig. 8.4. There are clockwise arrows on three of the six edges forming
an elementary polygon so that the clockwise odd condition is satis�ed. The
broken lines denote the boundary of a unit cell containing a nearest-neighbour
pair of sites. The notation for the representation of l and r sites is the same
as in Fig. 8.3. To present the cell structure as clearly as possible the usual
geometry of the lattice has been distorted, although parallel edges remain
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parallel. This does not a�ect the evaluation of the partition function which
depends only on the topology of the vertex connections and the fugacities
assigned to the lattice directions. These are shown on the bottom right of the
�gure.

The lattice topology determines an important conservation property of
the honeycomb dimer con�gurations. It can be seen from Fig. 8.4 that the
occupation of any member of a row of horizontal edges by a dimer implies
that exactly one of the rows of diagonal edges below is unoccupied. So if
there are m1 and m2 dimers of species 1 and 2 respectively in a given row
of horizontal edges then there will be m3 = N1 � m1 � m2 dimers in the
row of diagonal edges above and the same number m3 in the row of diagonal
edges below. The number m3 is thus the same for all rows of diagonal edges.
Since the three sets of parallel edges indexed by the numbers 1, 2 and 3
are topologically equivalent a similar conservation rule applies to dimers of
species 1 and 2. In the geometry of Fig. 8.4 there is thus the same number of
dimers in each column of type 1 edges and in each column of type 2 edges.
It can be seen from Fig. 8.1 that similar conservation rules do not apply to
the square lattice. The reason is that there the number of vacant edges in a
row of vertical edges depends not only on the number of dimers in the row
of horizontal edges immediately below, but also on the number of dimers in
the row of vertical edges below that.

The analysis of the honeycomb lattice is similar to that for the square
lattice, although z(0;�1) = 0, since, from Fig. 8.4, there are no nearest-
neighbour links between the sites of a given cell and those of the cells imme-
diately above and below it. However, there are diagonal edges connecting the
r site of a given cell with the l site of the cell above and to the right and
the l site to the r site of cell below and to the left. The non-zero blocks are,
therefore,

z(0; 0) =

�
0 Z1
�Z1 0

�
;

z(1; 0) =

�
0 0
Z2 0

�
; z(�1; 0) =

�
0 �Z2
0 0

�
;

z(1; 1) =

�
0 0
Z3 0

�
; z(�1;�1) =

�
0 �Z3
0 0

�
:

(8.30)

From (A.323),

�(�1; �2) = z(0; 0) + z(1; 0) exp(i�1) + z(�1; 0) exp(�i�1)
+ z(1; 1) exp(i[�1 + �2]) + z(�1;�1) exp(�i[�1 + �2]) ; (8.31)

and thus

Detf�(�1; �2)g= Z21 + Z22 + Z23 � 2Z1Z2 cos �1

+2Z2Z3 cos �2 � 2Z1Z3 cos(�1 + �2) : (8.32)
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As in the case of the square lattice this then yields the dimensionless free
energy �(Z1;Z2;Z3) per lattice site in the thermodynamic limit. We obtain

�(Z1;Z2;Z3) =� 1

(4�)
2

Z 2�

0

d�1

Z 2�

0

d�2 ln[Z
2
1 + Z22 + Z23 � 2Z1Z2 cos �1

+2Z2Z3 cos �2 � 2Z1Z3 cos(�1 + �2)] : (8.33)

With the change of variable �1 ! � � �1 this becomes

�(Z1;Z2;Z3) =� 1

(4�)
2

Z 2�

0

d�1

Z 2�

0

d�2 ln[Z
2
1 + Z22 + Z23 + 2Z1Z2 cos �1

+2Z2Z3 cos �2 + 2Z1Z3 cos(�2 � �1)] ; (8.34)

a result given, without derivation, by Wu (1968). As would be expected, this
expression is symmetrical in the fugacities, which can be permuted without
altering the value of �(Z1;Z2;Z3).

So far the analysis has been very similar to that for the square lattice.
However, there are important di�erences in the thermodynamics of the two
systems, as appears when (8.34) is transformed to a single integral expression.
It is not di�cult to show that the argument of the logarithm in the integrand
of (8.34) can be expressed in the form

Y (Z1;Z2;Z3; cos �1) +X(Z1;Z2;Z3; cos �1) cos[�2 � 
(Z1;Z2; cos �1)] ;
(8.35)

where

Y (Z1;Z2;Z3;x) =W (Z1;Z2;x) + Z23 ; (8.36)

X(Z1;Z2;Z3;x) = 2Z3
p
W (Z1;Z2;x) ; (8.37)


(Z1;Z2;x) = arctan

 
Z1
p
1� x2

Z2 + Z1 x

!
; (8.38)

W (Z1;Z2;x) = Z21 + Z22 + 2Z1Z2 x ; (8.39)

and

Y 2(Z1;Z2;Z3;x)�X2(Z1;Z2;Z3;x) = [W (Z1;Z2;x)� Z23]
2 : (8.40)

The integration with respect to �2 in (8.34) can now be performed, using the
standard formulaZ �

0

ln(y � x cos!)d! = � ln
�
1

2

�
y +

p
y2 � x2�� ; x < y;

quoted in Volume 1, Sect. 8.11, to give
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0

ln[Y +X cos(�2 � 
)]d�2 =
Z 3��


��

ln(Y �X cos!)d!

=

Z 2�

0

ln(Y �X cos!)d!

= 2� ln
h
1

2

�
Y +

p
Y 2 �X2

�i
= 2� ln

�
1

2

�
W + Z23 + jW � Z23j

��
: (8.41)

This last expression depends on �1 through cos �1 and so the range of inte-
gration can be halved. Then, making the substitution �1 = � � �, we have

�(Z1;Z2;Z3) =� 1

(4�)

Z �

0

ln
�
1

2

�
W (Z1;Z2;� cos �) + Z23

+ jW (Z1;Z2;� cos �)� Z23j
�	
d� : (8.42)

The fugacities Z1, Z2 and Z3 are non-negative and, in order to understand
the behaviour of this model, we need to determine the analytic nature of
�(Z1;Z2;Z3) in this octant of the (Z1;Z2;Z3) space. This octant can be di-
vided into four regions:

(i) Z1 > Z2 + Z3, Z2 < Z3 + Z1, Z3 < Z1 + Z2.

(ii) Z2 > Z3 + Z1, Z3 < Z1 + Z2, Z1 < Z2 + Z3.

(iii) Z3 > Z1 + Z2, Z1 < Z2 + Z3, Z2 < Z3 + Z1.

(iv) Z1 < Z2 + Z3, Z2 < Z3 + Z1, Z3 < Z1 + Z2.

The boundaries between regions (i), (ii) and (iii) respectively and region (iv)
are the surfaces C1, C2 and C3 given by

C1 : Z1 = Z2 + Z3 ; (8.43)

C2 : Z2 = Z3 + Z1 ; (8.44)

C3 : Z3 = Z1 + Z2 : (8.45)

For all � in the range [0; �], Z23 > W (Z1;Z2;� cos �) in region (iii) and, from
(8.19) and (8.42),

�(Z1;Z2;Z3) = �1

2
lnZ3 ; �1 = �2 = 0 ; �3 =

1

2
: (8.46)

So in region (iii) the system is in a `frozen' state of perfect order, with all
dimers parallel in the direction associated with the fugacity Z3. By symmetry
it follows that states of perfect order also exist with the dimers aligned in the
other lattice directions. In region (i)

�(Z1;Z2;Z3) = �1

2
lnZ1 ; �1 =

1

2
; �2 = �3 = 0 ; (8.47)

and, in region (ii),

�(Z1;Z2;Z3) = �1

2
lnZ2 ; �1 = �3 = 0 ; �2 =

1

2
: (8.48)
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These frozen con�gurations do not admit small (localized) perturbations.
Consider, for example, the case of the system in region (iii), where, in the
geometry of Fig. 8.4, all horizontal edges are unoccupied, while all edges in
each row of diagonal sites are occupied giving m3 = N1 for all such rows.
Now suppose that one dimer of any row of diagonal dimers is displaced to
a horizontal edge. By the conservation rule discussed above, there must be
a similar displacement from all other rows of diagonal dimers, so that the
disturbance is propagated throughout the lattice. The situation is similar to
that in an ferroelectric ground state of the six-vertex model (see Volume 1,
Sect. 10.6). In fact, in the next section, we shall prove the equivalence between
a honeycomb dimer model and a �ve-vertex ferroelectric model and con�rm
the absence of small ground-state perturbations. The honeycomb lattice sit-
uation contrasts with that on the square lattice, where there can be small
disturbances in the basic con�guration or in the corresponding con�guration
with all dimers vertical. Fig. 8.1 can, for instance, be regarded as showing
a perturbation in a `corner' of a larger lattice, with all other dimers on this
lattice in their basic con�guration positions.

Consider the case where the system is in region (iv). There is now a real
value �0 is the range (0; �) such that

Z23 =W (Z1;Z2;� cos �0) : (8.49)

The range of integration in (8.42) can be split into two parts and, using (8.39)

�(Z1;Z2;Z3) =� �0
2�

lnZ3 � 1

4�

Z �

�0

ln[Z21 + Z22 � 2Z1Z2 cos �]d� :

(8.50)

From this result it follows that

�3 =
�0
2�

=
1

2�
arccos

�
Z21 + Z22 � Z23

2Z1Z2

�
; (8.51)

and by symmetry

�1 =
1

2�
arccos

�
Z22 + Z23 � Z21

2Z2Z3

�
; (8.52)

�2 =
1

2�
arccos

�
Z23 + Z21 � Z22

2Z3Z1

�
: (8.53)

It can easily be veri�ed that

�1 + �2 + �3 =
1

2
: (8.54)

From (8.39) and (8.49), as the phase point approaches the surface C3, �0 !
�. It then follows from (8.51) that �3 ! 1

2 and it must be the case that
�2 ! 0 and �1 ! 0. We can also see that �(Z1;Z2;Z3), given by (8.50), tends
to the value � 1

2 lnZ3. The dimer densities and the free energy density are
continuous over the boundary C3 between the regions (iii) and (iv). They are
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also continuous over the boundaries C1 and C2. From (8.46){(8.48), in the
ordered regions (i){(iii),

@�s
@Zj

= 0 ; s; j = 1; 2; 3 ; (8.55)

and, from (8.51){(8.53), in the disordered region (iv),

@�s
@Zj

=

8>><>>:
Zs

�(Z1;Z2;Z3)
; if s = j ,

Z2i � Z2s � Z2j
2Zj�(Z1;Z2;Z3)

; if s 6= j and i 6= s; j ,

(8.56)

where

�(Z1;Z2;Z3)

= �
p
(Z1 + Z2 � Z3)(Z2 + Z3 � Z1)(Z3 + Z1 � Z2)(Z1 + Z2 + Z3) :

(8.57)

In view of condition (8.54) only six of these nine partial derivatives are inde-
pendent. From (8.43){(8.45) and (8.57), it can be seen that, as any one of the
boundaries of the disordered region is approached from within that region,
the partial derivatives given by (8.56) exhibit singular behaviour. Speci�cally,
as surface C1 is approached within region (iv),

@�s
@Zj

� 1p
Z2 + Z3 � Z1

; s; j = 1; 2; 3 : (8.58)

The surfaces C1, C2 C3 are surfaces of second-order phase transitions. This
result was stated, without derivation, by Kasteleyn (1963).

Consider now the case where the fugacity Zs is a smooth function of a
coupling Ks = "s=T , for s = 1; 2; 3 and the system is controlled by changing
the temperature. The critical temperature Tc at which the system passes from
the disordered state (iv) to the ordered state (i) is then given as the solution
of

Z2(Tc) + Z3(Tc) = Z1(Tc) ; (8.59)

and, inside (iv) and close to the surface C1,
Z2(T ) + Z3(T )� Z1(T ) ' [Z02(Tc) + Z03(Tc)� Z01(Tc)](T � Tc) ; (8.60)

unless

Z02(Tc) + Z03(Tc) = Z01(Tc) : (8.61)

From (1.31), (1.41) and (8.19), the internal energy u per lattice site is given
by

u =
3X
s=1

"s
@�

@Ks
=

3X
s=1

"s
@�

@Zs

dZs
dKs

= �
3X
s=1

"s�s
d lnZs
dKs

: (8.62)
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Since the dimer densities �s are continuous across the critical surfaces u must
also be so and, from (8.46){(8.48),

u = �12"s
d lnZs
dKs

; s = 1; 2; 3 ; (8.63)

in the ordered regions (i), (ii) and (iii) respectively. The heat capacity c per
lattice site, which is given by

c = kb
@u

@T
; (8.64)

will involve the partial derivatives of the dimer densities with respect to the
fugacities. It follows from (8.58) and (8.60) that

c � 1p
T � Tc

; (8.65)

as C1 is approached from inside region (iv), unless (8.61) is satis�ed. This
gives a critical exponent � = 1

2 .
We now consider a simple interpretation of the fugacities. Suppose that

each dimer carries a small electric dipole aligned with its axis and that an
electric �eld E acts on the system parallel to the direction labelled 3. Given
that E includes the magnitude of the dipole moment, thereby being measured
in units of energy, and that dipole-dipole interactions are negligible in com-
parison with the dipole-�eld interaction, this model corresponds to the case
"1 = "2 = "3 = E and we have

Z3 = exp(K) + exp(�K) = 2 cosh(K) : (8.66)

In a similar way

Z1 = Z2 = 2 cosh
�
1

2
K

�
: (8.67)

Since Z3 > Z2 = Z1, a transition at a �xed value of E will occur on the surface
C3 at a critical coupling Kc = E=Tc given by

cosh(Kc) = 2 cosh
�
1

2
Kc

�
; (8.68)

which can be transformed to

E

Tc
= 2arccosh

 
1 +
p
3

2

!
: (8.69)

An equivalent relationship (again without derivation) is given by
Kasteleyn (1963), who regards the dimers as polar diatomic molecules ad-
sorbed on to a solid whose surface layer of atoms has the honeycomb form.
For this model the internal energy in region (iii) is given, from (8.63), by

u = �1

2
E tanh(K) : (8.70)

A second-order transition, where, as in this model, the heat capacity has a
square-root singularity for T > Tc and is �nite or zero for T < Tc has been
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given the name K-type (K standing for Kasteleyn) by Nagle et al. (1989).
These authors also use the name O-type (O standing for Onsager) for the
kind of transition, which occurs in the two-dimensional Ising model, where
the heat capacity has a logarithmic singularity on each side of the critical
point. These two types of transition are further discussed in Sect. 8.5.

8.3 The Modi�ed KDP Model Equivalence

Figure 8.5(a) shows a pure dimer distribution on the honeycomb lattice.
Suppose that the lattice is contracted by reducing the lengths of the diagonal
edges to zero and letting the two vertices at the ends of each such edge coalesce
into one. The resulting square lattice is shown in Fig. 8.5(b) and it can be seen
that the possible vertex line patterns deriving from the horizontal and vertical
dimers in Fig. 8.5(a) are those, in the second line of Fig. 5.1, labelled 1, 3, 4,
5 and 6. The vertex line patterns, 2, 7 and 8 are absent because they would
correspond to overlapping dimers on the original honeycomb lattice. With
suitable relations between dimer fugacities and vertex energies the honeycomb
lattice dimer model is thus equivalent to a �ve-vertex model. This model can
be regarded as a special case of the six-vertex model with the vertex energy
e2 = 1 (see Volume 1, Chap. 10), or of the eight-vertex model with vertex
energies e2 = e7 = e8 =1 (Chap. 5).2

To avoid confusion with numerical indices we denote the energies of ver-
tices of types 1, 3 and 4 by ea, eb and eb0 respectively. Since, from (5.1) the
numbers of types 5 and 6 are equal for a large lattice we can give their ener-
gies the same value, denoted by ec. In the honeycomb dimer model shown in
Fig. 8.5(a), let the fugacities Z1, Z2 and Z3 be associated respectively with
diagonal, vertical and horizontal edges. Since the contraction of a dimer-
occupied diagonal edge results in a type 1 vertex on the square lattice we
must set

exp(�ea=T ) = Z1 : (8.71)

For each vertical dimer the fugacity Z2 can be decomposed into two factorsp
Z2 and one of these assigned to each of the two sites occupied by the dimer

segments. Treating the fugacity Z3 in a similar way and comparing Figs.
8.5(a), (b) and 5.1, we have

exp(�eb=T ) = Z2 ; exp(�eb0=T ) = Z3 ; exp(�ec=T ) =
p
Z2Z3 ;

(8.72)

2 The properties of this model are identical to those of the model of Wu (1968),
in which e1 =1. In the e1 =1 case the derivation of the equivalence between
the dimer model and the �ve-vertex model is more complicated and involves
an intermediate lattice. This is a consequence of the convention for vertex line
con�gurations used in vertex models. It should be noted that the arrows used in
vertex models, like those shown in Fig. 5.1, represent polarization along the edges
and have no connection to the use of arrows on edges earlier in this chapter.
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(a) (b)
Fig. 8.5. (a) A pure dimer distribution on the honeycomb lattice. (b) The square
lattice achieved by contracting the diagonal lines of (a) to zero.

from which it follows that a condition for equivalence between the dimer and
�ve-vertex models is that

eb + eb0 = 2ec : (8.73)

As was indicated in Volume 1, Sect. 10.2, the ferroelectric six-vertex model
is one where the ground-state vertices are of type 1, 2, 3 or 4 and the an-
tiferroelectric model is one where the ground-state vertices are of type 5 or
6. For the latter to be the case it must be that ec < eb and ec < eb0 , a
situation which is excluded by (8.73). When this condition holds the parti-
tion function Z(5v)( 12N;T ) of the �ve-vertex model is related to that of the
honeycomb dimer model by

Z(5v)
�
1

2
N;T

�
= Z(N ;Z1;Z2;Z3) : (8.74)

The energy u per lattice site for the �ve-vertex model on the contracted
lattice of 1

2N sites is given, from (8.62), (8.71) and (8.72), by

u = 2(�1ea + �2eb + �3eb0) : (8.75)

The case of the six-vertex model for which the only non-zero vertex energies
are those of type 1 and 2, which are equal and negative, is called the KDP
model (see Volume 1, Table 10.1). The case of the present model, where

ea = �"1 < 0 ; eb = eb0 = ec = 0 ; (8.76)

di�ers from the KDP model in that the energy of a type 2 vertex is in�nity
rather than �"1. It is called the modi�ed KDP model. From (8.71), (8.72)
and (8.75), with K1 = "1=T ,

Z1 = exp(K1) ; Z2 = Z3 = 1 ; (8.77)

u=�2�1"1 : (8.78)
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The only transition surface relevant to this model is C1, which, from (8.43)
and (8.77), gives

exp(K1c) = 2 ; Tc = "1= ln(2) ; (8.79)

for the critical temperature.
In region (i), when T < Tc, �1 =

1
2 and u = �"1, so that for the �ve-vertex

model every vertex is of type 1. Like the original KDP model, this modi�ed
model is in a frozen perfectly ordered ferroelectric ground state below the
critical temperature. The argument used in Volume 1, Sect. 10.3 that the
ferroelectric ground state, in which all vertices are of type 1, does not admit
small perturbations still applies here. The only di�erence is that con�guration
graphs like those shown in Volume 1, Fig. 10.5 cannot any longer `touch' at a
vertex, since such a vertex is of type 2. The equivalent state in the honeycomb
dimer model is one in which all the dimers are parallel with fugacity Z1. It
follows that no small perturbations to this state, or the other two fully aligned
states, can occur. This con�rms the argument of Sect. 8.2.2.

In region (iv), when T > Tc, it follows from (8.52) and (8.78) that

�1 =
1

2�
arccos

h
1� 1

2 exp(2K1)
i
: (8.80)

The zero-�eld heat capacity c0 per vertex in the modi�ed KDP model is thus
given by

c0 = kb
@u

@T
= 2kbK

2
1

@�1
@K1

=
kbK

2
1 exp(K1)

�
q
1� 1

4 exp(2K1)
; (8.81)

which exhibits a square-root singularity as T ! Tc. This same singular be-
haviour is exhibited by the corresponding six-vertex (KDP) model, except in
that case there is a �nite discontinuity in u at the critical temperature (see
Volume 1, Sect. 10.10).

Now suppose that an electric �eld with horizontal and vertical components
Eh and Ev in the plane of the lattice is applied to the modi�ed KDP model.
Given that these quantities include the magnitude of the horizontal or vertical
component of the dipole moment of a polarized vertex (see Fig. 5.1) the vertex
energies given in (8.76) are changed to

ea = �"1 � Ev � Eh ; eb = �Ev + Eh ;

eb0 = Ev � Eh ; ec = 0 :
(8.82)

Since (8.73) is still satis�ed, the model remains equivalent to the honeycomb
dimer model. When

�1

2
"1 < Ev ; �1

2
"1 < Eh ; (8.83)

ea < eb and ea < eb0 and again the only relevant transition surface is C1.
For �xed values of the electric �eld components the system will go into a
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perfectly ordered state with all vertices of type 1 at a critical temperature
given by

exp

�
"1 + Ev + Eh

Tc

�
= 2 cosh

�
Ev � Eh
Tc

�
: (8.84)

When

Eh < �1

2
"1 ; Eh < Ev ; (8.85)

the transition is to a perfectly ordered state with all vertices of type 3 and
when

Ev < �1

2
"1 ; Ev < Eh ; (8.86)

the transition is to a perfectly ordered state with all vertices of type 4. In
each of these cases the calculation of the transition temperature is similar to
that given for the case (8.83).

8.4 The Ising Model Equivalence

In Sect. 7.4 we described the application of high-temperature series methods
to the spin- 12 Ising Model and the form of the zero-�eld partition function
appropriate to these methods is given by (7.52) and (7.55). As a preliminary
to the work of this section we need to express these equations in a slightly
modi�ed form. From (7.49), (7.52) and (7.55),

Z(i:m:)(N ; 0;K) = 2N [sinh(K)]
1
2 zN
h
v�

1
2zN +

X
fq;kg


(0jq; k)vq� 1
2zN
i
:

(8.87)

Given any zero-�eld graph (0jq; k) placed in a particular way on the lattice,
the set of 12zN�q edges of the lattice which do not belong to (0jq; k) is called a
complement of the graph. It is clear that (0jq; k) has 
(0jq; k) complements,
corresponding to the number of ways of placing the graph on the lattice.
The second factor in square brackets in (8.87) corresponds to a sum over
all complements of all zero-�eld graphs, with a factor v�1 for every edge in
a complement, including the whole lattice N , which is the complement of
the zero-�eld graph with no edges. Let (q0; k0) denote a graph which is a
complement of a zero-�eld graph, where k0 is now used to distinguish all the
di�erent topologies and locations of the graphs with q0 edges. Then (8.87)
can be expressed in the form

Z(i:m:)(N ; 0;K) = 2N [sinh(K)]
1
2zN

X
fq0;k0g

(v�1)q
0

: (8.88)

This result can be generalized to an anisotropic Ising Model. Suppose the
lattice is divided into � classes of edges with si edges of class i where s1 +
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s2+ � � �+ s� = 1
2zN . Let the nearest-neighbour coupling on the edges of class

i be Ki with vi = tanh(Ki). Then in place of (8.88) we have

Z(i:m:)(N ; 0;Ki) = 2N
� �Y
i=1

[sinh(Ki)]
si

� X
fq0;k0g

� �Y
i=1

(v�1i )q
0

i

�
; (8.89)

where q0i is the number of edges of class i in the graph (q
0; k0). The equivalence

between pure dimer and Ising models is established by �nding a relationship
between complementary graphs and dimer graphs, formed, as in Figs. 8.1
and 8.5(a), by placing a line on every edge occupied by a dimer. However,
for dimer graphs, exactly one line is incident at each vertex, while for zero-
�eld graphs, or their complements, several lines can be incident. The way
to deal with this is indicated by the procedure of Sect. 8.3, where the �ve-
vertex graph of Fig. 8.5(b) is obtained from the dimer graph of Fig. 8.5(a)
by deleting edges and coalescing sites. The reverse process would be the ex-
pansion of the square lattice of Fig. 8.5(b) by bifurcating each site into two
sites connected by a new edge. Fisher (1966) gave a general prescription for
splitting sites and inserting edges so as to yield a one-to-one relationship be-
tween complementary graphs on the original lattice and dimer graphs on the
new lattice. The simplest application of Fisher's method is to the honeycomb
lattice Ising Model. An outline of this procedure, including a derivation of
the free energy of the anisotropic Ising Model on the honeycomb, triangular
and square lattices, will now be given.

Since all vertices of zero-�eld graphs have even valency, those on the
honeycomb lattice must have either no lines or two lines incident at each
vertex. A complementary graph must, therefore, have either one or three
lines incident at each vertex. Suppose that each honeycomb site is split into
three sites connected by a triangle of new edges, each � site in Fig. 8.4 being
replaced by a downward pointing triangle and each � site by an upward
pointing triangle. This new lattice has two types of elementary polygons, the
new triangles and dodecagons with six sides originating from the honeycomb
hexagons and six sides from the new triangles. Hence the term 3-12 lattice
used by Nagle et al. (1989). The six sites A, B, C, D, E and F shown in Fig. 8.6
constitute a unit cell in the new lattice, the sites Aprime, B0, E0 and F0 being
nearest-neighbour sites in adjacent unit cells. Now consider a dimer graph on
this lattice. If none of the new edges AB, BC and CA is occupied by a line
of the dimer graph then the three edges E0A, F0B and CD originating from
the honeycomb lattice will all be so occupied. Otherwise not more than one
of the three edges AB, BC and CA can be occupied by a dimer line. If, say,
there is a dimer line on AB then there will also be one on CD, but not on
E0A or F0B. Similar arguments apply for BC and CA. Hence, if the honeycomb
lattice is recovered by replacing each triangle by a single site, then either three
lines or one line are incident at this site. It follows that there is a one-to-one
correspondence between dimer graphs on the new lattice and complementary
graphs on the honeycomb lattice.
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E
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B
0 Fig. 8.6. The 3-12 lattice

obtained by splitting the
sites of a honeycomb lat-
tice.

For the dimer assembly on the 3-12 lattice let the fugacities on the edges
of the triangles be unity and those on the honeycomb edges be Z1, Z2 and
Z3 assigned as in Fig. 8.4. Let N be the number of sites of the honeycomb
lattice. Then the 3-12 lattice will have 3N sites. Because of the one-to-one
correspondence between dimer graphs on the 3-12 lattice and complementary
graphs on the honeycomb lattice, the dimer partition function on the 3-12
lattice is given by

Z(3N ;Z1;Z2;Z3) =
X

fq0;k0g

Z
q01
1 Z

q02
2 Z

q03
3 ; (8.90)

where the summation on the left is over all complementary graphs (q0; k0) on
the honeycomb lattice. In fact this summation is just the � = 3 case of the
summation in (8.89) with Zi = v�1i , i = 1; 2; 3. For the honeycomb lattice
s1 = s2 = s3 =

1
2N and, from (8.89) and (8.90),

Z(i:m:)(N ; 0;Ki) = [4 sinh(K1) sinh(K2) sinh(K3)]
N=2

�Z(3N ; v�11 ; v�12 ; v�13 ) : (8.91)

Let the honeycomb lattice consist of a N1 � N2 array of unit cells with
N = 2N1N2. It is now necessary to �nd Z(3N ; v�11 ; v�12 ; v�13 ) for the 3-12
lattice whose unit cell is shown in Fig. 8.6. This was derived from the hon-
eycomb lattice and the arrow assignment for the honeycomb edges remains
unchanged, while that for the triangle of new edges makes these triangles
clockwise odd. The dodecagons are also clockwise odd. Equation (8.31) can
still be used for the diagonal block matrices, but these matrices are now 6�6,
since there are six sites in the unit cell. Taking the sites of the unit cell in
the literal order A, B, C, D, E and F it follows, using Fig. 8.6, that
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�(�1; �2) =

0BBBBBBBBBBB@

0 1 1 0 �e�i�1v2 0

�1 0 1 0 0 �e�i(�1+�2)v3
�1 �1 0 1

v1 0 0

0 0 � 1
v1 0 1 1

ei�1
v2 0 �1 0 1

0 ei(�1+�2)
v3 0 �1 �1 0

1CCCCCCCCCCCA
;

(8.92)

giving

Detf�(�1; �2)g= v�21 + v�22 + v�23 + v�21 v�22 v�23

� 2v�11 v�12 (v�23 � 1) cos �1 � 2v�12 v�13 (v�21 � 1) cos �2

� 2v�13 v�11 (v�22 � 1) cos(�1 + �2) : (8.93)

De�ning

si = sinh(2Ki) =
2vi

1� v2i
; ci = cosh(2Ki) =

1 + v2i
1� v2i

; i = 1; 2; 3 ;

(8.94)

and using

sinh(Ki) =
vip
1� v2i

(8.95)

gives

Detf�(�1; �2)g= 1

2
[sinh(K1) sinh(K2) sinh(K3)]

�2[c1c2c3 + 1

�s1s2 cos �1 � s2s3 cos �2 � s3s1 cos(�1 + �2)] :

(8.96)

From (8.9), (8.91), (8.96) and (A.325), the dimensionless free energy, per
lattice site of the honeycomb lattice anisotropic Ising Model in zero �eld is

�(i:m:)(0;Ki) =�1

2
ln[4 sinh(K1) sinh(K2) sinh(K3)]

� lim
N1!1

lim
N2!1

Z(3N ; v�11 ; v�12 ; v�13 )

2N1N2

=� ln(2)� 1

16�2

Z 2�

0

d�1

Z 2�

0

d�2 ln[c1c2c3 + 1

� s1s2 cos �1 � s2s3 cos �2 � s3s1 cos(�1 + �2)] : (8.97)

The star{triangle transformation developed in Volume 1, Sect. 8.5 can now
be used to obtain the corresponding expression for the triangular lattice. The
result is
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�(i:m:)(0;Ki) =� ln(2)� 1

8�2

Z 2�

0

d�1

Z 2�

0

d�2 ln[c1c2c3 + s1s2s3

� s1 cos �1 � s2 cos �2 � s3 cos(�1 + �2)]; (8.98)

and setting K3 = 0, s3 = 0, c3 = 1 yield the result

�(i:m:)(0;Ki) =� ln(2)� 1

8�2

Z 2�

0

d�1

Z 2�

0

d�2 ln[c1c2

� s1 cos �1 � s2 cos �2]; (8.99)

which applies to the anisotropic Ising Model on the square lattice. The
isotropic (ci = c, si = s) cases of these formulae were derived in Volume 1,
Chap. 8.

8.5 K-Type and O-Type Transitions

Considering for simplicity the isotropic case, we have shown that the 3-12
dimer model, with fugacity Z = v�1 = coth(K) > 1 on the original hon-
eycomb edges and Z = 1 on the new triangle edges, is equivalent to the
honeycomb lattice Ising Model ferromagnet. It follows that the transitions
in this dimer model are similar to those in a two-dimensional Ising Model
ferromagnet, and are thus O-type according to the de�nition at the end of
Sect. 8.2.2. With these fugacities the ground state of the 3-12 dimer model
has dimers on the honeycomb edges (for example F0B or CD in Fig. 8.5) but
no dimers on the triangle edges. This ground state admits localized pertur-
bations. Dimers can, for example, be moved cyclically from the honeycomb
to the triangle edges in any of the dodecagons without a�ecting the dimer
con�guration on the rest of the lattice. The dimer on F0B in Fig. 8.5 could be
moved to BC, that on CD to DE and so on. We have thus encountered three
types of critical behaviour in pure dimer assemblies: K-type in the honeycomb
lattice model of Sect. 8.2.2, O-type on the 3-12 lattice and no transition in
the square lattice model of Sect. 8.2.1. In the last two cases the ground states
admit small perturbations, while for the �rst case the ground state is frozen
with small perturbations excluded, so that the heat capacity is zero below
the critical temperature.

K-type critical behaviour is not con�ned to dimer systems. In Volume 1,
Sect. 10.12 it was shown that, in the six-vertex ferroelectric model with non-
zero electric �eld there is a second-order transition at a �eld-dependent criti-
cal temperature, with a square-root singularity in the heat capacity above the
critical temperature. Below the critical temperature the state is frozen, fully
polarized and the heat capacity is zero. The square-root singular behaviour
above the critical temperature still applies in zero �eld, but the transition
to the completely polarized state is �rst-order with a latent heat (Volume 1,
Sect. 10.10, see also Lieb and Wu 1972). From the evidence presented so far it
may seem that a square-root singularity in the heat capacity above a critical
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A B C

F E D

Fig. 8.7. The V2H2 dimer model. For
the ground state, the positions of the
dimers are represented by full lines and
the empty edges by broken lines.

temperature is associated with a frozen state below the critical temperature.
The situation is, however, not quite so simple, as we shall see.

A sequence of honeycomb lattice dimer models is discussed by Nagle et
al. (1989). These models have a less simple assignment of fugacities than
that for the models of Sect. 8.2.2, where the fugacities corresponded to the
three edge orientations in the usual hexagonal geometry. Using the brick
lattice geometry, obtained by rotating the diagonal edges into the vertical
position, edge types and fugacity assignments are now made according to the
arrangement of dimers in a ground state. One model of this type is called
V2H2. The ground state for that model is shown in Fig. 8.7, with the full
line segments representing the positions of the dimers and the broken lines
representing the unoccupied edges. For any arrangement of dimers a fugacity
of unity is assigned to a dimer in a ground-state position and a fugacity Z =
exp(�"=T ), with " > 0, to a dimer in any other position. Nagle et al. (1989)
also considered dimer models on the 4-8 lattice, formed from a square lattice
by replacing each vertex by a quadrangle of edges, and what they called the
SQK model. In this model extra edges are inserted in the brick lattice to
make it into a square lattice, but the dimers on these new vertical edges
are given di�erent fugacities from that on the brick lattice edges. Various
applications have been made of these types of models, including the chain
conformal system described in the next section.

The V2H2 model has some interesting critical properties described by
Nagle et al. (1989). First, note that the ground state shown in Fig. 8.7 ad-
mits local perturbations. In the hexagon ABCDEF the dimers on AB, CD
and EF, can, for example, be shifted to BC, DE and FA, without disturbing
the con�guration elsewhere on the lattice. Thus, as would be expected, the
heat capacity below the critical temperature is not identically zero. It does,
however, remain �nite as the critical temperature is approached from below
and has a square-root singularity as the critical temperature is approached
from above. The transition is K-type according to the de�nition at the end of
Sect. 8.2.2, where we chose for the reason just seen to provide for the possi-
bility of non-zero subcritical values of the heat capacity. Similar behaviour is
found in six-vertex antiferroelectric models (Volume 1, Sect. 10.13), for which
there is a critical electric �eld Ec such that, for E < Ec, the ground state is
sublattice ordered with zero polarization. This ground state admits small
perturbations to the ordering which do not change the overall zero value of
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the polarization. When the temperature is reduced at a constant non-zero
value of E < Ec there is a second-order transition to the zero polarization
state with a square-root heat capacity singularity. From the possibility of
small perturbations we expect the heat capacity to be non-zero below the
critical temperature and this is indeed the case. In the zero polarization re-
gion the free energy density f(E; T ) = f(0; T ) (Lieb and Wu 1972) so that
the heat capacity c(E; T ) = c(0; T ), which is �nite but non-zero. For E > Ec,
antiferroelectric models3 undergo a transition similar to that in ferroelectric
models, while at E = 0 there is yet another kind of critical behaviour. This
is a transition of in�nite order in which c(0; T ) and all its derivatives are
continuous.

As we have seen a frozen state below the transition is not a necessary con-
dition for a K-type transition. However, lattice conservation properties may
be relevant. The row conservation rule for dimers established at the beginning
of Sect. 8.2.2 depends only on the topology of the brick (honeycomb) lattice
and not on the assignment of fugacities. So that it applies to any brick lattice
dimer system including the V2H2 model. Again, six-vertex models have an
ice rule arrow conservation property, which results from the permitted vertex
connections and does not depend on the vertex energies. It therefore applies
to both ferroelectric and antiferroelectric models. For the eight-vertex mod-
els, the ice rule does not apply and, as we showed in Chap. 5, there is then
a new range of critical properties, including the O-type transition as a spe-
cial case. Both conservation rules and anisotropy play a role in determining
the properties of dimer models. The six-vertex models do not have K-type
second-order transitions when the �eld is reduced to zero, although FE mod-
els do show a square-root singularity in the heat capacity as the �rst-order
transition is approached from above. A non-zero �eld obviously introduces
an element of anisotropy. As shown in Sect. 8.3, the highly anisotropic �ve-
vertex model has a K-type transition to the completely polarized state, even
in zero �eld. However, the introduction of a degree of spatial anisotropy does
not necessarily change the character of transitions in two-dimensional lattice
systems. As may be deduced from the expressions obtained in Sect. 8.4 the
Ising ferromagnets still have O-type transitions even when there are di�erent
couplings in di�erent lattice directions. Obviously a similar statement can be
made for the equivalent dimer systems.

8.6 The Chain Conformal Transition

In Volume 1, Sect. 7.4 consideration was given to phase transitions occurring
in amphipathic monolayers. These are monolayers of molecules which have a
polar head group with an a�nity for water and a hydrocarbon chain which

3 Apart from the F model, which is a special case (see Volume 1, Sect. 10.13).
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resist immersion in water. Two-dimensional vapour{liquid �rst-order tran-
sitions occur at very low surface pressures, and at higher surface pressure
in the appropriate temperature range a further transition is observed. The
states on the lower pressure and higher pressure sides of this transition are
usually called liquid-expanded and liquid-condensed. The transition from the
liquid-condensed to liquid-expanded state is thought to be due to disordering
of the chain conformations, a process which can take two forms. One of these
is the orientation of the carbon chains. A simple model of this kind, due to
Bell et al. (1978), is presented in Volume 1, Sect. 7.4. In the other form, which
is used in the theory of Nagle (1975a, 1986) (see also Nagle et al. 1989), the
disordering mechanism is isomerism or chain `bending'. In the lowest energy
state of a saturated carbon chain each successive link (carbon-carbon bond)
is at a trans angle with the previous link, implying that all carbon atoms of
the chain are coplanar. The higher energy isomers result from some of the
successive pairs of links bending from the trans angle to one of two gauche
angles. After changes from trans to gauche the carbon atoms of a chain are
no longer coplanar and the chain takes up a larger monolayer area. Thus, in
a closely packed assembly of erect chains, the isomerism of one chain disturbs
the conformation of the others and promotes isomerization, so that the e�ect
is cooperative.

In the model of Nagle (1975a) the interfacial plane is replaced by a line,
which is the lower boundary of a vertical plane lattice on which the links of
the various chains are placed. Although the model makes all isomers copla-
nar it is possible to vary the horizontal boundary length ~̀ per chain (the
analogue of the experimental monolayer area per chain) and the chain link
density. However, since both dimensions of the lattice are, as usual, regarded
as tending to in�nity the results are restricted to the limiting case of chains
with an in�nite number of links. In this section we present a simpli�ed version
of the model due to Nagle (1975b).4 This displays similar critical behaviour
to the full model, but has more results obtainable analytically and is related
to the dimer assembly on the honeycomb lattice, discussed in Sect. 8.2.2.
Most of our notation is di�erent from Nagle's.

In Fig. 8.8 (as in Fig. 8.7) the honeycomb lattice is represented with
the brick lattice structure. Let the nearest-neighbour distance in the brick
lattice be b. Chain distributions on the lattice are obtained by supposing
that each vertical edge can be associated with a vertical link of length 2b and
each horizontal edge with a chain link of length

p
2b, at an angle 45� to the

vertical, the centre of the link being coincident with that of the edge in each
case. The constraint is imposed that all links are connected into continuous
chains running from the lower to the upper boundary of the lattice and the
chains are packed as closely as is possible without two chains touching. It
will be found that these requirements are satis�ed if exactly one of the three
edges meeting at each vertex is associated with a chain link. Thus, if each

4 Also equivalent to the case avdw =1 of Nagle (1975a).
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Fig. 8.8. The brick lattice (broken lines)
and chain conformations (full lines). The
chain links are connected at the points
marked �.

such edge is occupied by a dimer, there is just one dimer segment on each site.
There is, therefore, a one-to-one relation between pure dimer distributions on
the lattice and chain con�gurations satisfying the required conditions. Such
a chain con�guration is represented by the full lines in Fig. 8.8. The points
where the chain links are connected are at the centres of the bricks of the
lattice.

Chains with every link vertical, like the one on the left in Fig. 8.8 are
regarded as in the lowest energy all-trans state, while sloping links represent
bending from trans to gauche angles. The numberMv andMh of vertical and
horizontal dimers on the brick lattice are respectively equal to the number of
trans and gauche links. The horizontal dimers on the brick lattice correspond
to dimers of types 1 and 2 on the honeycomb lattice. So the horizontal dimer
density on a lattice of N sites is

�h =
Mh

N
= �1 + �2 : (8.100)

Since all the horizontal edges of the brick lattice are equivalent, we can,
without loss of generality, in the dimer model set

Z1 = Z2 = Z ; Z3 = 1 : (8.101)

When Z > 1
2 the system is in region (iv), as de�ned in Sect. 8.2.2, and the

dimensionless free energy density �(Z) = �(Z;Z; 1) is given by (8.50). From
(8.52) and (8.53), �1 = �2 and

�h = �1 + �2 = �Z@�
@Z

=
1

�
arccos

�
1

2Z

�
: (8.102)

From (8.2) and (8.101), the honeycomb lattice partition function is given by

Z(N ;Z) =

1
2NX

Mh=0


(N;Mh)Z
Mh : (8.103)

By the method of the maximum term (Volume 1, Sect. 2.8), in the limit of
large N ,

�(Z)'� 1

N
lnZ(N;Z)

'��h ln(Z)� s(�h) ; (8.104)
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where �h and Z are related by (8.102) and

s(�h) ' 1

N
ln
(N;Mh) (8.105)

is the dimensionless entropy per lattice site. Equations (8.50), (8.102) and
(8.104) would give an explicit expression for s as a function of �h which can
be understood as the entropy of chain mixing per lattice site in the chain
model.

Returning to this picture of the system, let ~̀ be the monolayer length
per chain. Then, with every chain in the all-trans state, �h = 0 and ~̀ = b.
With every chain in the all-gauche state, like the second chain from the left
in Fig. 8.8, �h = 1

2 and ~̀ = 2b. We now derive ~̀ for any �h in the allowed
range [0; 12 ]. Let the number of sites in each row and column of the brick
lattice be S1 and S2 respectively. Given that S1 and S2 are large enough for
edge e�ects to be neglected

N = S1S2 = 2(Mv +Mh) : (8.106)

Denoting by C the number of chains, then the total length of the assembly
is

S1b = C ~̀: (8.107)

The lengths of the projections onto the vertical of gauche and trans links are
respectively b and 2b and the sum of the projections of all links in any chain
is S2b. Thus

CS2 = 2Mv +Mh = N �Mh (8.108)

and, from (8.100){(8.108),

~̀=
b

1� �h : (8.109)

Suppose that the only variable energy term is Mh", where " > 0 is the
energy per gauche link, and consider the canonical distribution de�ned by
the variables S1b, C, N and T . If C and N are kept �xed then in the coupling
density formulation the system is speci�ed by the density ` = ~̀=b = S1=C and
coupling K = "=T . The mean number N=2C of links per chain will then be
a �xed parameter although the individual chains will, rather unrealistically,
have unequal numbers of links. Thus, for example, an all-trans chain will have
1
2S2 links and an all-gauche chain S2 links. However, Nagle (1975b) argues
that, as S2 ! 1, the probability distribution for the number of links in a
chain will contract to a narrow peak. The dimensionless (Helmholtz) free
energy density for this model is

 (`;K) = K�h � s(�h) ; (8.110)

where, from (8.109),

�h = 1� 1=` : (8.111)
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The linear pressure eP is conjugate to the length of the assembly C ~̀. SinceePC ~̀= ( ePCb=N)(`N), the pressure �eld conjugate to ` is P = ePCb=N . Then
de�ning the pressure coupling L = P=T we have, from (8.104), (8.110) and
(8.111)

L=�@ 
@`

=� 1

`2

�
K � @s

@�h

�
=� 1

`2
[K + ln(Z)] ; (8.112)

where Z is a function of `, given, from (8.102) and (8.111), by

Z =

�
2 cos

�
�

�
1� 1

`

����1
: (8.113)

To understand the critical properties of the model we analyze the form of the
isotherms of L plotted against ` for di�erent values of K. To do this we need�

@L

@`

�
K

=
2[K + ln(Z)]

`3
� �
p
4Z2 � 1

`4
; (8.114)

obtained from (8.112) and (8.113).
As indicated above, when Z > 1

2 , the system is in an unfrozen state. As
Z ! 1

2 + 0, �h ! 0 and ` ! 1. In this limit the system is in the all-trans
state with all the chain links vertical. Along any isotherm, as Z! 1

2 ,

L ! L0(K) = Kt �K ; (8.115)�
@L

@`

�
K

! 2[K �Kt] ; (8.116)

where

Kt = ln(2) : (8.117)

Although the monolayer length attains its minimum value at Z = 1
2 , L0 is

�nite for all K.
For K < Kt, (T > Tt = "= ln 2), L0 > 0 and, from (8.114), (@L=@`)K < 0

for all Z > 1
2 . Thus as L increases towards L0, ` decreases monotonically

to unity. From (8.112), values of L > L0 require values of Z < 1
2 . However,

we have seen that the system then remains in its frozen state with ` = 1.
It follows that, at L = L0, the expansion coe�cient �(@`=@L)K decreases
discontinuously from a positive value to zero. Nagle (1975a) calls this a `weak'
second-order transition.

From (8.115), K = Kt gives L0 = 0 and, for K > Kt, (T < Tt = "= ln 2),
we have L0 < 0 or equivalently P0 = TL0 < 0. Although negative pressures
are not physically realizable it is of interest to consider them in this model.
For K > Kt it follows from (8.114) that (@L=@`)K > 0 when ` = 1 (Z = 1

2 )
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P0

0
1

P

`

Fig. 8.9. An isotherm with an in-
stability loop and the equal areas
construction giving two points on
the coexistence curve for the chain
model.

implying an instability loop like that shown in Fig. 8.9. One branch of the
coexistence curve is given by ` = 1, L � 0. Suppose the other branch of the
coexistence curve is the set of points (`�(K);L�(K)), (K > Kt). Then using
the equal-areas rule (Volume 1, Sect. 1.6)

L
�(K) = L(`�(K);K) ; (8.118)Z `�

1

L(`;K)d`= (`� � 1)L�(K) : (8.119)

In a neighbourhood of the point (`�(Kt);L
�(Kt)) = (1; 0) it follows from

(8.112) and (8.113) that

L(`;K) ' �(K �Kt) + 2(K �Kt)(`� 1)� 1

2
�2(`� 1)2 ; (8.120)

and substituting into equations (8.118) and (8.119) gives

`�(K)' 1 +
3

�2
(K �Kt) ; (8.121)

L
�(K)'�(K �Kt) +

3

2�2
(K �Kt)

2 : (8.122)

Plotted in the (~̀; T ) plane, the coexistence curve has a cusp at the point
~̀
t = b, Tt = "= ln(2) and (8.121) gives the critical exponent �t = 1. We have
used the subscript `t' in this discussion because the point Lt = 0, `t = 1,
(where K = Kt = ln 2) is the meeting point of a line of (weak) second-
order transitions and a line of �rst-order transitions. It is, therefore, a kind
of tricritical point (see Volume 1, Sect. 6.8 and Sect. 2.12 of this volume)
although it does have the unusual feature that both the second- and �rst-
order transitions are to a perfectly ordered (all-trans) state.

The more general chain model of Nagle (1975a) allows empty spaces in
the lattice. The dimer system equivalent to this model is the SQK model
(see Sect. 8.5) with extra edges added to the brick lattice to make it into a
square lattice. Dimers occupying these new edges form a third species, cor-
responding not to chain links but to empty spaces in the chain distribution.
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This means that the lattice area a per link is a variable, in contrast to the
model discussed above where a = a0 =

1
2b

2. A attractive van der Waals en-
ergy term �avdw(a0=a)c is included, avdw and c being positive parameters
with a0 the minimum value of a. As avdw ! 1 the equilibrium value of
a! a0, recovering the simpli�ed model with no empty spaces. The phase di-
agram is similar to that of the simpli�ed model except that Lt is now positive
and increases as avdw decreases. In the (`;L) plane the wedge-shaped coex-
istence region moves up the L axis. Nagle (1986) also introduced the terms
�ahead(~̀=b)q and 
 ~̀ into the free energy to allow respectively for headgroup{
headgroup and headgroup{water interactions. Quantities connected with the
phase separation region, including the tricritical temperature and pressure,
are tabulated for various parameter values. Other chain isomerism models
and Nagle's earlier papers are reviewed by Wiegel and Kox (1980) and Bell
et al. (1981). A more recent theory is due to Firpo et al. (1984).

Examples

8.1 Fig. 8.10 shows an arrow assignment due to Montroll (1964) for the
triangular lattice. As in Figs. 8.2 and 8.3 the cell boundary is marked
by a broken line and l and r sites are represented by � and � re-
spectively. Given that the fugacities Z1, Z2 and Z3 are associated
with the horizontal, vertical and diagonal edges respectively, obtain
z(0; 0), z(�1; 0), z(0;�1), z(1; 1) and z(�1;�1). Hence derive the
expression

Detf�(�1; �2)g=4fZ21 cos2
�
1

2
�1

�
+ Z22 sin

2
�
1

2
�2

�
+Z23 sin

2
�
1

2
�1 + �2

�
g

and show that this then yields the dimensionless free energy density

Fig. 8.10. An arrow assignment
on the triangular lattice due to
Montroll (1964).
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�(Z1;Z2;Z3) =�1

4
ln(2)� 1

(4�)2

Z 2�

0

d�1

Z 2�

0

d�2 ln[Z
2
1 + Z22

+Z23 + Z21 cos �1 + Z22 cos �2 + Z23 cos(�2 � �1)] :
Treating the integrand in the same way as the integrand of (8.34)
was treated in Sect. 8.2.2, show that in this case

Y 2(Z1;Z2;Z3; cos �1)�X2(Z1;Z2;Z3; cos �1)

is positive for all values of Z1, Z2, Z3 and �1. (This indicates that no
transition occurs.)

8.2 Consider a pure dimer assembly on the square lattice with the no-
tation of Sect. 8.2. According to the maximum term method the
equilibrium value M1 of M1 at �xed N is given by determining the
maximum term in (8.1) subject to the constraint M1 +M2 = 1

2N .
With 
N(M1) = 
(N;M1;

1
2N �M1) this is given by

d ln
N

dM1
+ ln � = 0 ;

where � = Z1=Z2. Now suppose that, with Z1 = Z2 = 1, there is a long
range interaction energy �w(M1�M2)

2=N and that the equilibrium
values of M1 andM2 areM1 andM2 respectively. By the maximum
term method show that these equilibrium values correspond to a
value �e of � in the original model without interaction where

2w(M1 �M2)�NT ln(�e) = 0 :

Prove that the equilibrium equation for the system can be expressed
in the form

2w[arctan(�e)� arctan(��1e )] = � T ln(�e) :

Prove that symmetric pairs of solutions �e, �
�1
e , with �e 6= 1 exist for

T < 2w=�, but that for T > 2w=� the only solution is �e = 1 given
M1 =M2.

8.3 Show that the formula (8.98) for the dimensionless free energy den-
sity of the zero-�eld triangular Ising Model with unequal couplings
K1, K2 and K3, is una�ected by changing the signs of two of the
couplings. For the model with K1 = �K2 = �K3 = K > 0 show
that, in the ground state, spins are oppositely aligned on two equal
but non-interpenetrating sublattices. Establish equivalence with the
isotropic ferromagnet, where K1 = K2 = K3 = K, by considering the
e�ect on the Hamiltonian of simultaneously reversing the spins on
one sublattice and changing K2 and K3 from �K to K.





A. Appendices

A.1 Fourier Transforms in d Dimensions

We present a summary of useful results related to Fourier transforms and
series.1

A.1.1 Discrete Finite Lattices

Consider a d-dimensional hypercubic lattice N with lattice spacing a, N sites
and periodic boundary conditions. The sites are given by

r = a
�
n(1); : : : ; n(d)

�
; (A.1)

where n(i) ranges over all distinct integer values modulo N (i), for i =
1; 2; : : : ; d, and

N =

dY
i=1

N (i) : (A.2)

Let f(r) be a function de�ned at each point of N . Because of the periodic
boundary conditions f(r) is invariant under the transformation

r ! r + a
�
m(1)N (1); : : : ;m(d)N (d)

�
(A.3)

for any integers m(1); : : : ;m(d) and the Fourier transform f�(k) of f(r) is
given by

f�(k) =
X
frg

f(r) exp(�ik � r) ; (A.4)

f(r) =
1

N

X
fkg

f?(k) exp(ik � r) ; (A.5)

where

1 It is convenient to use the generic term transform to refer to both the discrete
(series) and continuous (integral) cases.
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k =
2�

a

�
k(1)

N (1)
; : : : ;

k(d)

N (d)

�
; (A.6)

and, in (A.5), k(i) ranges over all distinct integer values modulo N (i), for
i = 1; 2; : : : ; d.

A.1.2 A Continuous Finite Volume

The case where the vector r can specify any point in a hyper-cubic volume
V of edge-lengths L(1); : : : ; L(d), periodic boundary conditions and

jVj = eV =

dY
i=1

L(i); (A.7)

can be obtained as the limit of the lattice case where a ! 0, Ni ! 1 with
N (i)a = L(i), for i = 1; 2; : : : ; d. With f�(k) = Nf�1 (k), equation (A.4) is
replaced by an integral according to the prescription

1

N

X
frg

=
ad

V

X
frg

! 1

V

Z
V
dV ;

giving, in place of (A.4) and (A.5),

f�1 (k) =
1eV
Z
V
f(r) exp(�ik � r) dV ; (A.8)

f(r) =
X
fkg

f�1 (k) exp(ik � r) ; (A.9)

where the de�nition of the values of k given by (A.6) is replaced by

k = 2�

�
k(1)

L(1)
; : : : ;

k(d)

L(d)

�
; k(i) = 0;�1;�2; : : : : (A.10)

For the case d = 1 the vector k becomes a scalar of the form k = 2n�=L(1),
n = 0;�1;�2; : : :. The range of the scalar variable r can be taken as
[�L(1)=2; L(1)=2] and, with the change of variable r = xL(1)=(2�), (A.8)
and (A.9) give the usual Fourier series formulae

f�1 (n) =
1

2�

Z �

��
f(x) exp(�inx) dx ; (A.11)

f(x) =

1X
n=�1

f�1 (n) exp(inx) : (A.12)

The condition for the convergence of the series (A.9) and (A.12) is that f(r)
is piecewise smooth on every �nite interval in all its component variables and
equivalently f(x) has this property in x (Courant and Hilbert 1962).
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Suppose that '(x) is a continuous and continuously di�erentiable function
of x so that the series

1X
n=�1

'(2�n+ y) ;

1X
n=�1

@'(2�n+ y)

@y
(A.13)

converge absolutely and uniformly for �� � y < �. Then the second series
in (A.13) is the derivative of the �rst which can be transformed using (A.11)
and (A.12) to give

1X
n=�1

'(2�n+ y) =
1

2�

1X
m=�1

1X
n=�1

Z �

��
'(2�n+ x) exp[im(y � x)]dx :

(A.14)

Setting y = 0 in (A.14) and using the transformation

1X
n=�1

Z �

��
'(2�n+ x) exp(�imx)dx=

1X
n=�1

Z 2�(n+1)

2�n

'(x) exp(�imx)dx

=

Z 1

�1
'(x) exp(�imx)dx;

gives

1X
n=�1

'(2�n) =
1

2�

1X
m=�1

Z 1

�1
'(x) exp(�imx)dx; (A.15)

which is the Poisson summation formula (Courant and Hilbert 1962).

A.1.3 A Continuous In�nite Volume

Suppose now that f�1 (k) = f�2 (k)=eV and consider the limiting situation
L(i) !1, for i = 1; 2; : : : ; d. The sum in (A.9) becomes an integral according
to the prescription

1eV X
fkg

=
1

(2�)
d

dY
i=1

�
2�

Li

�X
fkg

! 1

(2�)
d

Z
K
dK ;

giving

f�2 (k) =

Z
R
f(r) exp(�ik � r) dR ; (A.16)

f(r) =
1

(2�)
d

Z
K
f�2 (k) exp(ik � r) dK ; (A.17)

where R and K are the in�nite d-dimensional spaces of the vectors r and k
respectively.
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The function f is dependent only on the magnitude r of the vector r if
and only if f�2 is a function only of the magnitude k of k. In this case the
integrals in (A.16) and (A.17) can be expressed in polar variables in the form

f�2 (k) =

Z 1

0

dr f(r)r

Z �

0

d� Sd�1(rsin�) exp(�ikrcos�) ; (A.18)

f(r) =
1

(2�)
d

Z 1

0

dk f�2 (k)k

Z �

0

d� Sd�1(ksin�) exp(irkcos�) ; (A.19)

where

Sd(q) = 2�
d
2 qd�1=�

�
d

2

�
; (A.20)

is the surface area of a d-dimensional hypersphere of radius q, � being the
gamma function. To evaluate the integrals (A.18) and (A.19) we need the
formulaZ �

0

sin2�� exp(�izcos�)d� = �
1
2 �
�
� + 1

2

�
(2=z)

�
J�(z) ; <(�) > �1

2

(A.21)

(Gradshteyn and Ryzhik 1980, p. 482), where J�(z) is a Bessel function of the
�rst kind. Substituting from (A.20) into (A.18) and (A.19) and using (A.21)
we have, for all d > 1,

f�2 (k) = k

Z 1

0

f(r)

�
2�r

k

� d
2

J d
2�1

(kr)dr ; (A.22)

f(r) = r

Z 1

0

f�2 (k)

�
k

2�r

� d
2

J d
2�1

(kr)dk : (A.23)

Since J� 1
2
(z) = (2=z�)

1
2 cos(z) it follows directly from (A.16) and (A.17) that

(A.22) and (A.23) apply also to d = 1.

A.1.4 A Special Case

A case of (A.22) and (A.23) needed in Sect. 3.3.2, is when

f�2 (k) =
G

�2 + k2
; (A.24)

for some constants G and �. Substituting from (A.24) into (A.23) gives

f(r) =
F (�r)

rd�2
; (A.25)

where

F (q) =
G

(2�)
d
2

Q
�
d

2
; d
2
� 1; q

�
(A.26)
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and

Q(�; �; q) =

Z 1

0

k�J�(k)

k2 + q2
dk : (A.27)

With real �, � and q the integral in (A.27) converges for 1�� < � < 5
2 , when

q = 0, and for �1 � � < � < 5
2 when q 6= 0 (Gradshteyn and Ryzhik 1980,

p. 684, 687). In particular

Q(� + 1; �; q) = q�K�(q) ; (A.28)

when q 6= 0 and �1 < � < 3
2 . K�(z) is the Bessel function of complex

argument de�ned by

K�(z) =
1

2
i� exp(i��=2)[J�(iz) + iN�(iz)] ; (A.29)

where N�(z) is a Bessel function of the second kind. From (A.25){(A.29)

f(r) =
G

(2�)
d
2

��
r

� d
2�1

K d
2�1

(�r) ; (A.30)

when � 6= 0 and d < 5, with convergence to a �nite limit as � ! 0 when
2 < d < 5. Since in the limit jzj ! 1

K�(z) ' (�=2z)
1
2 exp(�z) ; (A.31)

(Gradshteyn and Ryzhik 1980, p. 963),

f(r) ' G�
d
2�

3
2

2
d
2+

1
2 (�r)

d
2�

1
2

exp(��r) ; (A.32)

in the limit r !1 with � 6= 0. In fact (A.31) is exact for � = � 1
2 (Gradshteyn

and Ryzhik 1980, p. 967) and so (A.32) is exact for d = 1 and d = 3.
In both these cases (A.32) gives the limiting behaviour as � ! 0. Since
K0(z) ' �ln(z=2) and K1(z) ' 1=z in the limit jzj ! 0 (Gradshteyn and
Ryzhik 1980, p. 961)

f(r)'� G
2�

ln
��r
2

�
; d = 2 , (A.33)

f(r) =
G

(2�)2
1

r2
; d = 4, (A.34)

in the limit �! 0. This completes the analysis for d < 5. For d � 5 we must
consider the singular behaviour of the integral (A.27) when � � 5

2 . We note
that

Q(�; �; q) = Q(�; �; 0)� q2Q(�� 2; �; q) : (A.35)

This equation can be iterated to produce a series in ascending powers of q,
until the �rst argument in Q lies between zero and 3

2 inclusively. The most
singular contribution to this series is the �rst term and thus



340 A. Appendices

Q(�; �; q) ' lim
k0!1

Z k0

0

k��2J�(k)dk : (A.36)

The solution of the integral in (A.36) for the required range of � and
� is rather complicated and involves Lommel functions (Gradshteyn and
Ryzhik 1980, p. 684). However, our interest is con�ned to the limit of large
k0, for whichZ k0

0

k��2J�(k)dk ' k��40 +

�
2k0
�

� 1
2 h

(�+ � � 3)cos
�
k0 � �

2
� � �

4

�
� k��30 cos

�
k0 � �

2
� +

�

4

�i
: (A.37)

Thus, when d � 5, from (A.25) and (A.26),

f(r) ' G

rd�2(2�)
d
2

(
k
d
2�4
0 �

�
2

�

� 1
2

k
d
2�

5
2

0 cos
h
k0 � �

4
(d+ 1)

i)
; (A.38)

in the limit k0 ! 1, where k0 is understood as a high-frequency cuto� for
the Fourier components of f(r).

A.2 The Conformal Group

We con�ne our attention to the d-dimensional Euclidean space of the vectors
r =

�
r(1); r(2); : : : ; r(d)

�
measured in units of the lattice spacing. The line

element dr is given by

[dr]2 = dr � dr = [dr(1)]2 + [dr(2)]2 + � � �+ [dr(d)]2 : (A.39)

The conformal group is the set of transformations r ! ~r which satisfy con-
ditions of the form

[d~r]2 = 
(r)[dr]2 ; (A.40)

for some scalar �elds 
(r). Suppose that a transformation is given by

~r(i) = R(i)(r) i = 1; 2; : : : ; d : (A.41)

Then, for the condition (A.40) to be satis�ed, it must be the case that


(r)�Kr(j � k) =
dX
i=1

@R(i)

@r(j)
@R(i)

@r(k)
; (A.42)

where �Kr is the Kronecker delta function and [
(r)]
d
2 is the Jacobian of the

transformation (A.41). It is clear that the following transformations satisfy
(A.42):

(i) Translations where

R(i)(r) = r(i) + c(i); i = 1; 2; : : : ; d ; (A.43)

for some constants c(i) and 
(r) = 1.
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(ii) Rotations where

Ri)(r) = !
(1)
i r(1) + � � �+ !

(d)
i r(d); i = 1; : : : ; d ; (A.44)

the vectors !i = (!
(1)
i ; : : : ; !

(d)
i ) are orthonormal and 
(r) = 1.

(iii) Dilatations where

R(i)(r) = ��1r(i); i = 1; 2; : : : ; d ; (A.45)

and 
(r) = ��2.

(iv) Inversions where

R(i)(r) = r(i)=r2 ; i = 1; 2; : : : ; d ; (A.46)

r = jrj and 
(r) = 1=r4.

It can be shown (Ginsparg 1990) that, for d > 2, the conformal group is
�nite-dimensional and generated by the transformations (i){(iv). Alterna-
tively, inversion can be replaced as a generator of the group by the special
conformal transformation

R(i)(r) =
r(i) + c(i)r2

1 + 2r � c+ c2r2
; (A.47)

for any constant vector c = (c(i); : : : ; c(d)), with 
(r) = (1 + 2r:c+ c2r2)�2.
This can be seen to be composed of, a translation, an inversion and then a
further translation.

For d = 2 we use the notation r = (x; y), with the transformation (A.41)
given by

~x = X(x; y) ; ~y = Y(x; y) : (A.48)

Equation (A.42) is satis�ed if

@X

@x
=
@Y

@y
;

@X

@y
= �@Y

@x
: (A.49)

These are the Cauchy{Riemann conditions for

Z(z) = X(x; y) + iY(x; y) (A.50)

to be an analytic function of the complex variable z = x + iy. In this case,
therefore, the conformal group is in�nite-dimensional. From (A.42) the Jaco-
bian of the transformation z ! Z(z) is


(z) = jZ0(z)j2: (A.51)
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A.3 Group Representation Theory

In this appendix we summarize the elements of group representation theory.
For more detailed treatments of the theory of groups and their representa-
tions the reader is referred to McWeeny (1963), Falicov (1966), Leech and
Newman (1969) and Serre (1977). Standard theorems which are contained in
these texts are stated without proof.

A.3.1 Groups

A set of elements Q = fQ(0);Q(1);Q(2); : : :g, with a binary operation, which
we shall refer to as the product, forms a group if:

(i) The product Q(s)Q(s0) of two arbitrary elements belongs to Q.

(ii) The identity I, which satis�es IQ(s) = Q(s)I = Q(s), for all s, is a

member of Q, which is identi�ed with Q(0).

(iii) For every s there exists an s0 such that Q(s0)Q(s) = Q(s)Q(s0) = I. The

element Q(s0) is the inverse of Q(s) and is denoted by [Q(s)]
�1
.

(iv) For all s ,s0 and s00 the three elements Q(s), Q(s0) and Q(s00) satisfy the

associative law (Q(s)Q(s0))Q(s00) = Q(s)(Q(s0)Q(s00)).

The number of elements in a group is its order. For the group Q this will
be denoted by n(Q), or, when there is no danger of ambiguity, simply by
n. The order of a group is not necessarily �nite, but in this appendix only

�nite groups are considered. Two elements Q(s) and Q(s0) are said to be

conjugate if there exists an element Q(s00) in the group such that Q(s) =

[Q(s00)]
�1
Q(s0)Q(s00). It is clear that any element which commutes with all

the other elements of the group is conjugate only to itself. The set of all
elements conjugate to a particular element is called a conjugacy class of Q.
It is not di�cult to show that any two elements are in the same conjugacy
class if and only if they are conjugate and thus that the group decomposes
into a set of mutually exclusive conjugacy classes. The number of conjugacy

classes in Q is denoted by �(Q) or simply �. If Q(s)Q(s0) = Q(s0)Q(s) for all
s and s0 then the group is commutative and �(Q) = n(Q).

A.3.2 Representations

If, for all s, a square M �M dimensional matrix R(Q(s)) = Q(s) can be

assigned to Q(s) such that Q(s)Q(s0) = Q(s00) whenever Q(s)Q(s0) = Q(s00),
then the set of matrices R(Q) = fI ;Q(1); : : : ;Q(n�1)g is an M -dimensional
representation of Q. It must, of course, be the case that R(I) = I , the M -

dimensional unit matrix, and R([Q(s)]
�1
) = [Q(s)]

�1
. For ease of notation



A.3 Group Representation Theory 343

Q(0) is taken to denote I , where necessary. It is clear that, for any group, one
possible assignment is R(Q(s)) = (1), for ever s. This representation (usually
denoted by A) is called the one-dimensional symmetric representation. If two
representations, of the same dimension, R(Q) and R0(Q) are related by the

transformation R0(Q(s)) = P�1R(Q(s))P , for some non-singular matrix P
and all s, then the representations are said to be equivalent. A representation
R(Q) is said to be reducible if it is equivalent to another representation R0(Q)
whose matrices have the block-diagonal form

R0(Q(s)) = R1(Q
(s))�R2(Q

(s))�R3(Q
(s))� � � � ; (A.52)

where the blocks are of the same, non-zero, dimension for all Q(s). It is clear
that, for any i, the set of matrices Ri(Q

(s)), s = 0; 1; : : : ;n�1 is itself a rep-
resentation. Any representation which is not reducible is call irreducible and
it follows that any reducible representation is equivalent to a representation
which has matrices consisting of blocks which are irreducible representations.

For any matrix P , P denotes the matrix obtained from P by taking the
conjugate complex of every element and P (t) denotes the transpose of P .

The matrix P
(t)

denoted by P y is call the Hermitian transpose of P . A

matrix U such that U�1 = Uy is called unitary. Unitary matrices play a
particularly important role in the theory of group representations as can be
seem from the following theorems:

Theorem A.3.1. Any representation of a �nite group in terms of non-
singular matrices is equivalent to a representation in terms of unitary matri-
ces, (called a unitary representation).

Theorem A.3.2. Any two equivalent unitary representations can be related
by a unitary transformation.

It follows from Theorem A.3.1 that all the irreducible representations can be
expressed in terms of unitary matrices. For one-dimensional irreducible repre-
sentations this form is, of course, the unique expression of the representation.
A one-dimensional matrix (�) belonging to a one-dimensional representation
of a group must satisfy the unitary condition ��1 = � from which it follows
that � must be a complex root of unity.

The character �(Q(s)) of Q(s) in the representation R(Q) is de�ned by
the formula

�(Q(s)) = TracefQ(s)g : (A.53)

The set of characters �(Q(s)), s = 0; 1; : : : ;n � 1 is called the character
system of Q in R(Q). Since TracefP�1Q(s)P g = TracefQ(s)g, it follows that
all equivalent representations have the same character set. The same type of
argument also shows that all operators of the group in the same conjugacy
class have the same character. We can conveniently regard all equivalent
representations as essentially the same representation realized in di�erent
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forms. This representation has a character set, with a character given for
each conjugacy class.

An important property of a group is the collection of character sets for
the irreducible representations. An useful result in this respect is:

Theorem A.3.3. The number of (inequivalent) irreducible representations
of a group is equal to the number of conjugacy classes in the group.

We denote the irreducible representations of Q by E(k), k = 1; 2; : : : ; �, where
E(1) = A is the one-dimensional symmetric representation, and e(k) is the

dimension of E(k). If we denote the (unitary) matrix for Q(s) in the irre-

ducible representation E(k) by R(k)(Q(s)) then the character of Q(s) in the

representation E(k) is �(k)(Q(s)) = TracefR(k)(Q(s))g. It is clear that
�(k)(Q(0)) = e(k) ; k = 1; 2; : : : ; � (A.54)

and, since the modulus of the trace of a unitary matrix cannot exceed its
dimension,

j�(k)(Q(s))j � e(k) ; s = 1; 2; : : : ;n� 1 ; k = 1; 2; : : : ; � (A.55)

with

j�(k)(Q(s))j = 1 ; s = 0; 1; : : : ;n� 1 ; if e(k) = 1 : (A.56)

It can be shown that:

Theorem A.3.4. If the elements of R(k)(Q(s)) are denoted by R
(k)
ij (Q(s))

for i; j = 1; 2; : : : ; e(k) and !(s) is the number of elements in the conjugacy

class containing Q(s) then

n�1X
s=0

R
(k)
ij (Q(s))R

(k0)
i0j0 (Q

(s)) =
n

e(k)
�Kr(k� k0)�Kr(i� i0)�Kr(j � j0) ;

(A.57)

�X
k=1

�(k)(Q(s))�(k)(Q(s0)) =

8<:n=!(s) ;Q
(s) and Q(s0) conjugate ,

0 ; Q(s) and Q(s0) not conjugate .

(A.58)

Equations (A.57) and (A.58) are the Schur orthogonality relations. From
(A.57)
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n�1X
s=0

�(k)(Q(s)Q(s0))�(k
0)(Q(s)Q(s00))

=
n

e(k)
�Kr(k� k0)

e(k)X
i=1

e(k)X
j=1

R
(k)

ji (Q
(s0))R

(k)
ji (Q

(s00))

=
n

e(k)
�Kr(k� k0)�(k)([Q(s0)]

�1
Q(s00)) : (A.59)

Since Q(0) = I is in a conjugacy class on its own, (A.58) with s = s0 = 0
yields

�X
k=1

e2(k) = n : (A.60)

Given that R(Q) is reducible, it follows from the above discussion that there
exists a unitary matrix which will reduce all the matrices Q(s) to block-
diagonal form with blocks corresponding to the irreducible representations.
The number of blocks m(k) corresponding to E(k) is called the multiplicity
of E(k). Since the blocks for any E(k) can be collected together by a the
operation of a permutation matrix, which is itself unitary, there exists a
unitary matrix U such that

UyQ(s)U = �Q
(s)

=

�M
k=1

m(k)R(k)(Q(s)) ; s = 0; 1; : : : ;n� 1 (A.61)

and

�Q
(s)

= �Q
(s)
(1)� �Q

(s)
(2)� � � � � �Q

(s)
(�) ; (A.62)

where �Q
(s)
(k) is the block corresponding to the representation E(k). It is of

dimension w(k) = m(k)e(k) and itself consists of m(k) identical blocks of
dimension e(k). The realization (A.62) of Q(s) is called the canonical form.
By taking the trace of equation (A.61) we have

�(Q(s)) =

�X
k=1

m(k)�(k)(Q(s)) : (A.63)

It follows, from (A.54), (A.59) with s0 = s00 = 0 and (A.63), that

m(k) =
1

n

n�1X
s=0

�(Q(s))�(k)(Q(s)) : (A.64)

The characters of the irreducible representations of a group are presented in
the form of a character table (see the references given above or Conway et
al. 1985). If, therefore, Q is a standard group (or the direct product of stan-
dard groups, see below) then (A.64) can be used to determine the multiplic-
ities of the irreducible representations in the arbitrary representation R(Q).
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Even if the character table of Q is not known we can still determine whether
a particular representation is irreducible since, from (A.63) and (A.64),

1

n

n�1X
s=0

�(Q(s))�(Q(s)) =
�X
k=1

m2(k) : (A.65)

The right-hand side of this equation is unity if and only if only one irreducible
representation appears with multiplicity one in R(Q).

The use of group representation theory in statistical mechanics arises be-
cause of the presence of certain symmetries in the Hamiltonian (see Sect. 4.9).
These can be of di�erent types. There may, for example, be a group of sym-
metry operations arising from rotations or translations of the lattice and
another arising from permutations among the states of the microsystems. In
such a case the total symmetry group Q will be the direct product F � G of
two groups F = fF(0); F(1); : : :g and G = fG(0);G(1); : : :g. The elements of Q
will be all the pairs F(i)G(j) of the elements of F and G. Since these groups
operating in di�erent physical ways on the Hamiltonian F(i)G(j) and G(j)F(i)

correspond to the same operator and n(Q) = n(F)n(G) and �(Q) = �(F)�(G).
It is, however, necessary to be rather careful when constructing the repre-
sentation R(Q) of Q from the representations R(F) and R(G) of F and G

respectively. This can be achieved either by setting

R(F(i)G(j)) = R(G(j)F(i)) = R(F(i))
R(G(j)) (A.66)

or

R(F(i)G(j)) = R(G(j)F(i)) = R(G(j))
R(F(i)): (A.67)

Since, in general,

R(F(i))
R(G(j)) 6= R(G(j))
R(F(i)) (A.68)

(A.66) and (A.67) correspond to di�erent representations of R(Q).2 It is im-
portant to choose, in advance, a particular group ordering for the representa-
tion and we shall make the choice given by (A.66). The irreducible represen-
tations E(k0; k00) of Q are given by taking direct products EF(k

0)
 EG(k00) of
all the irreducible representations EF(k

0) and EG(k
00) of F and G. By taking

the trace of (A.66) for irreducible representations it follows from the property
of direct matrix products that

�(k
0;k00)(F(i)G(j)) = �

(k0)
F

(F(i))�
(k00)
G

(G(j)) : (A.69)

The character table of Q can, therefore, be constructed from those of F and
G.

The canonical form for Q(s) given by (A.62) is unique. Suppose that W
is a unitary matrix such that

2 A useful summary of the properties of direct products of matrices is given by
Lloyd (1953).
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W yQ(s)W = eQ(s)
=

�M
k=1

eQ(s)
(k) ; s = 0; 1; : : : ;n� 1 ; (A.70)

where

1

n

n�1X
s=0

TracefeQ(s)
(k)g�(k0)(Q(s)) = �Kr(k� k0)m(k) : (A.71)

This represents a non-unique reduction of the matrices of Q to a set of �
reducible representations each of which involves only one irreducible rep-
resentation. The �nal reduction to canonical form can be made if a set of
unitary matrices L(k), k = 1; 2; : : : ; � can be found such that

Ly(k)eQ(s)
(k)L(k) = �Q

(s)
(k) ; s = 0; 1; : : : ;n� 1 : (A.72)

Then

U =WL ; (A.73)

where

L = L(1)�L(2)� � � � �L(�) : (A.74)

Procedures for obtaining the matricesW and L are discussed below. As we
shall see, the matrix W can usually be obtained in a straightforward way.
Computing the blocks of L is often more di�cult. The following result is
important for the discussion:

Theorem A.3.5. For the elements of the matrices eQ(s)
(k) of (A.70)

n�1X
s=0

eQ(s)
ij (k)

eQ(s)
i0j0 (k

0) = 0 (A.75)

for all i, j, i0 and j0, whenever k 6= k0.
Proof: From (A.72)

eQ(s)
ij (k) =

w(k)X
p=1

w(k)X
q=1

Lip(k)�Q
(s)
pq (k)Ljq(k) : (A.76)

Since, from (A.61), �Q
(s)
pq (k) is either zero or some element R

(k)
p0q0(Q

(s)), (A.75)
follows from the orthogonality relation (A.57).

A.3.3 The Block Diagonalization of Transfer Matrices

In Sect. 4.9 group representation theory is applied to transfer matrix prob-
lems. The basic idea of this procedure can be described in the following way.
The elements V (�m; �m0) of the transfer matrix V are parameterized by the
states �m, m = 1; 2; : : : ;M of two sets of sites on a lattice. The largest group
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Q = fI;Q(1);Q(2); : : : ;Q(n�1)g, such that each Q(s) maps a state �m into

another state Q(s)�m, with Q
(s)�m 6= Q(s)�m0 if �m 6= �m0 , and for which

V (Q(s)�m;Q
(s)�m0) = V (�m; �m0) (A.77)

is the symmetry group of the transfer matrix. The e�ect of the group Q on the
states �m is given, using the representation R(Q) = fI ;Q(1); : : : ;Q(n�1)g of
M -dimensional matrices, by

(Q(s)� 1;Q
(s)� 2; : : : ;Q

(s)�M) = (� 1; � 2; : : : ; �M)Q
(s) ;

s = 0; 1; : : : ;n� 1 : (A.78)

This representation of the group Q is called the permutation representation
associated with the set �m, m = 1; 2; : : : ;M and the symmetry property of
the transfer matrix can be represented in the form

[Q(s)]
y
V Q(s) = V ; s = 0; 1; : : : ;n� 1 : (A.79)

If M = n and if the states can be labelled by the index s = 0; 1; : : : ;n� 1 so

that Q(s)� s0 = � s00 whenever Q
(s)Q(s0) = Q(s00), then the representation is

called regular. It is not di�cult to show that:

Theorem A.3.6. If the number of states M = n and if, for some arbitrarily
chosen state denoted (without loss of generality) by � 1, all the states Q

(s)� 1,
s = 0; 1; : : : ;n�1 are distinct then the permutation representation associated
with � s+1, s = 0; 1; : : : ;n� 1 de�ned by

� s+1 = Q
(s)� 1 (A.80)

is regular.

It is clear that, for the regular representation, Q(s0)� s 6= � s unless s0 = 0
and thus

�(Q(s)) = TracefQ(s)g = 0 ; s = 1; 2; : : : ;n� 1 ;

�(Q(0)) = TracefIg = n :
(A.81)

Then, from (A.64), m(k) = e(k); each irreducible representation occurs in
the regular representation with a multiplicity equal to its dimension.

Equations (A.61) and (A.79) are important formulae for the application
of group representation theory to a statistical mechanical system in transfer
matrix form. It can be shown that, if the matrix U is known, it can be used,
together with row and column permutations, to reduce V to a block-diagonal
form, each block being identi�ed with some representation E(k) and occurring
e(k) times. This reduction is to the unique canonical form of V . If this can
be achieved it is ideal. However, as we have indicated above, the matrix U is
often di�cult to obtain. We shall therefore initially consider the more modest
gains which can be achieved if the matrixW , of (A.70) is all that is known.
This can be characterized by the following result:
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Theorem A.3.7. If W has the e�ect on the matrices of the group Q given
by (A.70) and the transfer matrix satis�es the formula (A.79) then

W yVW = eV = eV (1)� eV (2)� � � � � eV (�) : (A.82)

Proof: From (A.70), (A.79) and the �rst equality of (A.82)

[eQ(s)
]
y eV eQ(s)

= eV ; s = 0; 1; : : : ;n� 1 : (A.83)

Suppose that eV is expressed in blocks by

eV =

0BBB@
eV (1; 1) eV (1; 2) � � � eV (1; �)eV (2; 1) eV (2; 2) � � � eV (2; �)

...
...

. . .
...eV (�; 1) eV (�; 2) � � � eV (�; �)

1CCCA : (A.84)

Then it follows from (A.83) that

[eQ(s)
(k)]
y eV (k; k0)eQ(s)

(k0) = eV (k; k0) ; s = 0; 1; : : : ;n� 1 : (A.85)

This gives

eVij(k; k0) =w(k)X
p=1

w(k0)X
q=1

eQ(s)
pi (k)

eVpq(k; k0) eQ(s)
qj (k

0)

s = 0; 1; : : : ;n� 1 : (A.86)

Summing over all the operators Q(s) it follows from Theorem A.3.5 that
the right-hand side of equation (A.86) is zero unless k = k0. Thus we haveeV (k; k0) = 0 if k 6= k0 and we set eV (k; k) = eV (k).

A.3.4 Equivalence Classes

For large M , the matrices eV (k) will need to be obtained using a computer.
The obvious method for doing this, which involves storing V , �nding and stor-
ing W , and using the formula (A.82), is not necessarily the most e�ective,
particularly if the need is simply to obtain the block for one particular E(k).
A useful tool in this respect is the idea of equivalence classes. An equivalence
class is a subset of the states �m, m = 1; 2; : : : ;M , which is closed under the
operations of the group Q and is not further divisible into closed subsets. Sup-
pose that the states are ordered in equivalence classes E(�), � = 1; 2; : : : ; 
,
where E(�) = f� 1(�); � 2(�); : : : ; � p(�)(�)g. The following result is useful in
determining these equivalence classes:

Theorem A.3.8. The equivalence class E(�) can be generated by applying
all the elements of Q to any one state of E(�). The number of states p(�) in
E(�) is a divisor of n.
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Proof: To establish the �rst part of the theorem take an arbitrary �m(�) 2
E(�) and consider the set S = f�m(�);Q(1)�m(�); : : : ;Q

(n�1)�m(�)g.
Clearly S is closed under Q, since, for any i and j there is an i0 such that

Q(j)Q(i)�m(�) = Q
(i0)�m(�), and thus S = E(�).

If p(�) < n, S must contain some states which are identical. Suppose

that the complete set of states in S identical to �m(�) is Q(sq)�m(�),

q = 1; 2; : : : ; � and for some Q(j)�m(�) 6= �m(�) the complete set of states

in S identical to Q(j)�m(�) is Q
(`r)�m(�), r = 1; 2; : : : ; �0. But the states

Q(j)Q(sq)�m(�), q = 1; 2; : : : ; � are identical to Q(j)�m(�), so �
0 � �. Simi-

larly the states [Q(j)]
�1
Q(`r)�m(�), r = 1; 2; : : : ; �0 are identical to �m(�), so

� � �0. Thus � = �0 and it follows that S consists of p(�) sets each consisting
of � identical states, p(�) thus being a divisor of n.

It follows from (A.78) that Q(s) has the block-diagonal form

Q(s) =Q(s)(1)�Q(s)(2)� � � � �Q(s)(
) ;

s = 0; 1; : : : ;n� 1 (A.87)

with R(�;Q) = fI(�);Q(1)(�); : : : ;Q(n�1)(�)g, a p(�)-dimensional repre-
sentation of Q operating on the equivalence class E(�), for � = 1; 2; : : : ; 
.
Formulae of the same form as (A.70) and (A.72) now apply to the matrices
of each of these representations, namely

W y(�)Q(s)(�)W (�) = eQ(s)
(�) =

�M
k=1

eQ(s)
(�; k) ;

s = 0; 1; : : : ;n� 1 ; (A.88)

Ly(�; k)eQ(s)
(�; k)L(�; k) = �Q

(s)
(�; k) =

�M
k=1

m(�; k)R(k)(Q(s)) ;

s = 0; 1; : : : ;n� 1 : (A.89)

The matrixW (�) have the e�ect of reducing Q(s)(�) to block-diagonal form
with the blocks corresponding to the irreducible representations in order. But
to achieve the reduction given in (A.70), we need a further ordering between
equivalence classes. Thus

W = [W (1)�W (2)� � � � �W (
)]� ; (A.90)

where � is a permutation matrix, chosen to achieve the �nal ordering de-
scribed above. The following theorem is useful in determining the multiplic-
ities of the irreducible representations within equivalence classes:

Theorem A.3.9. For any equivalence class E(�) the multiplicity m(�; k) of
the irreducible representation E(k) of dimension e(k) satis�es the condition

m(�; k) � e(k) ; (A.91)

with m(�; 1) = e(1) = 1.
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Proof: From Theorem A.3.8 there are exactly n=p(�) values of s for which

the Q(s)�m(�) = �m0(�) is satis�ed for any pair of states �m(�) and �m0(�)
in E(�).

If p(�) = n it then follows from Theorems A.3.6 and A.3.8 that the
representation associated with E(�) is regular. For such representations the
characters are given by (A.81) and we have already seen that this means that
the multiplicity of an irreducible representation is equal to its dimension.

If p(�) < n then among all the matrices of the representation R(Q) there
will be p(�) � n=p(�) = n non-zero diagonal elements, all equal to unity.

Thus the characters �(�;Q(s)), s = 0; 1; : : : ;n�1 of R(�;Q) are non-negative
integers satisfying

n�1X
s=0

�(�;Q(s)) = n : (A.92)

The multiplicities are given by equation (A.64) applied to E(�) and, since

�(1)(Q(s)) = 1 for all s = 0; 1; : : : ;n � 1, m(�; 1) = 1. For k 6= 1 it follows,
from (A.55) and (A.64), that

m(�; k) =
1

n

n�1X
s=0

�(�;Q(s))�(k)(Q(s))

� 1

n

n�1X
s=0

�(�;Q(s))j�(k)(Q(s))j

� 1

n

n�1X
s=0

�(�;Q(s))e(k) = e(k) : (A.93)

We now consider the problem of determining unitary matrices W (�) which
produce the block diagonalization given by (A.88). For this, and the subse-
quent task of obtaining the matrices L(k) of (A.72), the following results are
useful:

Theorem A.3.10. The operators

P
(k)
j` =

e(k)

n

n�1X
s=0

R
(k)

j` (Q
(s))Q(s)

` = 1; 2; : : : ; e(k) ; k = 1; 2; : : : ; � (A.94)

transform according to the formulae

Q(s)P
(k)
j` =

e(k)X
i=1

R
(k)
ij (Q(s))P

(k)
i` ; (A.95)

P
(k)
j` Q

(s) =

e(k)X
i=1

R
(k)
`i (Q(s))P

(k)
ji (A.96)
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and satis�es the product rule

P
(k0)
j0`0 P

(k)
j` = �Kr(k� k0)�Kr(`0 � j)P(k)j0` : (A.97)

Proof:

Q(s)P
(k)
j` =

e(k)

n

n�1X
s0=0

R
(k)
j` (Q

(s0))Q(s)Q(s0)

=
e(k)

n

n�1X
s0=0

R
(k)

j` ([Q
(s)]

�1
Q(s0))Q(s0)

=
e(k)

n

e(k)X
i=1

n�1X
s0=0

R
(k)
ij (Q(s))R

(k)
i` (Q(s0))Q(s0)

=

e(k)X
i=1

R
(k)
ij (Q(s))P

(k)
i` : (A.98)

The proof of (A.96) is similar to that of (A.95). To prove (A.97) express P
(k0)
j0`0

in the form (A.94) and use (A.95) and the orthogonality formula (A.57).

Theorem A.3.11. The operators

T(k) =

e(k)X
j=1

P
(k)
jj =

e(k)

n

n�1X
s=0

�(k)(Q(s))Q(s) ; k = 1; 2; : : : ; � (A.99)

satisfy the equations

Q(s)T(k) = T(k)Q(s) ; s = 0; 1; : : : ;n� 1 ; k = 1; 2; : : : ; � (A.100)

and

T(k
0)T(k) = �Kr(k� k0)T(k) ; k = 1; 2; : : : ; � : (A.101)

Proof: Equation (A.100) follows by setting ` = j in (A.94) and (A.95) and
summing over j. Equation (A.101) follows in a similar way from (A.96).

Theorem A.3.12. With

T (k)(�) =
e(k)

n

n�1X
s=0

�(k)(Q(s))Q(s)(�) ; k = 1; 2; : : : ; � ; (A.102)

W y(�)T (k)(�)W (�) =

�M
k0=1

eT (k)
(�; k0) ; (A.103)

whereeT (k)
(�; k0) = �Kr(k� k0)I(�) : (A.104)
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Proof: From (A.88) and (A.102)

eT (k)
(�; k0) =

e(k)

n

n�1X
s=0

�(k)(Q(s))eQ(s)
(�; k0) (A.105)

and, from (A.89),

Ly(�; k0)eT (k)
(�; k0)L(�; k0) =

e(k)

n

n�1X
s=0

�(k)(Q(s))�Q
(s)
(�; k0) : (A.106)

It follows from the orthogonality formula (A.57) that

Ly(�; k0)eT (k)
(�; k0)L(�; k0) = �Kr(k� k0)I(�) (A.107)

and (A.104) follows.

From (A.78), (A.87) and (A.88)

Q(s)(� 1(�); : : : ; � p(�)(�))W (�) = (� 1(�); : : : ; � p(�)(�))W (�)eQ(s)
(�) :

(A.108)

The e�ect ofW (�) is to form linear combinations of the states of E(�), which
transform according to representations each of which reduces to a multiple
of a single irreducible representation. Thus a group of w(�; k) = m(�; k)e(k)
successive columns ofW (�) can be identi�ed with the irreducible representa-
tion E(k). It follows from Theorem A.3.12 that these columns are eigenvectors
of T (k)(�) with eigenvalue one and all the other columns ofW (�) are eigen-
vectors of T (k)(�) with eigenvalue zero. However, from (A.101), we see that
each of the columns of T (k0)(�) is an eigenvector of T (k)(�) with eigenvalue
one if k0 = k and zero if k0 6= k. The columns of the matrix W (�) cor-
responding to the representation E(k) are, therefore, obtained by �nding a
subset of w(�; k) of the p(�) columns of T (k)(�) which satis�ed the required
orthonormality. This is possible since the dimension of the space spanned by
the columns is the number of non-zero eigenvalues which, from (A.103), is
w(�; k). The simplest way to do this is to �nd all the functions

 (k)(�;m) = T(k)�m(�) =
e(k)

n

n�1X
s=0

�(k)(Q(s))Q(s)�m(�) : (A.109)

A selection is now made from the sets of coe�cients of these linear sums of
states to satisfy the orthonormality condition. Let the members of this set of

columns be (w
(k)
1j (�); w

(k)
2j (�); : : : ; w

(k)
p(�)j(�)), j = 1; 2; : : : ;w(�; k).

For the case of an irreducible representation for which e(k) = 1 it follows
from Theorem A.3.9 that w(�; k) = 0 or 1. In the latter case it follows, from
(A.99) and (A.100), that
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Q(s) (k)(�;m) =
e(k)

n

n�1X
s0=0

�(k)(Q(s0))Q(s0)Q(s)�m(�)

=
e(k)

n

n�1X
s0=0

�(k)(Q(s0)[Q(s)]
�1
)Q(s0)�m(�)

= �(k)(Q(s)) (k)(�;m) : (A.110)

From Theorem A.3.8 it follows that, given any �m0(�), there exists an oper-

ator Q(s0) such that �m0(�) = Q(s0)�m(�). Then, from (A.100), (A.109) and
(A.110),

 (k)(�;m0) = �(k)(Q(s0)) (k)(�;m) : (A.111)

So, to within a multiplicative factor, all the functions  (k)(�;m) are the
same. In two cases it is straightforward to compute the column elements
explicitly:

� For the one-dimensional symmetric representation E(1). Then �(Q(s)) = 1,
s = 0; 1; : : : ;n� 1 and

 (1)(�;m) =
1

n

n�1X
s=0

Q(s)�m(�) =
1

p(�)

p(�)X
j=1

� j(�) : (A.112)

Thus, on normalization,

w
(1)
i1 (�) =

1p
p(�)

; i = 1; 2; : : : ; p(�) : (A.113)

� When the states � 1(�); : : : ; � p(�)(�) correspond to a regular representation

of Q. With p(�) = n and, as in Theorem A.3.6, � s+1(�) = Q
(s)� 1(�),

 (k)(�;m) =
e(k)

n

n�1X
s=0

�(k)(Q(s))Q(s)Q(m�1)� 1(�)

=
e(k)

n

n�1X
s=0

�(k)(Q(s)[Q(m�1)]
�1
)� 1(�);

m = 1; 2; : : : ;n : (A.114)

Regarding the states as a set of orthonormal vectors, it follows from (A.59)
that

 (k)(�;m) �  (k0)(�;m0) = �Kr(k� k0)e(k)
n

�(k)(Q(m�1)[Q(m0�1)]
�1
) :

(A.115)

In this case w(�; k) = e(k)2 for all irreducible representations. For a one-
dimensional representation we take

w
(k)
i1 (�) =

�(k)(Q(i�1))p
n

: (A.116)
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When e(k) > 1, an orthonormal set of columns can be obtained by choosing a

subset of the group operators such that �(k)(Q(s)[Q(s0)]
�1
) = 0 for all s 6= s0.

A.3.5 Using Equivalence Classes for Block Diagonalization

Suppose that V is expressed in the form

V =

0BB@
V (1; 1) V (1; 2) � � � V (1; 
)
V (2; 1) V (2; 2) � � � V (2; 
)

...
...

. . .
...

V (
; 1) V (
; 2) � � � V (
; 
)

1CCA ; (A.117)

where V (�; �0) is the submatrix with row and column numbers in the equiv-
alence classes � and �0 respectively. The matrix

*V = [W (1)�W (2)� � � � �W (
)]
y
V [W (1)�W (2)� � � � �W (
)]

(A.118)

has submatrices *V (�; �0) = W y(�)V (�; �0)W (�0) which, from (A.79),
(A.87) and (A.88), satisfy the equations

[eQ(s)
(�)]
y
*V (�; �0)eQ(s)

(�0) = *V (�; �0) ; s = 1; 2; : : : ;n� 1 :

(A.119)

The row indices of *V (�; �0) can now be labelled by the pair (k; j) with j =
1; 2; : : : ;w(�; k) and the column indices by the pair (k0; j0) with j0 = 1; 2; : : :
: : : ;w(�0; k0).3 Then, using analysis similar to that for (A.85) and(A.86), it
can be shown that

hk; jj *V (�; �0)jk0; j0i = �Kr(k� k0)hk; jj *V (�; �0)jk; j0i : (A.120)

For every irreducible representation E(k) which occurs in both C(�) and C(�0)

there will be w(�; k)�w(�0; (k) elements of *V (�; �0) which can be non-zero.
The permutation matrix � of equation (A.90) collects them together to

form the block eV (k) of eV given in equation (A.82). The (possibly) non-zero

elements of *V (�; �0) are given by

hk; jj *V (�; �0)jk; j0i=
p(�)X
m=1

p(�0)X
m0=1

w
(k)
mj (�)hmjV (�; �0)jm0iw(k)

m0j0 (�
0) :

(A.121)

From (A.113), for the one-dimension symmetric representation, each subma-
trix contributes exactly one term given by

3 As in Chap. 4 we shall, when convenient, use the notation hrjXjji to denote the
r; j-th element of any matrix X. With this notation we shall also use the pairs
of su�ces like (k; j) and (p; r).
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h1; 1j *V (�; �0)j1; 1i = 1p
p(�)p(�0)

p(�)X
m=1

p(�0)X
m0=1

hmjV (�; �0)jm0i : (A.122)

The reduction of the transfer matrix to the block-diagonal form given by
(A.82) is often su�cient for our purpose. It is, however, possible, when

e(k) > 1, to e�ect a further block diagonalization of the submatrix eV (k),
corresponding to the full reduction of the group elements to canonical form,
given by (A.61). From (A.72) and (A.85)

[�Q
(s)
(k)]
y
�V (k)�Q

(s)
(k) = �V (k) ; s = 0; 1; : : : ;n� 1 ; (A.123)

where �Q
(s)
(k) consists of the direct sum of m(k) copies of the matrix

R(k)(Q(s)) and

�V (k) = Ly(k) eV (k)L(k) : (A.124)

Since �Q
(s)
(k) is a multiple of the unit matrix when e(k) = 1, (A.123) is

a non-trivial symmetry property only when e(k) > 1. Then the rows and

columns of �V (k) can be labelled by the pair (j; r) with j = 1; 2; : : : ; e(k) and
r = 1; 2; : : : ;m(k). Equation (A.123) can now be expressed in the form

hj; rj�V (k)jj0; r0i=
e(k)X
p=1

e(k)X
p0=1

R
(k)

pj (Q
(s))hp; rj�V (k)jp0; r0iR(k)

p0j0 (Q
(s)) ;

s = 1; 2; : : : ;n� 1 : (A.125)

Summing over all the operators Q(s) and using the formula (A.57) we obtain

hj; rj�V (k)jj0; r0i = �Kr(j � j0)hj; rj�V (k)jj; r0i : (A.126)

The only distinct elements of �V (k) correspond to di�erent values of r and

r0. When m(k) = 1, �V (k) is a multiple of the unit matrix. When e(k) > 1

and m(k) > 1 a further permutation of the rows and columns of �V (k; k) by
a unitary matrix �(k) leads to the block diagonalization

[�(k)]
y�V (k)�(k) = V 0(k)� V 0(k)� � � � � V 0(k) ; (A.127)

where the direct sum contains e(k) identical terms each of which is the m(k)-
dimensional matrix denoted by V 0(k). It follows that the eigenvalue �r(k)
of V has a degeneracy of (at least) e(k) and the eigenvalue problem takes
its most reduced form if the matrices V 0(k) can be found. This involves
a determination of the matrices L(k) which produce the canonical reduc-
tion given in (A.72). One way of doing this is �rst to compute the matriceseR(k)

(Q) = fI ; eQ(1)
(k); eQ(2)

(k); : : : ; eQ(n�1)
(k)g of the w(k)-dimensional rep-

resentation obtained from the initial reduction to block-diagonal form. This
can achieved using the equivalence classes and the computed elements of
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W (�), as described above. The representation eR(k)
(Q) can be presented as

the operations

Q(s)(�
(k)
1 ;�

(k)
2 ; : : : ;�

(k)
w(k)) = (�

(k)
1 ;�

(k)
2 ; : : : ;�

(k)
w(k))

eQ(s)
(k) (A.128)

on the set of basis vectors �
(k)
� , � = 1; 2; : : : ;w(k). These vectors are linear

combinations of the lattice states �m, m = 1; 2; : : : ;M . In themselves they

have no physical realization and eR(k)
(Q) is not in general a permutation

representation. From (A.72)

Q(s)(�
(k)
1 ;�

(k)
2 ; : : : ;�

(k)
w(k))L(k) = (�

(k)
1 ;�

(k)
2 ; : : : ;�

(k)
w(k))L(k)

�Q
(s)
(k) :

(A.129)

As in the case of �V (k) the columns of L(k) can be labelled by the pair (j; r)
with j = 1; 2; : : : ; e(k) and r = 1; 2; : : : ;m(k). Denoting these columns by
L(k)jj; ri and forming the linear combinations

�
(r)
j (k) =

w(k)X
�=1

�(k)� h�jL(k)jj; ri) ;

j = 1; : : : ; e(k) ; r = 1; 2; : : : ;m(k) ; (A.130)

it follows from (A.129) that

Q(s)�
(r)
j (k) =

e(k)X
i=1

R
(k)
ij (Q(s))�

(r)
i (k) ; s = 0; 1; : : : ;n� 1 : (A.131)

From (A.95) we see that the linear sum of the vectors �
(k)
� given by P

(k)
j` �

(k)
� ,

for any ` and �, transforms like �
(r)
j (k) for any r. We can, therefore, determine

the columns of L(k) by selecting linearly independent sets of coe�cients

generated by the operators P
(k)
j` given by (A.94) operating on the basis vectors

�
(k)
� .

A.3.6 The Transfer Matrix Eigen Problem

An important part of the use of transfer matrices in statistical mechanics, as
described in Sect. 4.9, is the determination of the eigenvalues and eigenvec-
tors of V . The eigenvalues of eV given by (A.82), are the same as those of V .
Each eigenvalue can therefore be identi�ed with some irreducible representa-
tion E(k) and these will, for convenience, be denoted in order of decreasing
magnitude within representations by �`(k), ` = 1; 2; : : : ;w(k). It will not be
assumed that V is necessarily symmetric and thus we have left and right
eigenvalue equations,

x`(k)V =�`(k)x`(k) ; (A.132)

V [y`(k)]
(t)

= [y`(k)]
(t)
�`(k) ; (A.133)
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respectively, where x`(k) and y`(k) denote the left and right eigenvectors,
for the eigenvalue �`(k). It is simple to show that x`(k) and y`0(k

0) are
orthogonal when �`(k) 6= �`0(k

0). We shall assume that, within subspaces of
eigenvectors for degenerate eigenvalues, a choice of basis vectors can be made
for which this condition also holds. Then

x`(k):y`0(k
0) = �Kr(`� `0)�Kr(k� k0) : (A.134)

In general some of the eigenvalues of V will be complex. Since, however, V
has only real elements, the eigenvectors corresponding to the conjugate �`(k)
of some complex eigenvalue �`(k) will be x`(k) and y`(k) and the elements of
the eigenvectors corresponding to a real eigenvalue will be real. From (A.82)

and (A.132), the eigenvalue equations for eV are

~x`(k) eV =�`(k)~x`(k) ; (A.135)eV ~y
(t)
` (k) = ~y

(t)
` (k)�`(k) ; (A.136)

where

~x`(k) =x`(k)W ; (A.137)

~y`(k) = y`(k)W : (A.138)

The eigenvectors ~x`(k) and ~y`(k) of eV have zero elements for all entries not
belonging to the representation E(k). The non-zero elements can be obtained

by solving the eigenvalue equation for eV (k). The following result is important
for Sects. 4.9 and 4.10:

Theorem A.3.13. Suppose that B(�m; �m0) is some function which, like
V (�m; �m0), is invariant under the operations of the symmetry group Q; that
is

B(Q(s)�m;Q
(s)�m0) = B(�m; �m0) s = 0; 1; : : : ;n� 1 (A.139)

(see (A.77)). If B is the M-dimensional matrix with elements B(�m; �m0)
then

x`(k)B[y`0(k
0)]

(t)
= �Kr(k� k0)f(k; `; `0) : (A.140)

Proof: The matrix B will, like V , be block diagonalized by W ;

W yBW = eB = eB(1)� eB(2)� � � � � eB(�) (A.141)

(see (A.82)). Then

x`(k)B[y`0(k
0)]

(t)
= ~x`(k) eB[~y`0(k

0)]
(t)
: (A.142)

The vector ~x`(k) eB has non-zero elements only for entries belonging to the
representation E(k) and the vector ~y`0(k

0) has non-zero elements only for
entries belonging to the representation E(k0) and the theorem follows.
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A case of particular interest is when B is the boundary matrix given by
(4.178). Since the equivalence classes are invariant under the operation of
Q, it is clear that this form satis�es (A.139). The matrix B is of the same
structure as that given for the transfer matrix in (A.117) with

hmjB(�; �0)jm0i = �Kr(�� �0)=p(�) : (A.143)

Since, for a particular value of k and �, the vectors (w
(k)
1j (�); : : : ; w

(k)
p(�)j(�)),

j = 1; 2; : : : ;w(�; k) are orthogonal to (1; 1; : : : ; 1) except when k = 1, � = 1
and j = 1, it follows from (A.120){(A.122) that

hk; jj *B(�; �0)jk0; j0i = �Kr(k� k0)�Kr(j � j0)�Kr(�� �0) : (A.144)

Collecting the elements together to form blocks corresponding to the repre-
sentations, eB has the form (A.141) with ~B(k) = �Kr(k � 1)I . Then, from
(A.142),

x`(k)B[y`0(k
0)]

(t)
= �Kr(k� 1): (A.145)

The transfer matrix V has positive (non-zero) elements, so according to
Perron's theorem (see Gantmacher 1979) it has a real positive eigenvalue �max

larger in magnitude than any other eigenvalue with left and right eigenvectors
having real positive (non-zero) elements. It further follows from the orthog-
onality condition (A.134) that the largest eigenvalue is the only one with
eigenvectors with real positive non-zero elements. From (A.90) and (A.137),

~xmax = xmax[W (1)�W (2)� � � � �W (
)]� : (A.146)

The e�ect of the matrices W (�) is to form linear combinations of the ele-
ments of xmax within each equivalence class, corresponding to each of the
irreducible representations present in that class. These are then collected to-
gether by � . It follows from (A.113) that the elements of ~xmax in the block
corresponding to E(1) are all real positive non-zero. The largest eigenvalue
belongs to the one-dimensional symmetric representation E(1) and in our no-
tation is denoted by �1(1). This is particular useful information, since, if we
wish to obtain only the largest eigenvalue, it can be obtained by solving the
eigenvalue problem for eV (1) and this matrix can be obtained very simply
from V using (A.122).

In Sect. 4.9 the systems are lattices with periodic boundary conditions
and because of this the symmetry group will normally have a cyclic subgroup
or itself be a cyclic group. In fact a cyclic subgroup can also sometimes arise
from other symmetries as in, for example, the zero-�eld spin- 12 Ising model
which has the symmetry of the second-order cyclic group C2 (= S2). Suppose
that the cyclic group C� = fI;C;C2; : : : ;C��1g of order � is a subgroup of Q.
The M -dimensional representation R(C�) = fI;C;C2; : : : ;C��1g of C� is a
subset of the matrices of R(Q). From (A.79), (A.132) and (A.133),

x`(k)C
yV =�`(k)C

yx`(k) ; (A.147)

V C[y`(k)]
(t)

=C[y`(k)]
(t)
�`(k) : (A.148)
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It follows from (A.147) that x`(k)C
y is a left eigenvector of V with eigenvalue

�`(k). Unless �`(k) is degenerate

x`(k)C
y = !`(k)x`(k) ; (A.149)

where, by repeated application of C, it follows that !`(k) is one of the com-
plex �-roots of unity. We suppose that (A.149) also applies to cases of de-
generate eigenvectors. This is simply equivalent to supposing that within the
subspace of degenerate eigenvectors a basis can be chosen, whose elements
satisfy (A.149). Assuming that this is compatible with the orthonormality
condition (A.134) it follows, from (A.148), that

C[y`(k)]
(t)

= !`(k)[y`(k)]
(t)
: (A.150)

The e�ect of the matrices C and Cy is simply to cyclically permute the
elements of the eigenvectors within subsets of the equivalence classes. We have
shown above that x1(1) has real positive elements and it therefore follows that
!1(1) = 1.

A.4 Some Transformations in the Complex Plane

From the discussion of Ruelle's theorem in Sect. 4.6 we saw that a funda-
mental role was played by the polynomial �(Y�; T; fZ�(r)g) given by equation
(4.45), where Y� was a member of the covering YN of the lattice N . When
Y� consists of two lattice sites r and r0

�(Y�; T; fZ�(r)g) = f(Z;Z0) = c0 + c1(Z+ Z0) + c2ZZ
0 ; (A.151)

where the real positive numbers c0, c1 and c2 are the Boltzmann weights
when the pair of sites is occupied by 0, 1 and 2 particles respectively and
Z = Z�(r), Z

0 = Z�(r
0). We are interested in obtaining two closed sets X and

X0 in the complex plane C Z , which do not contain 0, such that f(Z;Z0) 6= 0
when Z =2 X and Z0 =2 X0. In the Ising model spin formulation c0 = c2 6= c1
and in the lattice 
uid formulation c0 = c1 = 1, c2 6= 1. In the former case we
may, without loss of generality, set c0 = c2 = 1 and the two cases are related
by a multiplicative transformation of the variables Z and Z0. We, therefore,
begin by considering the function

f(Z;Z0) = 1 + c(Z+ Z0) + ZZ0; (A.152)

where f(Z;Z0) = 0 corresponds to the mapping

Z0 = �1 + cZ

c+ Z
: (A.153)

With the change of variables

� = Z+ c ; � 0 = Z0 + c ; (A.154)
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this mapping takes the form

� 0 = (c2 � 1)=� : (A.155)

Excluding the case c = 1, which corresponds to no interaction for any site
occupation, the �xed points

�(�) = �
p
c2 � 1 (A.156)

of (A.155) lie on the real or imaginary axis of the complex plane C � of �
according as c > 1 or c < 1, respectively. It is now not di�cult to establish
the following result:

Theorem A.4.1. Let V be the family of circles in C � passing through � =
�(�).4 Any circle V 2 V is divided into two open arcs V(�) by the �xed points.
Every � 6= �(�) in C � belongs to exactly one circle V 2 V and, if � 2 V(�),
then � 0 2 V(�).

It follows from this theorem that every circle V 2 V is invariant under the

mapping (A.155). Since the arcs V
(�)
1 of any other V1 2 V lie one in the

interior and one in the exterior of V, it follows that (A.155) is a mapping
between the interior and exterior of V.

Returning now to the complex plane C Z of the variable Z, it follows that
any circle through the points

Z(�) = �c�
p
c2 � 1 (A.157)

is invariant under (A.153), with (A.157) as �xed points. The mapping is
between interior and exterior points of the circle. We consider the two cases
c < 1 and c > 1 separately:

(a) c < 1. In this case the �xed points are

Z(�) = �c� i
p
1� c2 : (A.158)

The circle

V(x) = fZ : j2cZ+ xj =
p
4c2(1� x) + x2g (A.159)

passes through the points (A.158) for any real x. Apart from V(1), which
passes through the origin, any circle V(x) can be used to de�ne the regions
X and X0. Thus we see that f(Z;Z0) 6= 0, when Z =2 X and Z0 =2 X, if

X =

8<: fZ : j2cZ+ xj �p4c2(1� x) + x2g ; for any x > 1 ,

fZ : j2cZ+ xj �p4c2(1� x) + x2g ; for any x < 1 .
(A.160)

In particular the unit circle jZj = 1 corresponds to x = 0 in (A.159) and
gives a region in the second category of (A.160). The regions in the �rst
category correspond to discs with centres on R(�) and lying entirely in the

4 Including the limiting circle consisting of the axis through the �xed points.
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region <(Z) < 0. The angles made with R(�) by tangents from the origin
to the boundary of the disc are � arccos(2c

p
x� 1=x). These angles take

a minimum absolute value when x = 2, when the points of contact of the
tangents and the boundary are the �xed points (A.158) lying on jZj = 1.

(b) c > 1. In this case the �xed points (A.157) lie on the negative real axis
R(�) of C Z . The circle

V(y) = fZ : jZ+ c+ iyj =
p
y2 + c2 � 1g (A.161)

passes through the points (A.157) for any real y. The origin is exterior to all
the circles of this family and thus the de�nition (A.160) can be replaced by

Y = fZ : jZ+ c+ iyj �
p
y2 + c2 � 1g ; for any y . (A.162)

The angles made with R(�) by tangents from the origin to the boundary of
the disc are arccos

�
c=
p
y2 + c2

� � arccos
�
1=
p
y2 + c2

�
. The larger of these

angles take its minimum value when y = 0.
We now consider the other case of interest for (A.151) where

f(Z;Z0) = 1 + Z+ Z0 + cZZ0 : (A.163)

This equation can be expressed in the form

f(Z;Z0) = 1 + (1=
p
c)(
p
cZ+

p
cZ0) + (

p
cZ)(
p
cZ0) ; (A.164)

and the previous results apply with c replaced by 1=
p
c and Z replaced byp

cZ. The two cases are:

(a) c < 1. From (A.162) and (A.164), f(Z;Z0) 6= 0 when Z =2 Y0 and Z0 =2 Y0
if

Y0 = fZ : jcZ+ 1 + iyj �
p
y2 + 1� cg ; for any y . (A.165)

The angles made with R(�) by tangents from the origin to the boundary of
the disc are arccos

�
1=
p
y2 + 1

�� arccos
�p
c=
p
y2 + 1

�
. The larger of these

angles take its minimum value when y = 0.

(b) c > 1. From (A.160), f(Z;Z0) 6= 0 when Z =2 X0 and Z0 =2 X0 if

X0 =

8<: fZ : j2Z+ xj �p4c�1(1� x) + x2g ; for any x > 1 ,

fZ : j2Z+ xj �p4c�1(1� x) + x2g ; for any x < 1 .
(A.166)

The angles made with R(�) by tangents from the origin to the boundary of
the discs in the �rst category are � arccos(2

p
x� 1=x

p
c). These angles take

a minimum absolute value when x = 2.
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A.5 Algebraic Functions

An algebraic function �(z) is the solution of an equation

fn(�; z) = 0 ; (A.167)

where

fn(�; z) = gn(z)�
n + gn�1(z)�

n�1 + � � �+ g0(z) : (A.168)

The coe�cients gj(z), j = 0; 1; : : : ; n, are polynomials in z with complex
coe�cients, having no common factor apart from a constant and fn(�; z) is
not reducible5 to a product of polynomials in �, which themselves have coef-
�cients which are polynomials in z. fn(�; z) is called the de�ning polynomial
of �(z) and the solutions �1(z); �2(z); : : : ; �n(z) are called the branches of
�(z). A point at which the values of two or more of the branches of �(z) are
equal is a value of z for which (A.167) has repeated roots. The set of such
points is given by the simultaneous solution of the equations

fn(�; z) = 0 ;
@fn(�; z)

@�
� f 0n(�; z) = 0 ; (A.169)

which is obtain by solving the equation

Resffn; f 0n; zg = 0 (A.170)

for the resultant Resffn; f 0n; zg of fn(�; z) and f 0n(�; z). The resultant of two
polynomials is given by their Sylvester determinant (Bliss 1966). Since in this
case gn(z) is a factor in the determinant equation, (A.170) can be replaced
by

Disffn; zg = 0 ; (A.171)

where

Disffn; zg = (�1) 12n(n�1)[gn(z)]�1Resffn; f 0n; zg (A.172)

is called the discriminant (Hille 1962). Given that the coe�cients gj(z) are
polynomials of degree m at most, it is clear that Disffn; zg is a polynomial
in z of degree not exceeding 2m(n�1). The following theorem can be proved
(Hille 1962):

Theorem A.5.1. The branches �1(z); �2(z); : : : ; �n(z) of the algebraic func-
tion �(z) de�ned by equations (A.167) and (A.168) are analytic functions in
any simply-connected region of the complex plane which excludes (i) the zeros
of gn(z), (ii) solutions of (A.171), (iii) the point at in�nity.

5 The irreducibility of fn(�; z) is not always taken as part of the de�nition of an
algebraic function (Bliss 1966). We shall however, following Hille (1962), assume
this to be included.
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In general the zeros of gn(z) will be poles of one or more branches of �(z).
However, in the application of the theory of this appendix in Sect. 4.10, the
polynomials of interest have constant leading coe�cients so the algebraic
functions have no in�nities. The solutions of (A.171) are points where two
or more of the branches of �(z) have the same value. Suppose that z0 is
such a point and that the branches of �(z) are labelled in such a way that
�1(z); �2(z); : : : ; �p(z), (1 < p � n) is the complete set of branches for which

�1(z0) = �2(z0) = � � � = �p(z0) : (A.173)

There are now three possibilities which can occur:

(i) The branches which satisfy (A.173) can be ordered in such a way that,
for small positive real r,

�1[z0 + r exp(2`i�)] = �`+1(z0 + r) ; (A.174)

where ` is an integer modulo p. It is clear that �1(z) is an analytic

function of the variable (z � z0)1=p in a neighbourhood of z0 and the
power-series expansion

1X
q=0

cq(z � z0)q=p (A.175)

is applicable to all the branches �1(z); �2(z); : : : ; �p(z) in a neighbour-

hood of z0, when (z � z0)1=p takes its p di�erent values. The point z0
is a branch-point of �(z) with cycle number p. To distinguish this case
from case (iii) below, such a branch-point is called monocyclic.

(ii) The branches which satisfy (A.173) also satisfy the condition

�`(z0 + r) = �`[z0 + r exp(2i`�)] ; ` = 1; 2; : : : ; p ; (A.176)

for any integer r. This is a case where each of the branches is analytic
at z0, but they happen to have the same value there. Joyce (1988b) has
referred to points of this type as apparent singular points.

(iii) The branches which satisfy (A.173) divide into distinct subsets contain-
ing p1; p2; : : : ; pk members where

kX
s=1

ps = p ; (A.177)

and, within the s-th subset, the members have a cycle structure like that
given by (A.174) and a power-series expansion like (A.175), with cycle
number ps. This can be thought of as a situation where k branch-points
happen to coincide. We can also include within this case a combination
of coincident branch-points and analytic components, where the latter
correspond to instances with ps = 1. A branch-point of this type is call
k-fold multicyclic.
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The reason why Theorem A.5.1 contains the restriction to simply-connected
regions is now clear. In a multi-connected region around a branch-point some
of the branches of �(z) will not be single-valued. The usual way to de�ne a
region within which the branches of �(z) are analytic is to de�ne cuts in the
complex plane, which prevent the construction of any curve along which a
branch of �(z) passes continuously from one of its values to another. Within
such a cut plane each branch of �(z) will be analytic and if we take n copies
of the complex plane and join them in a suitable way along the edges of the
cuts a Riemann surface of n sheets can be constructed on which �(z) is itself
analytic.6

The set of cuts needed to construct the Riemann surface for any algebraic
function is not unique and we shall describe one of the methods for doing this
based on the idea of connection curves introduced by Wood (1987). These are
de�ned by all values of z which are simultaneous solutions of the equations

fn(�; z) = 0 ; fn($�; z) � f ($)
n (�; z) = 0 ; (A.178)

for all $ = exp(i#), where # is real and in the range [0; 2�). The connection
curves are then given by

Resffn; f ($)
n ; zg = 0 : (A.179)

It is clear that the resultant of fn(�; z) and f
($)
n (�; z) is identically zero when

$ = 1 with

Resffn; f ($)
n ; zg=Resffn; f ($)

n � fn; zg

= ($ � 1)
n
Res
n
fn;

f
($)
n � fn
$ � 1

; z
o

(A.180)

and

f
($)
n (�; z)� fn(�; z)

$ � 1
= �h($)

n (�; z); (A.181)

where

h($)
n (�; z) = gn(z)�

(n)($)�n�1 + gn�1(z)�
(n�1)($)�n�2

+ � � �+ g1(z) ; (A.182)

�(s)($) =
$s � 1

$ � 1
: (A.183)

The determinant Resffn; f
($)
n �fn
$�1 ; zg has only one non-zero element in the

last column, which is g0(z) in the n-th row. So

Resffn; f ($)
n ; zg = �g0(z)(1�$)nResffn; h($)

n ; zg : (A.184)

The connection curves are thus given by

Resffn; h($)
n ; zg = 0 ; (A.185)

6 For an account of the theory of Riemann surfaces see Beardon (1984).
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and, since

lim
$!1

�s($) = s ; (A.186)

it follows, from (A.182), that

lim
$!1

Resffn; h($)
n ; zg = Resffn; f 0n; zg : (A.187)

The solutions of (A.171), which are the branch-points and the apparent sin-
gular points, correspond to points on the connection curves when $ = 1.

A.6 Elliptic Integrals, Functions and Nome Series

Some results for elliptic integrals and functions were necessary for the dis-
cussion of the exact solution of the two-dimensional Ising model (Volume 1,
Chap. 8). These were given in Volume 1, Appendix A.2. Further results in
this area are needed for the treatment of the eight-vertex model in Chap. 5 of
the present volume. For easy of reference we repeat a number of the formulae
given in Volume 1, Appendix A.2. An advanced treatment of elliptic func-
tions is given in Baxter (1982a), Chap. 15. Comprehensive lists of formulae are
given by Abramowitz and Segun (1965) and Gradshteyn and Ryzhik (1980).

A.6.1 Elliptic Integrals

Elliptic integrals of the �rst and second kind, respectively, are de�ned by

F (arcsin(x0)jm) =

Z x0

0

dxp
(1� x2)(1�m2x2)

;

E(arcsin(x0)jm) =

Z x0

0

r
1�m2x2

1� x2 dx ;

(A.188)

where 0 � m < 1 is the modulus. Complete elliptic integrals of the �rst and
second kind, respectively, are de�ned by

K(m) = F
�
1

2
�jm

�
; E(m) = E

�
1

2
�jm

�
: (A.189)

From (A.188) and (A.189),

K(0) = E(0) = 1

2
� ; E(1) = 1 : (A.190)

We shall also need the result, (Gradshteyn and Ryzhik 1980, p. 905),

K(m) � ln

�
4

m0

�
; as m! 1 , (A.191)

where m0 =
p
1�m2 is the complementary modulus. It can be shown (Vol-

ume 1, Appendix A.2) that
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E(m)K(m0) + E(m0)H(m)�K(m)K(m0) = 1

2
� ; (A.192)

dK(m)

dm
=
E(m)�m02K(m)

mm02
;

dK(m0)

dm
=
m2K(m0)� E(m0)

mm02
:

(A.193)

A.6.2 Elliptic Functions

Writing

F (arcsin(x0)jm) = u ; (A.194)

the inverse relation de�nes the Jacobian elliptic function sn by

x0 = sn(ujm) ; (A.195)

and the Jacobian elliptic functions cn and dn are de�ned by

cn(ujm) =
p
1� sn2(ujm) ;

dn(ujm) =
p
1�m2sn2(ujm) :

(A.196)

The elliptic functions are doubly-periodic (Gradshteyn and Ryzhik 1980,
p. 909). For real u, sn(ujm) and cn(ujm) have period 4K(m) and dn(ujm)
has period 2K(m) with

0 � sn(ujm) � 1; 0 � u � 2K(m);

�1 � sn(ujm) � 0; 2K(m) � u � 4K(m);

m0 � dn(ujm) � 1; 0 � u � 4K(m);

0 � cn(ujm) � dn(ujm);

(
0 � u � K(m);

3K(m) � u � 4K(m);

�dn(ujm) � cn(ujm) � 0; K(m) � u � 3K(m):

(A.197)

From (A.188), (A.189) and (A.194){(A.196) it is not di�cult to show that

sn(0jm) = 0 ; sn(K(m)jm) = 1 ;

sn
�
1

2
iK(m0)jm

�
= i=
p
m;

cn(0jm) = 1; cn(K(m)jm) = 0 ;

cn
�
1

2
iK(m0)jm

�
=
p
1 +m�1 ;

dn(0jm) = 1; dn(K(m)jm) = m0 ;

dn
�
1

2
iK(m0)jm

�
=
p
1 +m;

(A.198)
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sn(uj0) = sin(u); sn(uj1) = tanh(u) ;

cn(uj0) = cos(u); cn(uj1) = sech(u)

dn(uj0) = 1 ; dn(uj1) = sech(u) ;

(A.199)

and in Chap. 5 we also need the formulae

cn(u� vjm) =
cn(ujm)cn(vjm)� sn(ujm)sn(vjm)dn(ujm)dn(vjm)

1�m2sn2(ujm)sn(vjm)
;

(A.200)

dn(u� vjm) =
dn(ujm)dn(vjm)� sn(ujm)sn(vjm)cn(ujm)cn(vjm)

1�m2sn2(ujm)sn(vjm)

(A.201)

(Gradshteyn and Ryzhik 1980, p. 916). For present purposes it is the elliptic
function dn which is of particular importance. We shall need the following
resultsZ 2K(m)

0

du dn2(ujm) = 2E(m) ; (A.202)

which is straightforward to prove using (A.196) and the substitution (A.195),
and Z 2K(m)

0

du

Z 2K(m)

0

dv dn(ujm)dn(u� vjm)dn(vjm)

= 2m02K
2(m) + 1

2
�2 ; (A.203)

Z 2K(m)

0

du dn(ujm)dn
�
u+ 1

2
iK(m0)jm

�
= 1

2

p
1 +m[� + 2(1�m)K(m)] ; (A.204)

which are a little more di�cult to prove and need the use of (A.201).

A.6.3 Nome Series

The nome x of m is de�ned by

x = exp[��K(m0)=K(m)] : (A.205)

From (A.192) and (A.193),

dx

dm
=

x�2

2K2(m)mm02
: (A.206)

In terms of x,
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dn(ujm) =
p
m0

1Y
n=1

(
1 + 2x2n�1 cos

�
�u
K(m)

�
+ x4n�2

1� 2x2n�1 cos
�
�u
K(m)

�
+ x4n�2

)
(A.207)

(Gradshteyn and Ryzhik 1980, p. 913) and

dn(ujm) =
�

2K(m)
+

2�

K(m)

1X
n=1

xn

1 + x2n
cos
h n�u
K(m)

i
(A.208)

(Gradshteyn and Ryzhik 1980, p. 911). Substituting u = K(m) into (A.207)
and using (A.198) gives

1Y
n=1

�
1� x2n�1
1 + x2n�1

�4

= m0 : (A.209)

Substituting u = 0 into (A.208) and again using (A.198) gives

1X
n=1

xn

1 + x2n
=
K(m)

2�
� 1

4
: (A.210)

By substituting from (A.208) into (A.202) and noting that the cosines in
(A.208) are orthogonal over the range of this integral, it follows that

1X
n=1

x2n

(1 + x2n)
2 =

E(m)K(m)

2�2
� 1

8
: (A.211)

In a similar way, by substituting from (A.208) into (A.203),

1X
n=1

x3n

(1 + x3n)3
=
m02K

3(m)

4�3
+
K(m)

16�
� 1

16
: (A.212)

We now use a modi�ed version of the Landen transformation, which was
de�ned in Volume 1, Appendix A.2. Let

m1 =
1�m0

1 +m0
; m0

1 =
q
1�m2

1 =
2
p
m0

1 +m0
(A.213)

with

K(m1) =
1
2
(1 +m0)K(m) ; E(m1) =

E(m) +m0K(m)

1 +m0
(A.214)

(Gradshteyn and Ryzhik 1980, p. 908). It follows from (A.205) that x2 is the
nome of m1. Replacing m by m1 in (A.208), setting u = iK(m0

1)=2 and using
(A.198), gives

1X
n=1

xn(1 + x2n)

1 + x4n
=
K(m1)

p
1 +m1

�
� 1

2

=

r
1 +m0

2

K(m)

�
� 1

2
; (A.215)
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and replacing m by m1 in (A.211) gives

1X
n=1

x4n

(1 + x4n)2
=
E(m1)K(m1)

2�2
� 1

8

=
1

4�2
K(m)[E(m) +m0K(m)]� 1

8
: (A.216)

Final, by replacing m by m1 in (A.204), substituting from (A.208) and per-
forming the integration, it can be shown that

1X
n=1

x3n(1 + x2n)

(1 + x4n)2
=

1

4�2
K(m1)

p
1 +m1[� + 2(1�m1)K(m1)]� 1

4

=
1

4�2
K(m)

r
1 +m0

2
[� + 2m0K(m)]� 1

4 : (A.217)

A.7 Lattices and Graphs

Extensive treatments of the graph theory relevant to statistical mechanics
are to be found in Sykes et al. (1966), Domb (1974a) and Temperley (1981).
Here we summarize those features of the subject needed for the discussion of
series expansions in Chap. 7.

A.7.1 Subgraphs

Consider a lattice N of N sites and assume it to be so large that boundary
e�ects can be neglected. In graph theoretic language the sites of the lattice
are vertices and an edge connects each nearest-neighbour pair of sites. The
complete set of vertices and edges, which is e�ectively synonymous with N
itself, is in this context called the full lattice graph. A graph g, which is a
subgraph of N , is a subset of the vertices of N with some, but not necessarily
all of the nearest-neighbour pairs of sites in g connected by lines. When any
vertices of g, which are placed on a nearest-neighbour pair of lattice sites, are
connected by a line of g then g is called a section graph.

The number of lines incident at a vertex of g is called its valency. A
vertex is called odd or even according to whether its valency is an odd or
even number. Since each line connects two vertices, the sum of all the vertex
valencies is equal to twice the number of lines. There is, therefore, either zero
or an even number of odd vertices. When any two vertices of g are linked by
a path consisting of vertices and lines of g it is connected. A graph which is
not connected is separated and consists of several disjoint connected parts or
components, where disjoint is de�ned as having no vertices in common. An
articulation point is a vertex of a connected graph such that the removal of
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this vertex and the lines incident there divides the graph into disjoint parts.
A connected graph without articulation points is called a star. A multiply
connected graph is one for which any two vertices are linked by a least two
paths consisting of its vertices and lines, which have no vertices in common
except the end-points. It can be shown quite easily that a graph with three
or more vertices is multiply connected if and only if it is a star. A connected
graph, which is not a star, is called a tree. It can be regarded as formed from
stars connected at articulation points. A tree with no closed circuits of lines
is called a Cayley tree and, if all vertices have the same valency, it is a Bethe
lattice (see Volume 1, Chap. 7). A Cayley tree with n > 2 and exactly two
vertices of valency one is a �nite chain. A Bethe lattice where each vertex is
of valency two is an in�nite chain.

The topology of a graph comprises the number of its vertices and the way
in which they are linked by lines. Graphs with the same topology are called
isomorphic. The topologies of graphs with n sites are denoted by [n; k] where
k is an index which distinguishes di�erent topologies. An alternative designa-
tion of topologies is in terms of lines using (q; k), with the number of vertices
denoted by n(q; k). In the case of a section graph the topology is �xed once
the con�guration, that is the relative location of the vertices, is given. Then
the lines are drawn between every nearest-neighbour pair. The number of
lines in [n; k] is denoted by q[n; k]. Since the topology of non-section graphs
is not �xed by the con�guration of sites we use the notation [n; k] exclu-
sively for section graphs using (q; k) for graphs in general. In fact, for the
discussion of high-temperature series in Sect. 7.4, it is convenient to use the
speci�cation (2sjq; k) for a topology, where 2s is the number of odd vertices in
the graph and k, is used to distinguish between di�erent topologies with the
same number of odd vertices and lines. For reasons made clear in Sect. 7.4 the
topologies (0jq; k) are those of zero-�eld graphs,7 with (2jq; k) and (4jq; k)
being the topologies of magnetic graphs and hypermagnetic graphs respec-
tively.

The number of ways that a section graph [n; k] can be placed on the lattice
is denoted by the con�guration number
[n; k]. Similar notations
(q; k) and

(2sjq; k) are used for the con�guration numbers for the topologies (q; k) and
(2sjqk) respectively. The idea of embedding is sometimes used in treatments
of lattice graphs (Sykes et al. 1966, Domb 1974a). When a subgraph of a
graph G is isomorphic to a graph g it is said to be a weak embedding of g in G.
However, when the subgraph is a section graph it is called a strong embedding
of g in G. Thus 
[n; k] is the number of possible strong embeddings in N of a
graph g with topology [n; k], while 
(2sjq; k) is the number of possible weak
embeddings of a graph g with topology (2sjq; k) in N . In this terminology,
rather unfortunately, strong embeddings are subclasses of weak embeddings.

Subgraphs of the simple cubic lattice are shown in Fig. A.1. Here (a) and
(b), with all vertices of valency two, and (c), with one vertex of valency four,

7 An alternative name is polygon graphs (see Volume 1, Sect. 8.3).
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(d) (e) (f) (g)

(a) (b) (c)

Fig. A.1. Subgraphs on the simple cubic lattice. The broken segments are lattice
edges not included in the graphs.

are zero-�eld graphs. (d) and (e), with two vertices of valency one, and (f),
with two vertices of valency three, are magnetic graphs. (e) with four ver-
tices of valency three is a hypermagnetic graph. Chains like (d) and (e) make
an important contribution to the zero-�eld susceptibility series, discussed in
Sect. 7.4.2. Contributions from separated graphs must be included. A sepa-
rated subgraph whose components are all zero-�eld graphs, say (a), (b) and
(c), is itself a zero-�eld graph, since the total number of odd vertices is zero,
while one with one magnetic component and the others zero-�eld, say (d),
(a) and (b), is a magnetic graph since the total number of odd vertices is
two. All the graphs of Fig. A.1 are weak embeddings, of which (a), (c), (d)
and (f) are strong embeddings, while (b), (e) and (g) are not. It should be
noted that many subgraphs g can be isomorphic to other subgraphs of the
same lattice graph, some of which are section graphs and some are not. Thus
(a) and (b) in Fig. A.1 are both embeddings of a six-line polygon (hexagon),
while (d) and (e) are both embeddings of a four-line open chain.

There is an important distinction between the graphs which contribute
to low-temperature and high-temperature series. Since they represent ac-
tual con�gurations of reversed spins, low-temperature graphs must be sec-
tion graphs, with any nearest-neighbour pair of vertices connected by a line;
while high-temperature graphs, which represent only terms in a mathemati-
cal expansion, are free from this restriction. We now consider the problem of
calculating con�guration numbers, beginning with the case of section graphs.
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A.7.2 Section Graphs

Because a section graph is completely determined by the location of its ver-
tices the di�erent topologies [n; k] for �xed n satisfyX

fkg


[n; k] =
N(N � 1) � � � (N � n� 1)

n!
: (A.218)

We denote the number of components of [n; k] by c[n; k] and de�ne

![n; k] = 
[n; k]=N : (A.219)

For a connected graph (c[n; k] = 1), with one vertex placed on a given lattice
site ![n; k] is the number of ways of placing the remaining n � 1 vertices,
divided, when necessary, by a symmetry factor. This is independent of N and
we set ![n; k] = ![n; k], called the lattice constant. For a separated graph,

[n; k] is a polynomial in N of degree c[n; k] with no constant term. The
quantity ![n; k] is now a function of N . However, as we shall see, the only
part of this expression which is needed is the constant term and it is this
which is de�ned as the lattice constant ![n; k].

For the discussion of low-temperature series for the simple cubic Ising
model in Sect. 7.3 we need ![n; k] for all the graphs with n � 3 and for the
connected graphs with n = 4. These are given in Table A.1 together with
the number of lines q[n; k] and components c[n; k]. For n � 3 the topologies
are obvious from the table and the con�guration numbers are easy to obtain,
with the most di�cult being![3; 3] for three disconnected points. The easiest
way to �nd this is from (A.218) which gives

![3; 3] =
1
6(N � 1)(N � 2)�![3; 1] +![3; 2] : (A.220)

Isomorphic subgraphs on the same lattice can have di�erent shapes or geome-
tries. Thus the two lines of [3; 1] can be either parallel or at right-angles. The
graphs [4; 1], [4; 2] and [4; 3] are connected. Since it possesses no articulation

Table A.1. Section graphs on the simple cu-
bic lattice.

[n;k] c[n;k] q[n;k] ![n;k]

[1; 1] 1 0 1
[2; 1] 1 1 3

[2; 2] 2 0 1
2
(N � 7)

[3; 1] 1 2 15
[3; 2] 2 1 3(N � 12)

[3; 3] 3 0 1
6
(N2 � 21N + 128)

[4; 1] 1 4 3
[4; 2] 1 4 20
[4; 3] 1 4 63



374 A. Appendices

Table A.2. Zero-�eld graphs on the square
lattice.

(0jq;k) c(0jq;k) n(0jq;k) !(0jq;k)
(0j4; 1) 1 4 1
(0j6; 1) 1 6 7
(0j8; 2) 1 7 2

(0j8; 3) 2 8 1
2
(N � 9)

(0j10; 1)1 10 28
(0j10; 2) 1 9 8
(0j10; 3) 2 10 2(N � 12)

points the square [4; 1] is a multiply connected star. The graphs [4; 2] and
[4; 3] are trees of three lines, [4; 2] having three vertices of valency one and
one of valency three and [4; 3] being a chain. These cases show that graphs
with the same values of n and q[n; k] need not be isomorphic.

A.7.3 Zero-Field Graphs

As for section graphs we de�ne !(2sjq; k) = 
(2sjq; k)=N with the lattice
constant !(2sjq; k) being the N -independent term in !(2s;q; k). Data for
zero-�eld graphs on the square lattice are listed, for q � 10, in Table A.2.
In each case k = 1 denotes a polygon. The embedding numbers for these
graphs of are not di�cult to calculate, by direct combinatorial arguments.
However, the task becomes more di�cult for increasing values of q and s. To
reduce the work involved and systematize procedures a number of ingenious
relations have been deduced (Domb 1974a, 1974b). Although space does not
permit a comprehensive treatment, we shall derive some important relations
relevant to high-temperature Ising model series.

A.7.4 Magnetic Graphs and Coe�cient Relations

For a lattice consisting of a ring of N sites the only magnetic graphs are
(open) chains of q lines, where q < N . The number of ways the chain can
be embedded in the lattice is N ; so !(2jq; 1) = 1. For a general lattice,
the number of embeddings of a one-link chain is 1

2zN ; so !(2j1; 1) = 1
2z. A

second link can be attached in z � 1 ways to either end of the chain giving
a total of z(z � 1)N two-link chains. However, this double-counts, since the
two links of each chain are equivalent and either could be placed �rst; thus
!(2j2; 1) = 1

2z(z� 1). Generalizing this argument gives

!(2;q; 1) = 1

2
z(z� 1)

q�1
= !(2;q; 1) ; q < qf ; (A.221)

where qf is the number of edges of a lattice face. Equation (A.221), therefore,
gives the number of embeddings per site for a chain of any length q on a Bethe
lattice.
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(d) (e) (f)

(a) (b) (c)

Fig. A.2. Diagrams (a), (b) and (c) illustrate the closing of chains and `tails' on
the square lattice; diagrams (d), (e) and (f) illustrate subgraph overlap.

For q < qf, it follows from (A.221) that !(2jq; 1) = (z� 1)!(2jq� 1; 1).
However, when a further link is added to a (qf�1)-link chain, the chain ends
may meet to form a q-line polygon. The joining of the ends of a q-link chain
to form a q-line polygon can take place in two ways at any of the q vertices
of the polygon. This is illustrated in Fig. A.2(a), where the last added link
is shown as a broken segment. For q > qf, the addition of another link to
a (q � 1)-link chain may also produce graphs of the `tadpole' type, where a
`tail' of chain links is attached to a polygon `body'. The join can occur in
two ways, as illustrated in Fig. A.2(b), but only at the vertex where the tail
meets the body. A new link can be added to a (q � 1)-link open chain in
2(z� 1) ways. If this is done for all (q� 1)-link chains then all q-link chains
are generated twice and, from the considerations above, all q-line polygons
2q times and all q-line tadpoles twice. Thus

2(z� 1)
(2jq� 1; 1) = 2
(2jq; 1) + 2q
(0jq; 1) + 2

(tp)X

(2jq; k) ;

(A.222)

where the �nal sum is over tadpoles and 
(0jq; 1) is the number of q-line
polygon embeddings. Dividing by 2N , rearranging terms and noting that all
graphs are connected gives the relationship

!(2jq; 1) = (z� 1)!(2jq� 1; 1)� q!(0jq; 1)�
(tp)X

!(2jq; k) ; (A.223)

for lattice constants.
We now consider separated graphs with connected components labelled

(2s1jq1; k1) and (2s2jq2; k2) The number of simultaneous embeddings of
(2s1jq1; k1) and (2s2jq2; k2) in the lattice graph is
(2s1jq1; k1)
(2s2jq2; k2).
These embeddings produce not only the separated graphs, which will be de-
noted by (2s1 +2s2jq1 + q2; ks), but also overlap graphs, where some lattice
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Table A.3. Magnetic graphs on the square
lattice; k = 1 denotes a chain.

(2jq;k) c(2jq; k) n(2jq; k) !(0jq;k)
(2j1; 1) 1 2 2
(2j2; 1) 1 3 6
(2j3; 1) 1 4 18
(2j4; 1) 1 5 50
(2j5; 1) 1 6 142
(2j5; 2) 1 5 1
(2j5; 3) 2 6 2N � 12
(2j6; 1) 1 7 390
(2j6; 2) 1 6 24
(2j6; 3) 1 6 4
(2j6; 4) 2 7 6N � 48
(2j7; 1) 1 8 1086
(2j7; 2) 1 6 2
(2j7; 3) 1 7 64
(2j7; 4) 1 7 24
(2j7; 5) 1 7 20
(2j7; 6) 2 8 2N � 34
(2j7; 7) 2 8 18N � 176
(2j9; 2) 1 9 12

sites are occupied by vertices of both (2s1jq1; k1) and (2s2jq2; k2). It follows
that


(2s1jq1; k1)
(2s2jq2; k2) =
(2s1 + 2s2jq1 + q2; ks)

+

(olg)X
m0
(2s0jq0; k0) ; (A.224)

where the summation is over overlap graphs, q0 � q1+q2 andm0 denotes the
number of ways in which one particular (2s0jq0; k0) subgraph can be formed
by an overlap of a (2s1jq1; k1) and a (2s2jq2; k2). By replacing 
(2sjq; k) by
N!(2sjq; k) for the connected subgraphs in (A.224) and dividing by N we
obtain

!(2s1 + 2s2jq1 + q2; ks) =N!(2s1q1; k1)!(2s2jq2; k2)

�
(olg)X

m0!(2s0jq0; k0) : (A.225)

As an example consider the separated zero-�eld graph (0j10; 3) on the square
lattice whose components are the zero-�eld graphs (0j4; 1), which is the 1�1
square, and (0j6; 1), which is the 2 � 1 rectangle. In this case the overlap
graphs are created by overlapping at a single vertex to give the zero-�eld
graph (0j10; 2), by superimposing (0j4; 1) on one of the squares of (0j6; 1) to
give (2j7; 2) and by overlapping by a single line to give (2j9; 2). For (0j10; 2)
and (2j9; 2) m0 = 1, and for (2j7; 2) m0 = 2. Hence, by substituting from
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Tables A.2 and A.3

!(0; 10; 3)=N!(0; 6; 1)!(0; 4; 1)�!(0; 10; 2)
� 2!(2; 7; 2)�!(2; 9; 2)

= 2(N � 12) ; (A.226)

which is the result given in Table A.2. When (2s2jq2; k2) is the same as
(2s1jq1; k1) the two graphs can be completely superimposed and a symmetry
factor 1

2 must be introduced; (A.225) is replaced by

!(4s1j2q1; ks) = 1

2
N!2(2s1jq1; k1)� 1

2
!(2s1jq1; k1)

�
(olg)X

m0!(3s0jq0; k0) : (A.227)

The contribution of a separated subgraph (2sjq; ks) to the appropriate term
in a high-temperature series is the lattice constant !(2sj(q; ks), which is
N -independent term !(q; ks). Thus from (A.225) and (A.227)

!(2s1 + 2s2jq1 + q2; ks) =

8>>>>>>>>>><>>>>>>>>>>:

�
(olg)X

m0!(2s0jq0; k0) ;
for (2s1jq1; k1) 6= (2s2jq2; k2) ,

�1

2
!(s1jq1; k1)�

(olg)X
m0!(2s0jq0; k0) ;

for (2s1jq1; k1) = (2s2jq2; k2) .

(A.228)

The lattice constants of separated graphs are thus linearly dependent on the
lattice constants of connected graphs. A similar development is possible, at
least in principle, for separated subgraphs with any number of components.
It follows that all high-temperature series coe�cients depend linearly on con-
nected lattice constants. Relations also exist which express the lattice con-
stants of subgraphs with articulation points in terms of the lattice constants
of stars (Domb 1974a).

Table A.3 lists the data for all magnetic graphs, for q � 7, on the square
lattice, as well as (2j9; 2), whose lattice constant was used in one of the
examples treated above. The lattice constants for the connected graphs which
are not chains are not di�cult to obtain by straightforward combinatorial
arguments. For the chains !(2jq; 1) is given by (A.221), for q = 1; 2; 3, and
by (A.223) for q � 4. Thus, since z = 4,
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Table A.4. Zero-�eld and magnetic graphs
on the honeycomb lattice.

(2jq;k) c(2jq;k) n(2jq;k) !(0jq;k)
(0j6; 1) 1 6 1

2

(0j10; 1) 1 10 3
2

(0j12; 1) 1 12 1

(0j12; 2) 2 12 1
8
(N � 14)

(0j14; 1) 1 14 9
2

(0j14; 2) 1 14 3
2

(2j11; 1) 1 10 3
2

(2j13; 1) 1 12 3
2

(2j14; 1) 1 13 3
(2j14; 2) 1 13 3

!(2j4; 1) = 3!(2j3; 1)� 4!(0j4; 1) ;
!(2j5; 1) = 3!(2j4; 1)�!(2j5; 2) ;
!(2j6; 1) = 3!(2j5; 1)� 6!(0j6; 1)�!(2j6; 2) ;
!(2j7; 1) = 3!(2j6; 1)�!(2j7; 3)�!(2j7; 5) :

(A.229)

Substituting in (A.229) from the numbers shown in Tables A.2 and A.3 gives
the required lattice constants.

The numbers !(2sjq; k) for the separated magnetic subgraphs are ob-
tained using (A.225). As an example consider (2j7; 6) which has connected
parts consisting of a single link chain (2j1; 1) and the 1 � 2 square (0j6; 1).
The overlap graphs are:

(i) (0j6; 1) with (2j1; 1) placed on any one of its m0 = 6 links,

(ii) (2j7; 2), which is (0j6; 1) with the midpoints of the longer sides joined
by the link (2; 1; 1) in m0 = 1 way,

(iii) (2j7; 5), which is the tadpole formed by attaching (2j1; 1) to (0j6; 1) in
the m0 = 1 topologically distinct way.

Thus

!(2j7; 6)=N!(2j1; 1)!(0j6; 1)� 6!(0j6; 1)
�!(2j7; 2)�!(2j7; 5)

= 2N2 � 34N : (A.230)

Data for the honeycomb lattice can be obtained in a similar way and are
listed in Table A.4. In this case lattice constants can take half-integer values.
Consider, for example, (0j6; 1) which is a single hexagon. One vertex can be
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�xed on the lattice in N ways and then the hexagon placed in three ways.
But this counts each placement six times so 
 = N � 3=6 = N=2.

A.7.5 Multi-Bonded Graphs

A graph on the lattice N is called multi-bonded when some nearest-neighbour
pairs of vertices are joined by more than one line. If there are � lines for a
particular nearest-neighbour pair (bond) then it is said to havemultiplicity �.

The topology of a multi-bonded graph of �q lines is denoted by (�q;�k), where
as usual the second index is used to distinguish di�erent topologies with the
same �q. If all bonds are reduced to single lines the resulting graph of q lines
is called the silhouette of the original graph. Its topology is denoted by (q; k),
where q ��q.

The number of ways in which the (�q;�k) multi-bonded graph can be placed

on the lattice is denoted by �
(�q;�k). The placement can be regarded as occur-
ring in two stages. First, the silhouette graph (q; k) with q lines and topology
k is weakly embedded in the lattice. This can be done in 
(q; k) ways. The

�q� q extra lines are placed between the vertices to give the topology �k and
the number of ways of doing this is denoted by S(q; k;�q;�k) so that

�
(�q;�k) = 
(q; k)S(q; k;�q;�k) : (A.231)

The last factor is independent of the lattice type. Examples of multi-bonded
graphs on a single square are given in Table A.5. The �rst three rows cor-
respond to ways of putting two lines on a square, with the �rst row being
a `genuine' multi-bonded con�gurations and the second and third being the
topologically distinct ways of arranging single lines. The fourth and �fth rows
give the topologically distinct ways of arranging six lines on square silhouette.

We denote the bond multiplicities for topology �k by �1; �2; : : : ; �q. The
�'s, regarded as an unordered set, do not completely determine the topology.
There are, for example, in rows four and �ve of Table A.5 two bonds of
multiplicity two and two single lines. It is, therefore, necessary to specify in
addition the vertex valencies denoted by 
1; 
2; : : : ; 
n, where


1 + 
2 + � � �+ 
n = 2(�1 + �2 + � � �+ �q) = 2�q : (A.232)

Table A.5. Multi-bonded graphs on a
square.

(�q;�k) (q;k) �
(q;k) S(q;k;�q;�k)

(2; 1) (1; 1) 4 1
(2; 2) (2; 1) 2 1
(2; 3) (2; 2) 4 1
(6; 1) (4; 1) 2 2
(6; 2) (4; 1) 4 4
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A.7.6 Polygons and Triangulation

Consider a two dimensional graph G of N vertices labelled i = 1; 2; : : : ; N .
A polygon C of length ` on G is an ordered sequence of distinct vertices
(�1; �2; : : : ; �`) and pairs (�i; �i+1), where (�i; �i+1) for i = 1; 2; : : : ; N � 1
and (�N ; �1) are all the lines of G. A polygon with ` = 2 is a single line. The
open areas of the plane bounded but not cut by polygons are the faces of G
and the boundaries of the faces are elementary polygons.

A polygon C of length ` > 2 de�nes a graph g(C) consisting of the polygon
itself together with the lines and vertices contained within its interior, which
is the open area bounded by g(C). Let e and v be the number of lines and
vertices of g(C). Then the number f of faces bounded by lines of g(C) is given
by Euler's formula, (Temperley 1981),

f = 1� v+ e : (A.233)

Since ei = e � ` and vi = v � ` are the number of edges and vertices in the
interior of C respectively

f+ vi � ei = 1 : (A.234)

Suppose now that G is triangular; that is every elementary polygon is of
length three. Then every edge of g(C) which is part of C is a side of exactly
one triangular face and every interior edge is a side of exactly two faces. So
3f = `+ 2ei. Substituting into (A.234) gives the number of faces

f = `+ 2vi � 2 (A.235)

of g(C) in terms of the length of C and the number of interior vertices.
A general planar graph G is turned into a triangular graph G0 (triangu-

lated) by adding extra edges, but no extra vertices so that each face of G0

is a triangle. It is clear that this process can be carried out for any plane
graph and that it can, in general, be carried out in a number of di�erent
ways. It follows, however, from (A.235), that if a face of G is bounded by
an elementary polygon of length ` then it will be divided into ` � 2 faces
by any process of triangulation. Suppose the faces of g(C) are bounded by
the elementary polygons Ck, k = 1; 2; : : : f of lengths `k, k = 1; 2; : : : ; f. The
triangulation number

�(C) =
fX

k=1

(`j � 2) (A.236)

of C is the number of triangular faces interior to C in G0.

A.7.7 Oriented Graphs

A graph G is oriented if each line of the graph is given a direction by marking
it with an arrow. Every polygon on G has a clockwise and an anticlockwise
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orientation and an arrow on a line of C is said to be clockwise or anticlockwise
with respect to C according to whether it is in the direction of the clockwise or
anticlockwise orientation of C. A polygon is clockwise odd or even according
as it has an odd or an even number of clockwise arrows.

With the faces of C labelled k = 1; 2; : : : ; f and bounded by the elementary
polygons Ck, let !k be the number of clockwise arrows on Ck and ! the
number of clockwise arrows on C. Any arrow which is clockwise with respect
to C is also clockwise with respect to one of the f elementary polygons.
Any interior edge separates two of the f faces and the arrow on this edge
is clockwise with respect to one of the corresponding elementary polygons
but anticlockwise with respect to the other. Thus we have, using (A.234),

fX
k=1

!k = !+ ei = !+ f+ vi � 1 ; (A.237)

and it follows that

! =

fX
k=1

(!k � 1)� (vi � 1) : (A.238)

A.8 The Weak-Graph Transformation

We �rst concentrate on the square lattice and then generalize to any regular
lattice. Consider a lattice partition function whose terms are characterized
by the set fgg of subgraphs, composed of arbitrary sets of lines, which are
weak embeddings in the lattice N . On the square lattice this gives rise to
sixteen vertex types as shown in Fig. A.3. Although a site without incident
lines is not a subgraph vertex in the sense of Chap. 7, it will be labelled
as a `vertex of type 1' here in conformity with the nomenclature of the six-
and eight-vertex models (see Fig. 5.1). Suppose that each vertex of type p
contributes an energy term ep and de�ne

9 10 11 12 13 14 15 16

1 2 3 4 5 6 7 8

Fig. A.3. The sixteen vertex types on the square lattice.
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Z(p) = exp(�ep=T ) ; p = 1; : : : ; 16 : (A.239)

The partition function is now given by

Z(Z(1); : : : ;Z(16)) =
X
fgg

NY
i=1

Z(pi) ; (A.240)

where the product is over all the sites of the lattice, labelled with the index
i, and the sum is over the set of graphs speci�ed above. Examples of systems
of this kind are the six- and eight-vertex models, where Z(p) = 0 for p =
7; : : : ; 16 and p = 9; : : : ; 16, respectively (see Volume 1, Chap. 10 and Chap. 5
of this volume). The high-temperature series expansion of Sect. 7.4 can be
obtained by putting

Z(p) =

8<: v
1
2
p ; 
p even,

�v
1
2 
p ; 
p odd ,

(A.241)

where 
p is the valency at a type-p vertex and v and � are de�ned by (7.49).
A di�erent expression for the partition function will now be developed.

For a pair (i; j) of lattice sites connected by an edge the vertex types pi and
pj are not arbitrary; they are compatible only if they both imply a line, or if
neither implies a line, on the edge (i; j). For instance, if j lies to the right of
i then, from Fig. A.3, pj = 1; 3; 5; 7; 10; 11; 12; 13 are compatible with pi = 1,
while pj = 2; 4; 6; 8; 9; 14; 15; 16 are incompatible. We now de�ne a function
Cj(pi) such that Cj(pi) = �1 when the value of pi implies a line on the edge
(i; j) and Cj(pi) = +1 otherwise. Hence 1+Ci(pj)Cj(pi) = 2 or 0 , respectively,
according to whether pi and pj are compatible or incompatible. The partition
function can now be expressed as a sum over all values pi = 1; : : : ; 16, for
i = 1; : : : ; N ,

Z(Z(1); : : : ;Z(16)) =
X
fpig

P

NY
i=1

h
1

4
Z(pi)

i
; (A.242)

P =
Y
fi;jg

[1 + Ci(pj)Cj(pi)] (A.243)

with each edge (i; j) appearing only once in the product in (A.243). From the
considerations above, P = 0 unless pi and pj are compatible for all edges (i; j)
of the lattice. It follows that the impermissible distributions of pi, i = 1; : : : ; N
are given zero weight. For permissible distributionsP = 22N = 4N and cancels
with the 4�N from the product of N factors 1

4Z(pi).
The essential step in the weak-graph transformation is an expansion of P

in (A.243) into its 22N terms. This gives

Z(Z(1); : : : ;Z(16)) =
X
fg0g

W (g0) ; (A.244)
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W (g0) =
X
fpig

Y0
[Ci(pj)Cj(pi)]

NY
i=1

h
1

4
Z(pi)

i
: (A.245)

The product
Q0 [Ci(pj)Cj(pi)] is a term in the expansion of P and the factors

Ci(pj)Cj(pi) in the product correspond to an arbitrary set of edges (i; j). The
subgraph g0 is obtained by placing a line on each edge (i; j) of that set. Hence
the summation in (A.244), like that in (A.240), is over all subgraphs weakly
embedded in N and composed of arbitrary sets of lines. The formula (A.245)
is now rearranged by �rst summing over pi = 1; : : : ; 16 for each site i and
then taking the product over sites. Like the general term in (A.240), W (g0)
becomes a product of N factors, each depending on the vertex type p0i implied
by g0 at a given site i. These factors are

N(1) =

16X
pi=1

h
1

4
Z(pi)

i
;

N(p0i) =
16X

pi=1

� (p0i)Y
fjg

Cj(pi)

� h
1

4
Z(pi)

i
; p0i 6= 1 ;

(A.246)

where the product is over the edges (i; j) occupied by lines at a vertex of type
p0i. The N(p

0) are, therefore, linearly dependent on the Z(p). Let

N(p0) =

16X
p=1

A(p0;p)Z(p) ; p0 = 1; : : : ; 16 : (A.247)

From the de�nition of Ci(pj) and from (A.246), the matrix elements A(p0;p)
can be obtained by superposing the vertex con�gurations p0 and p and
putting A(p0;p) = 1

4 (�1)m, where m is the number of edges occupied by
lines for both p and p0. From Fig. A.3, writing + and � for +1 and �1

A(p0;p) =
1

4

0BBBBBBBBBBBBBBBBBBBBBBBBBB@

+ + + + + + + + + + + + + + ++
+ + + + + + + + � � � � � � ��
+ + + + � � � � + � + � + � +�
+ + + + � � � � � + � + � + �+
+ + � � + + � � + + � � + + ��
+ + � � + + � � � � + + � � ++
+ + � � � � + + + � � + + � �+
+ + � � � � + + � + + � � + +�
+ � + � + � + � � + + + + � ��
+ � � + + � � + + � + + � + ��
+ � + � � + � + + + � + � � +�
+ � � + � + + � + + + � � � �+
+ � + � + � + � + � � � � + ++
+ � � + + � � + � + � � + � ++
+ � + � � + � + � � + � + + �+
+ � � + � + + � � � � + + + +�

1CCCCCCCCCCCCCCCCCCCCCCCCCCA

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

(A.248)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
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where, for clarity, the rows and columns are labelled 1; : : : ; 16. This example
of the weak-graph transformation is completed by writing

Z(N(1); : : : ;N(16)) = Z(Z(1); : : : ;Z(16)) ; (A.249)

where the left-hand side has the same form as the right-hand side, as given
by (A.240).8

The method described above is now generalized to any regular lattice,
so that the number of vertex types becomes 2z, z being the coordination
number. Also, to give more 
exibility, a free variable y is introduced into
the formula (A.242) for the partition function (Nagle and Temperley 1968).

We replace 1
4Z(pi) by 2�

1
2zZ(pi)y


i , where 
i is the valency of the vertex
at site i, and put Cj(pi) = �y�1, when the value of pi implies a line on
the edge (i; j) and Cj(pi) = y otherwise. Thus we retain the property that
1 + Cj(pi)Ci(pj) = 0 when pi and pj are incompatible and the impermissible
distributions (i.e. those which do not correspond to a subgraph g0) are still
eliminated from (A.242). Noting that

NX
i=1


i = 2q ; (A.250)

where q is the number of lines in subgraph g0, (A.242) becomes

Z(Z(1); : : : ;Z(2z); y) =
X
fgg

P

NY
i=1

h
2�

1
2zZ(pi)y


i
i

=
X
fgg

Py2q
NY
i=1

h
2�

1
2zZ(pi)

i
; (A.251)

where, for permissible distributions,

P = (1 + y�2)q(1 + y2)
1
2zN�q = y�2q(1 + y2)

1
2zN ; (A.252)

1
2zN�q being the number of lattice edges not occupied by lines. Substituting
(A.252) into (A.251) and comparing with (A.240) gives

Z(Z(1); : : : ;Z(2z); y) =
h
1

2
(1 + y2)

i 1
2zN

Z(Z(1); : : : ;Z(2z)) : (A.253)

After replacing Z(pi) by Z(pi)y

i , the factor P, given by (A.243), can be

expanded to a sum of terms each corresponding to a subgraph g0. Applying
the same reasoning as before a new set of vertex weights N(p0) are obtained
with

N(p0) =

2zX
p=1

A(p0;p)Z(p)y
p ; p0 = 1; : : : ; 2z : (A.254)

8 For further discussion of the weak-graph transformation, see Nagle (1968, 1974)
and Temperley (1981).
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With the new de�nition of Cj(pi),

A(p0;p) = (�y�1)my
p0�m = (�1)my
p0�2m; (A.255)

m being the number of lines of p0 which coincide with a line of p and 
p0�m
the number which do not. Using (A.253), we have

Z(N(1); : : : ;N(2z)) =
h
1

2
(1 + y2)

i 1
2 zN

Z(Z(1); : : : ;Z(2z)) : (A.256)

We now specialize to the case where the vertex weights depends only on the
valencies (as, for example, in (A.241)) and denote these weights by Z
 and
N
 . For the square lattice (Fig. A.3) this implies that

Z0 = Z(1) ; Z1 = Z(9) = Z(10) = Z(11) = Z(12) ;

Z2 = Z(3) = Z(4) = Z(5) = Z(6) = Z(7) = Z(8) ;

Z3 = Z(13) = Z(14) = Z(15) = Z(16) ; Z4 = Z(2) :

(A.257)

It is easily seen that this property is preserved by the transformation given
by (A.248). This remains true for all weak-graph transformations. The total

number of vertices of valency 
 is

�
z




�
and the number of these having m

lines coincident with those of a given vertex of valency 
0 is

�
z� 
0

 �m

��

0

m

�
.

Hence, using (A.254) and (A.255),

N
0 =

zX

=0

F
(z; 

0; y)Z
 ; (A.258)

where

F
(z; 

0; y) =


X
m=0

(�1)m
�
z� 
0

 �m

��

0

m

�
y


0+
�2m; (A.259)

in which the usual convention, that

�
a
b

�
= 0, if b < 0 or a < b, is adopted.

For the discussion of Sect. 7.4.3 it is useful to obtain explicit expressions
forN
0 in the case where the vertex weights Z
 are given by (A.241). Equation
(A.258) can, using (A.241), be expressed in the form

N
0 =
X

f
 eveng

F
(z; 

0; y)v

1
2
 + �

X
f
 oddg

F
(z; 

0; y)v

1
2
 ; (A.260)

where the sums now range over all positive even or odd values. Substituting
from (A.259) into (A.260) and interchanging the order of summation, the
series can be summed by elementary analytic procedures to give

N
0 =
1

2
(1 + �)(1 + yv

1
2 )
z�
0

(y � v 1
2 )

0

+ 1

2
(1� �)(1� yv 1

2 )
z�
0

(y + v
1
2 )

0

: (A.261)
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A.9 The Generalized Moment-Cumulant Relations

The eigenvalues of any quantum operator Ô are the diagonal elements in
a representation in which Ô is given by a diagonal matrix. Since the sum
of the diagonal elements of the matrix representation of an operator is in-
variant under a unitary transformation between representations, TracefÔg
unambiguously denotes the trace of any matrix representation of Ô. For later
reference we note that for any two operators Ô1 and Ô2

TracefÔ1 + Ô2g=TracefÔ1g+TracefÔ2g ; (A.262)

TracefÔ1Ô2g=TracefÔ2Ô1g ; (A.263)

with

TracefÔ1Ô2g = TracefÔ1gTracefÔ2g (A.264)

if and only if Ô1 and Ô2 commute. It follows from (A.263) that, for any prod-

uct Ô1Ô2Ô3 � � � Ôm of a �nite number of operators, TracefÔ1Ô2Ô3 � � � Ômg is
invariant under cyclic permutation.

Consider now a quantum system with Hamiltonian bH and corresponding
dimensionless Hamiltonian bH = bH=T . Given that bH satis�es certain analytic

conditions (see, for example, Ruelle 1969), the operator exp(�bH) can be for-
mally de�ned in terms of the power series of the exponential. The probability
function de�ned in (1.12) for the distribution of microstates of a classical
system is now replaced by the density operator

p̂ =
exp(�bH)

Z
; (A.265)

where Z is the partition function given by

Z = Tracefexp(�bH)g ; (A.266)

and

Tracefp̂g = 1 : (A.267)

In Sect. 1.3 we introduced the use of the angle brackets h� � �i to denote the
statistical mechanical expectation value (or ensemble average) of a statisti-
cal mechanical quantity. Using the density operator de�ned in (A.265) the

corresponding formula for the expectation value of a quantum operator Ô is

hÔi = TracefÔp̂g : (A.268)

Let the dimensionless Hamiltonian for a particular system be given in
terms of a set of couplings K1;K2; : : : ;Km and a set of quantum operators
�̂1; �̂2; : : : ; �̂m bybH(Ki; �̂i) = bH0 + bH1(Ki; �̂i) ; (A.269)

where bH0 is independent of the couplings Ki and
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bH1(Ki; �̂i) = �
mX
i=1

Ki�̂i : (A.270)

Then, from (A.266),

lnZ(Ki) = lnZ+(Ki) + lnZ0 ; (A.271)

where

Z+(Ki) =Trace
�
exp

�� bH1(Ki; �̂i)
�
p̂0
	
; (A.272)

Z0 =Tracefexp(�bH0)g (A.273)

and

p̂0 =
exp(�bH0)

Z0
(A.274)

is the density operator for the case when all Ki are set to zero. From (A.265),
(A.266), (A.269){(A.274), equation (A.268) can be expressed in the form

hÔi = Trace
�
Ô exp

�� bH1(Ki; �̂i)
�
p̂0
	

Z+(Ki)
: (A.275)

We use the notation h� � �i0 to denote the expectation value when all Ki are
set equal to zero. Equation (A.275) then gives

hÔi0 = TracefÔp̂0g : (A.276)

Using Dj to denote partial di�erentiation with respect to Kj we adopt the
notation

hh�̂p�̂p�1 � � � �̂1ii=
Trace

�
DpDp�1 � � �D1 exp

�� bH1(Ki; �̂i)
�
p̂0
	

Z+(Ki)
;

(A.277)

d�̂p�̂p�1 � � � �̂1c=DpDp�1 � � �D1 lnZ(Ki)

=DpDp�1 � � �D1 lnZ
+(Ki) : (A.278)

Because the labelling of the operators and couplings on the right-hand side of
(A.270) is arbitrary the set of operators �̂1; �̂2; : : : ; �̂p and the corresponding
D1;D2; : : : ;Dp will be understood as any ordered subset of not necessarily
distinct members of the complete set. From (A.277) and (A.278),

d�̂1c =
Trace

�
D1 exp

�� bH1(Ki; �̂i)
�
p̂0
	

Z+(Ki)
= hh�̂1ii ; (A.279)

Dp+1d�̂p�̂p�1 � � � �̂1c= d�̂p+1�̂p � � � �̂1c ; (A.280)

Dp+1hh�̂p�̂p�1 � � � �̂1ii= hh�̂p+1�̂p � � � �̂1ii � hh�̂p+1iihh�̂p�̂p�1 � � � �̂1ii :
(A.281)
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From (A.279){(A.281)

d�̂2�̂1c = D2hh�̂1ii;= hh�̂2�̂1ii � hh�̂2iihh�̂1ii : (A.282)

Equations (A.279) and (A.282) are the p = 1 and p = 2 cases of the general
formula

d�̂p � � � �̂1c=
pX
`=1

(�1)`�1(`� 1)!
X

f�p(`)g

hh�̂(p) � � � �̂(j)ii � � �

� � � hh�̂(t) � � � �̂(r)ii � � � hh� � � �̂(1)ii ; (A.283)

where �p(`) denotes a partition of �̂p; : : : ; �̂1 into ` subsets with the opera-

tors �̂i ordered within each hh� � �ii in descending order with respect to their
indices from left to right. The corresponding result for p+ 1 can be derived
from (A.283) by applying the di�erential operator Dp+1 and using (A.282).
Equation (A.283) therefore follows by mathematical induction. The inverse
formula

hh�̂p � � � �̂1ii=
pX
`=1

X
f�p(`)g

d�̂(p) � � � �̂(j)c � � � d�̂(t) � � � �̂(r)c � � � d� � � �̂(1)c

(A.284)

can be established in a similar way. We now derive the form for hh�̂p � � � �̂1ii
in the case where all Ki are set equal to zero. Consider �rst

Dp � � �D1 exp
�� bH1(Ki; �̂i)

�
= Dp � � �D1

1X
j=0

�� bH1(Ki; �̂i)
�j

j!
: (A.285)

Since bH1(Ki; �̂i) is a linear function of the couplings the application of the
di�erential operators will eliminate all the terms in the summation on the
right-hand side of (A.285) with j < p. In addition, since bH1(0; �̂i) = 0, if
we set all Ki to zero, all terms with j > p will also be eliminated. Using as
before the subscript `0' to indicate this condition it follows that�

Dp � � �D1 exp
�� bH1(Ki; �̂i)

��
0
=

1

p!

X
f�pg

�̂
(p) � � � �̂(1)

; (A.286)

where the summation is over all permutations �p of products of the p oper-

ators �̂1; : : : ; �̂p including counting terms with the appropriate multiplicity
when they corresponding to the interchange of operators which happen to be
the same. Alternatively equation (A.286) can be expressed as�

Dp � � �D1 exp
�� bH1(Ki; �̂i)

��
0
=

1

j�pj
X
f�pg

�̂
(p) � � � �̂(1)

; (A.287)

where the summation is over all the j�pj distinguishable permutations �p of
the (not necessarily distinct) operators. From (A.276) and (A.277),
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hh�̂p�̂p�1 � � � �̂1ii0 =
1

j�pj
X
f�pg

h�̂(p) � � � �̂(1)i0 (A.288)

and, using this formula,

d�̂p � � � �̂1c0 =
pX
`=1

(�1)`�1(`� 1)!
X

f�p(`)g

hh�̂(p) � � � �̂(j)ii0 � � �

� � � hh�̂(t) � � � �̂(r)ii0 � � � hh� � � �̂(1)ii0 ; (A.289)

hh�̂p � � � �̂1ii0 =
pX
`=1

X
f�p(`)g

d�̂(p) � � � �̂(j)c0 � � � d�̂(t) � � �

� � � �̂(r)c0 � � � d� � � �̂(1)c0 (A.290)

are the generalized moment-cumulant relations. If the operators �̂1; : : : ; �̂m
all commute then, for any arbitrary subset �̂1; : : : ; �̂p,

hh�̂p � � � �̂1ii0 = h�̂p � � � �̂1i0 : (A.291)

Even when they do not commute, if bH0 = 0, the number of terms in the
summation in (A.288) can be further reduced by taking into account the
invariance of the trace under cyclic permutation.

A.10 Kastelyn's Theorem

In this appendix we provide results needed to evaluate the dimer partition
functions of the two dimensional lattices considered in Chap. 8. We follow
the development of Lieb and Loss (1993), referring to that work for proofs of
some of the results.

A.10.1 The Canonical Flux Distribution

Let N be a lattice of N sites labelled j = 1; 2; : : : ; N and let T be the
Hermitian matrix with elements hijT jji = t(i; j) given by9

t(i; j) =

8<: t(j; i) 6= 0 ; i and j a nearest-neighbour pair,

0 ; i and j not a nearest-neighbour pair.
(A.292)

The polygon C, de�ned as in Sect. A.7.6, is of length ` and has the ver-
tices (�1; �2; : : : ; �`). The 
ux �C(T ) of T through C, with the orientation
speci�ed by the order of the vertices, is given by

9 For physical reasons associated with the problem they are concerned with Lieb
and Loss (1993) call T a hopping matrix and for convenience we shall also use
this terminology.
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�C(T ) = Argft(�1; �2) � � � t(�N�1; �N)t(�N ; �1)g : (A.293)

If the orientation of C is reversed by specifying its vertices in the reverse
order (�`; �`�1; : : : ; �1) then the 
ux changes sign. The polygon C will cir-
cumscribe a certain number of faces f1; f2; : : : ; ff. Choosing the orientation
of the elementary circuit Ck around fk to be the same as that of C, for all
k = 1; 2; : : : ; f, it is obvious that

�C(T ) =
fX
k=1

�Ck (T ) : (A.294)

It can also be shown (Lieb and Loss 1993) that:

Theorem A.10.1. If a number �(k) is assigned to the face fk of the lattice
for k = 1; 2; : : : then there is an assignment of real numbers �(i; j) to the
nearest-neighbour pairs of the lattice with �(j; i) = ��(i; j) and 0 � j�(i; j)j <
2� such that the hopping matrix T with elements

t(i; j) = jt(i; j)j exp[i�(i; j)] (A.295)

has the property

�Ck (T ) = �
(k) (A.296)

for every elementary polygon of the lattice.

In Appendix A.7.6 we de�ned the triangulation number �(C) for any polygon
C on a plane graph. Now according to Theorem A.10.1 there exist Hermitian
matrices T with elements of the form (A.295) such that

�C(T ) =
�

2

fX
k=1

�(Ck) (A.297)

for every polygon on the lattice. Hopping matrices of this form are said to
satisfy the canonical 
ux distribution.

A.10.2 The Dimer Partition Function

A spanning subgraph g of the lattice N is one for which every lattice site is
a vertex of g. A dimer arrangement on N is a subgraph consisting of (non-
overlapping) components each of which is a dimer, that is a subgraph with
exactly one line and two vertices of valency one. A dimer covering of N is a
dimer arrangement which is a spanning subgraph. The dimer partition func-
tion is de�ned by (8.7) for a symmetric matrix Q of non-negative elements.
We now generalize the de�nition to

Z(N ;Z) =
X
f�g

jv(�1;�2)jjv(�3;�4)j � � � jv(�N�1;�N)j (A.298)

for any matrix Z with elements hijZjji = v(i; j) satisfying
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jv(i; j)j=
( jv(j; i)j 6= 0 ; i and j a nearest-neighbour pair,

0 ; i and j not a nearest-neighbour pair.

(A.299)

The following results can now be established (Lieb and Loss 1993):

Theorem A.10.2. If T is given by (A.292) and satis�es the canonical 
ux
distribution condition (A.297) then

(i) DetfT g = (�1)N=2[Z(N ;T )]2 ; (A.300)

(ii) there exists a gauge transformation10 U such that

UyTU = iZ ; (A.301)

where Z is a real antisymmetric matrix.

It follows from Theorem A.10.1, that a hopping matrix T , satisfying the
canonical 
ux distribution, can be constructed from any symmetric matrix
Q, which satis�es (8.5), by taking t(i; j) = q(i; j) exp[i�(i; j)] with a suitable
choice of the antisymmetric arguments �(i; j). The matrix Z is then related
to Q by (8.8). Since, from (A.301),

DetfTg = (�1)N=2DetfZg ; (A.302)

and Z(N ;T ) = Z(N ;Q), (8.9) follows from (A.300).

A.10.3 Superposition Polynomials and Pfa�ans

We now consider the problem of determining the signs in (8.8) for the an-
tisymmetric matrix Z. Following Kasteleyn (1961) we use the Pfa�an of Z
de�ned by

PfaffZg =
X
f�g

�(�)z(�1;�2)z(�3;�4) � � � z(�N�1;�N) ; (A.303)

where the sum is over all partitions � = (�1;�2; : : : ;�N) satisfying (8.3) and
(8.4), with �(�) being the signature11 of �. Pfa�'s theorem states that:

Theorem A.10.3. The determinant and Pfa�an of the N�N antisymmet-
ric matrix Z satisfy the relationship

DetfZg = [PfaffZg]2 : (A.304)

10 The matrix U of a gauge transformation is of the form hjjU jki =
exp[i'(j)]�Kr(j � k), where '(j) is real.

11 �(�) = 1 or �1 according to whether � is of even or odd parity, that is whether �
is obtained from �0 = (1; 2; : : : ; N) by an even or odd number of transpositions.
A transposition is an exchange of the position of two indices, with the order of
the remaining indices unchanged. Any transposition can be e�ected by an odd
number of transpositions of adjacent indices.
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A result which can be proved either by induction on the order N (Green
and Hurst 1964) or directly (Kasteleyn 1967). It follows from (8.8), (8.9) and
(A.304) that12

PfaffZg = Z(N ;Z) : (A.305)

This result is known as Kastelyn's theorem (Kasteleyn 1961). Now let

P(Z;�) = �(�)z(�1;�2)z(�3;�4) � � � z(�N�1:�N) : (A.306)

This is an arbitrary term of the Pfa�an (A.303). The correct choice of signs
for the elements of Z to satisfy (8.9) is, from (A.305), the one for which
P(Z;�) > 0 for all permutations �. We have introduced a standard dimer
covering of N , labelled so that the dimers are the lines (1; 2); (3; 4); : : : ; (N �
1; N) with �0 = (1; 2; : : : ; N) being the identity permutation. Whatever the
eventual choice of signs for the elements of Z we can choose �(�0), so that
P(Z;�0) > 0 and thus we need to ensure that

SignfP(Z;�)g = SignfP(Z;�0)g ; 8 P(Z;�) 6= 0 : (A.307)

Now consider the product

�(T)z(�1; �2)z(�3; �4) � � � z(�N�1; �N) ; (A.308)

where (�1; �2); (�3; �4); : : : ; (�N�1; �N) is a dimer covering but the indices in
the permutation T = (�1; �2; �3; �4; : : :) are otherwise unordered. Suppose
that for one of the pairs �2k < �2k�1. The transposition of these indices
multiplies �(T) by �1; but, from (8.8), z(�2k; �2k�1) = �z(�2k�1; �2k), so the
product (A.308) remains unchanged. Again z(�2k; �2k�1) can be exchanged
with z(�2j ; �2j�1) for any k and j without a�ecting the sign of the product
(A.308) since it involves two transpositions. It follows that the indices can be
rearranged to satisfy (8.3) and (8.4) without altering the value of (A.308),
which is thus equal to the Pfa�an term P(Z;�) corresponding to the same
dimer con�guration on the lattice. This degree of 
exibility in the order of
the indices is helpful when the assignment of signs to edges is discussed.

The relationship between an arbitrary dimer con�guration and the stan-
dard con�guration can be represented by a superposition diagram. In such
a diagram full and broken lines respectively are used to denote the dimers
of the arbitrary and standard con�gurations. There will thus be exactly one
full and one broken line incident at each site. Fig. A.4 shows the superpo-
sition diagram corresponding to the dimer con�guration of Fig. 8.1. Some
nearest-neighbour site pairs are connected by both a full and a broken line
and will be called doubly connected. Since the lattice is assumed to have a
�nite number of sites it is clear that every site of the lattice which is not dou-
bly connected is a vertex of exactly one (closed) polygon of an even number
of lines, which are alternately full and broken. These are called superposi-
tion polygons. Examples are the polygons through sites (9; 10; 16; 15; 9) and

12 In order to achieve the positive sign it may be necessary to change the de�nition
of Z by multiplying the �rst row and column by �1.
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25 26 27 28 29 30 Fig. A.4. The superposition dia-
gram corresponding to Fig. 8.1.

(1; 2; 3; 4; : : : ; 14; 8; 7; 1) in Fig. A.4. A superposition diagram consists of dou-
bly connected nearest-neighbour pairs and superposition polygons. Any sites
enclosed inside a given superposition polygon are arranged in doubly con-
nected pairs and/or smaller polygons so that the number of such sites is
even. The larger polygon in Fig. A.4 encloses four sites, themselves forming
a polygon with two full and two broken edges.

Now set up an alternative permutation T0 for the standard con�guration,
starting with the indices of the doubly connected pairs of sites and continuing
with a sequence (�1;�2;�3; : : : ;�2n), representing the pairs connected by
broken lines in anticlockwise order, for each superposition polygon. For the
superposition diagram Fig. A.4

T0 = (25; 26j27; 28j29; 30j9; 10; 16; 15j1; 2; 3; 4; : : : ; 13; 14; 8; 7) : (A.309)

Next perform cyclic permutation (�1; : : : ;�2n�1;�2n)! (�2n;�1; : : : ;�2n�1)
on each polygon, so that it now represents the indices of the site pairs con-
nected by full lines in anticlockwise order. We now have a permutation T
representing the arbitrary dimer con�guration. For Fig. A.4

T = (25; 26j27; 28j29; 30j15; 9; 10; 16j7; 1; 2; 3; : : : ; 19; 13; 14; 8) : (A.310)

A cycle of 2n indices can be achieved by 2n� 1 adjacent transpositions and
thus multiplies the parity factor �(T0) by (�1)2n�1 = �1. For instance, for
the indices of the sites of the small polygon in Fig. A.4, the transpositions
from T0 to T are

(9; 10; 16; 15)! (9; 10; 15; 16)! (9; 15; 10; 16)! (15; 9; 10; 16) ;

yielding a factor (�1)3 = �1. Thus
�(T) = (�1)s�(T0) ; (A.311)

where s is the number of superposition polygons in the diagram, which can be
even or odd. Equation (A.307) applies if the product (A.308) and the similar
product for T0 have the same sign. For this, a su�cient condition is that, for
each superposition polygon,
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Signfz(�1;�2)z(�3;�4) � � � z(�2n�1;�2n)g
=�Signfz(�2n;�1)z(�2;�3) � � � z(�2n�2;�2n�1)g ; (A.312)

since each factor (�1) in (A.311) is then neutralized by another factor (�1).
Condition (A.312) can be re-expressed in the form

Signfz(�1;�2)z(�2;�3)z(�3;�4) � � � z(�2n�1;�2n)z(�2n;�1)g=�1 ;
(A.313)

where (�1;�2); (�2;�3); : : : ; (�2n;�1) specify the edges, taken in anticlock-
wise order, of any lattice polygon which can be a superposition polygon.13

Condition (A.313) is su�cient to ensure that all the terms P(Z;�) in (A.303)
are positive and (8.9) is then valid.

We can now develop a topological criterion for ascribing appropriate signs
to the non-zero z(i; j) = �q(i; j). Put an arrow on the edge connecting sites i
and j which indicates the order of the indices for a positive factor. Equation
(A.313) is equivalent to the condition that any superposition polygon is clock-
wise odd (Appendix A.7.7). Suppose that a polygon C encloses a subgraph
g(C) with f faces, bounded by elementary polygons Ck, and vi interior sites.
The number !k of clockwise arrows on Ck and the number ! of clockwise
arrows on C are related by (A.238). For a superposition polygon vi is an even
number since it encloses only other superposition polynomials and doubly
connected lines. It follows that ! is odd if all !k are odd. Thus, when the
lattice N has arrows indicating the signs of the elements of Z oriented in such
a way that all elementary polygons are clockwise odd, then any superposition
polygon is clockwise odd and the consequential terms of the Pfa�an are all
positive. This establishes Theorem 8.2.2.

A.11 Determinants of Cyclic Matrices

Let Z be an N � N dimensional matrix with elements z(j; `), indexed by
two-dimensional vectors of the form

j = (j1; j2) ; j1 = 1; 2; : : : ; N1 ; j2 = 1; 2; : : : ; N2 (A.314)

with N = N1N2. The matrix Z is said to be cyclic if

z(j; `) = z(`� j) ;
z(j + n) = z(j) ; n = (n1N1; n2N2)

(A.315)

for any integers n1 and n2. Let 
 be the N � N dimensional matrix with
elements

!(j; `) =
1p
N

exp

�
2�i

�
j1`1
N1

+
j2`2
N2

��
; (A.316)

13 Provided consistency is maintained, either anticlockwise or clockwise order can
be used.
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where vectors j and ` are of the form (A.314). It is not di�cult to show that

 is a unitary matrix and

Theorem A.11.1. The cyclic matrix Z is diagonalized by the transforma-
tion 
�1Z
 and

DetfZg =
Y
fkg

�(k) ; (A.317)

where

�(k) =

N1X
`1=1

N2X
`2=1

z(`1; `2) exp

�
2�i

�
`1k1
N1

+
`2k2
N2

��
: (A.318)

Proof: The matrix Z 0 = 
�1Z
 has the elements

z0(j;k) =
X
f`g

X
f`0g

!(`; j)z(`0 � `)!(`0;k)

=
p
N
X
f`g

!(`; j)!(`;k)
X
f`0g

z(`0 � `)!(`0 � `;k) : (A.319)

Since z(j)!(j;k) = z(j + n)!(j + n; j), for any of the vectors n de�ned in
(A.315), `0 � ` can be replaced by `0 in the second summation, giving, from
(A.317) and (A.318),

z0(j;k) =
p
N
X
f`g

!(`; j)!(`;k)
X
f`0g

z(`0)!(`0;k)

= �Kr(j � k)�(k) : (A.320)

The result (A.317) then follows from DetfZg = DetfZ 0g. These results can
be generalized by replacing each element z(j; `) of the N � N dimensional
matrix Z by a � � � dimensional submatrix, or block, z(j; `) with

z(j; `) = z(`� j) ; z(j + n) = z(j) : (A.321)

Such a matrix Z is called a cyclic block matrix. With !(j; `) replaced by
!(j; `) = !(j; `)I� , where I� is the unit matrix of dimension �, the blocks
z0(j; `) of Z0 = 
�1Z
 are given by

z0(j;k) = �Kr(j � k)�(k) ; (A.322)

where

�(k) =
X
f`g

z(`) exp

�
2�i

�
`1k1
N1

+
`2k2
N2

��
: (A.323)

Equation (A.317) is then replaced by

DetfZg =
Y
fkg

Detf�(k)g : (A.324)
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Now consider the limit Ns ! 1, for s = 1; 2. In (A.323) the vector k is
replaced by the vector � = (�1; �2), where �s = 2�iks=Ns, s = 1; 2. In the
limit Ns ! 1, �s becomes a continuous variable in the range [0; 2�]. From
(A.324) we obtain

lim
N1!1

lim
N2!1

ln[DetfZg]
N1N2

=
1

(2�)2

Z 2�

0

d�1

Z 2�

0

d�2 ln[Detf�(�1; �2)g] :
(A.325)

A.12 The T Matrix

For a lattice N of N sites we generate a sequence Sn of section subgraphs in
the following way:

(i) Choose a largest type of subgraph gmax.

(ii) Find all topologically distinct subgraphs obtained as overlap graphs of
copies of gmax, then as overlap graphs of these overlaps and so on until
the process is exhausted. All the graphs of this sequence will be section
graphs,

(iii) Label the members of Sn in a dictionary ordering according to their
topologies [n; k]. Thus g1 will be a single site with topology [1; 1] and,
with n denoting the number of members of Sn, gn = gmax. It is clear
that gi can be an overlap graph of two gj only if j � i.

In this new labelling we denote the lattice constant ![n; k] of the graph gj

with topology [n; k] by !j . Let 

(j)
i be the number of ways of arranging gi

on gj . A con�guration of N is an arrangement of section graphs on N . A
con�guration on gj is an arrangement of section graphs on gj . We label the
topologically distinct con�gurations on gj with the index ` and denote the
graph gj in con�guration ` by gj(`). Let �

(j)(`) be the number of con�gura-
tions on gj which are topologically the same as `. For some con�guration C
of the lattice, let N!jp

(j)(`) be the number of graphs of type gj which are
in a particular one of the topologically equivalent con�gurations `. The set of
distribution number fp(n)(`)g for gn de�ne the con�guration C with the distri-
bution numbers fp(j)(`)g for all j = 1; 2; : : : ; n�1 being given by consistency
conditions (Hijmans and de Boer 1955). Assuming that each of these con�g-
urations occur the same number of times, the distribution numbers satisfy
the normalization conditionsX

`

�(j)(`)p(j)(`) = 1 ; j = 1; 2; : : : ; n : (A.326)

Let Efgj(`)g be a property of gj(`) which is additive on non-overlapping
copies of gj and is such that if gi(k) = gj(`) \ gj0(`0)
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Efgj(`) [ gj0(`0)g = Efgj(`)g+ Effgj0(`0)g � Efgj(`) \ fgj(`)g : (A.327)
Now suppose that the only contributions to E for any graph G are given by
members of the sequence Sn. We want to obtain an expression for EfCg, the
value for the property E for the whole lattice when it is in con�guration C
determined by p(n)(`), ` = 1; 2; : : :. If we were simply to count contributions
from all the graphs gn in their various con�gurations and ignore any overlaps

E(C) = N!n

X
`

�(n)(`)p(n)(`)Efgn(`)g : (A.328)

This is clearly incorrect and once we begin to taking into account overlaps the
process carries on through the sequence Sn down to g1. The correct expression
must be of the form

E(C) = N

nX
j=1

�
(n)
j

X
`

�(j)(`)p(j)(`)Efgj(`)g ; (A.329)

for some set of numbers �j(n), j = 1; 2; : : : ; n. To determine these numbers
we observe that they must be independent of the property E. In particular

we can use Efgj(`)g = 
(j)
i , the number of ways of arranging gi on gj . Then

EfCg = N!i and substituting into (A.329) and using (A.326)

!i =
nX
j=1

�
(n)
j 


(j)
i ; i = 1; 2; : : : ; n : (A.330)

The result (A.329) can be applied directly to the energy of the system and,
with an approximation of the same kind as that applied in standard mean-
�eld cluster approximations (see Volume 1, Sect. 7.2), also to the entropy.
Then by summing over all con�gurations C

�n(N ) =

nX
j=1

�
(n)
j �(gj) ; (A.331)

where �(gj) is the dimensionless free energy of a system on a graph gj and
�n(N ) is the dimensionless free energy of the same type of system on N but
approximated by truncating the sequence of graphs at a maximum graph gn.
If the sequence were continued up to a maximum graph which was the lattice

itself then �
(n)
j = �Kr(n � j) and (A.331) becomes an identity. Equation

(A.330) can be expressed in matrix form14

! = 
� ; (A.332)

where the triangular array

14 Contrary to the convention of A.3 we now use vector notation in column form.
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3

0 0
...
...

...
...

...
...

0 0
...
... 0 


(n)
n

1CCCCCCCA
(A.333)

is the T matrix of Domb (1974a) and

! =

0BBB@
!1

!2

...
!n

1CCCA ; � =

0BBBB@
�
(n)
1

�
(n)
2

...

�
(n)
n

1CCCCA : (A.334)

As a simple example on the square lattice let gmax be a square block of four
nearest-neighbour squares. This generates the sequence:

g1 a single site,

g2 a single line,

g3 a single square,

g4 a single connected co-linear pair of lines,

g5 a block of two squares,

g6 a square block of four squares.

Then


 =

0BBBBBB@
1 2 4 3 6 9
0 1 4 2 7 12
0 0 1 0 2 4
0 0 0 1 2 6
0 0 0 0 1 4
0 0 0 0 0 1

1CCCCCCA ; ! =

0BBBBBB@
1
2
1
2
2
1

1CCCCCCA : (A.335)

Solving (A.332)

�
(6)
1 = 0 ; �

(6)
2 = 0 ; �

(6)
3 = 1 ;

�
(6)
4 = 0 ; �

(6)
5 = �2 ; �

(6)
6 = 1 :

(A.336)

A general procedure for obtaining results of this kind on the square lattice
was given by Enting (1978). The �rst step is to count the two graphs arising
from the vertical and horizontal orientations of oblong block separately. (In
the case given above gj for j = 2; 4; 5 are split to increase n to 9.) Now
!j = 1 for all j = 1; 2; : : : ; 9. Suppose a rectangular p sites by q sites block
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on the square lattice is denoted by [p; q]. Then it is not di�cult to see that
the elements of the T matrix 
 are given by

h[a; b]j
j[p; q]i=
(
(p� a+ 1)(q � b+ 1) ; if a � p and b � q ,

0 ; otherwise .

(A.337)

It can then be shown (Enting 1978) that

h[a; b]j
�1j[p; q]i = �(a; p)�(b; q) ; (A.338)

where

�(a; p) =

8>>><>>>:
1 ; if p = a or if a+ 2 = p > 2 ,

�2 ; if a+ 1 = p > 1 ,

0 ; otherwise .

(A.339)

Then, from (A.332),

h[a; b]j� =
X
[p;q]

�(a; p)�(b; q) ; (A.340)

where the sum is over all the blocks [p; q] in the sequence. In the case where the
sequence was derived by choosing a largest member [kh; kv] with a �xed num-
ber of horizontal sites kh and vertical sites kv the summations in (A.340) can
be taken independently over the ranges p = 1; 2; : : : ; kh and q = 1; 2; : : : ; kv.
A case of this kind is the example given above where kh = kv = 3. We can
then, for example, calculate

�
(6)
5 = h[2; 3]j�+ h[3; 2]j�

= 2
h 3X
p=1

�(2; p)
ih 3X

q=1

�(3; q)
i

= 2[�(2; 2) + �(2; 3)]�(3; 3)

= 2(1� 2) = �2 : (A.341)

A more complicated form of constraint on the blocks is to impose an upper
bound on the circumference, p + q � r. A procedure for calculating the

parameters �
(n)
j in this case has been given by Enting (1978).
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1

1. Page 256, equation (7.16) should read:

[N=M ] =
PN(�)

QM(�)
=

p0 + p1� + � � �+ pN�
N

1 + q1� + � � �+ qM�M
: (7.16)

The �nal exponent in the numerator should be N not L.

2. Page 374, Table A.2 should be

Table A.2. Zero-�eld graphs on the square
lattice.

(0jq;k) c(0jq;k) n(0jq;k) !(0jq;k)

(0j4; 1) 1 4 1
(0j6; 1) 1 6 7
(0j8; 2) 1 7 2

(0j8; 3) 2 8 1

2
(N � 9)

(0j10; 1) 1 10 28
(0j10; 2) 1 9 8
(0j10; 3) 2 10 2(N � 12)

The entries in the �fth line are misplaced.

3. Page 396. Item (ii) should terminate with a full-stop, not a comma.

4. Page 397, equation (A.327) should read

Efgj(`) [ gj0 (`
0)g = Efgj(`)g+ Efgj0(`

0)g � Efgj(`) \ gj0(`
0)g : (A.327)

There are some super
uous brackets and some primes missing.

5. Page 335, equation (A.5). The function should be f�(k) not f?(k).

6. Page 397, equations (A.328) and (A.329). In each case the left-hand side

should be EfCg. The wrong brackets have been used.




